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Preface

These are the proceedings of the Sixth International Conference on High Performance
Computing (HiPC’99) held December 17-20 in Calcutta, India. The meeting serves as
a forum for presenting current work by researchers from around the world as well as
highlighting activities in Asia in the high performance computing area.

The meeting emphasizes both the design and the analysis of high performance
computing systems and their scientific, engineering, and commercial applications.

Topics covered in the meeting series include:

Parallel Algorithms Scientific Computation
Parallel Architectures Visualization
Parallel Languages & Compilers Network and Cluster Based Computing
Distributed Systems Signal & Image Processing Systems
Programming Environments Supercomputing Applications
Memory Systems Internet and WWW-based Computing
Multimedia and High Speed Networks Scalable Servers

We would like to thank Alfred Hofmann and Ruth Abraham of Springer-Verlag for
their excellent support in bringing out the proceedings. The detailed messages from
the steering committee chair, general co-chair and program chair pay tribute to
numerous volunteers who helped us in organizing the meeting.

October 1999                                                                                 Viktor K. Prasanna
Bhabani Sinha

Prithviraj Banerjee



Message from the Steering Chair

It is my pleasure to welcome you to the Sixth International Conference on High
Performance Computing. I hope you enjoy the meeting, the rich cultural heritage of
Calcutta, as well as the mother Ganges, “the river of life”.

This meeting has grown from a small workshop held five years ago which addressed
parallel processing. Over the years, the quality of submissions has improved and the
topics of interest have been expanded in the general area of high performance
computing. The increased participation and the continued improvement in quality are
primarily due to the excellent response from researchers from around the world,
enthusiastic volunteer effort, and support from Indian-based IT industries and
academia.

It was a pleasure to work with Bhabani Sinha, our general co-chair. He provided me
with invaluable input regarding meeting planning and execution and coordinated the
local activities of the volunteers in handling numerous logistics.

Prith Banerjee, our program chair, put together a balanced high-quality technical
program. Over the past year, I have interacted with him in resolving many meeting-
related issues. Vipin Kumar invited the keynote speakers and coordinated the
keynotes. Sartaj Sahni handled the poster/presentation session. Nalini
Venkatasubramanian interfaced with the authors and Springer-Verlag in bringing out
these proceedings. Manav Misra put together the tutorials. I would like to thank all of
them for their volunteer efforts.

I am indebted to Sriram Vajapeyam for organizing a timely panel entitled: Whither
Indian Computer Science R&D?. In addition, he provided thoughtful feedback in
resolving many meeting-related issues. R. Govindarajan coordinated the industrial
track and exhibits as well as interfacing with potential sponsors.

Over the past year, I have interacted with several volunteers who shared their
thoughts with me to define the meeting focus and emphasize quality in building a
reputed international meeting. I would like to thank Sriram Vajapeyam, R.
Govindarajan, C.P. Ravikumar, D. N. Jayasimha, A.K.P. Nambiar, Sajal Das, and K.
R. Venupogal. Their advice, counsel, and enthusiasm have been a major driving force
behind this meeting.

Major financial support for the meeting was provided by India-based IT industries. I
would like to thank Alok Aggarwal (IBM SRC, India), Suresh Babu (Compaq),
Kushal Banerjee (Cisco), S. Dinakar (Novell), Anoop Gupta (Microsoft Research), K.
S. Ramanujam (SUN Microsystems India), Karthik Ramarao (HP India), Uday Shukla
(IBM India), for their support and participation. I am indebted to Narayana Murthy of
Infosys for his continued support.



VIII Message from the Steering Chair

Finally, my special thanks go to my student Kiran Bondalapati for his assistance with
meeting publicity and to my assistant Henryk Chrostek for his efforts in handling
meeting-related activities throughout the past year.

Viktor K. Prasanna
University of Southern California
October 1999



Message from the General Co-chair

It is my great pleasure to extend a cordial welcome to all of you to this Sixth
International Conference on High Performance Computing (HiPC’99). This is the first
time that the conference on High Performance Computing is being held in Calcutta,
the heart of the culture and the economy of Eastern India. I am sure, as in the past five
years, this meeting will provide a forum for fruitful interaction among all the
participants from both academia and industry. I also hope that you will enjoy your
stay in Calcutta, the city of joy.

I express my sincerest thanks to all the keynote speakers who have kindly agreed to
attend this conference and deliver keynote lectures on different facets of High
Performance Computing.

I am thankful to Prith Banerjee for two reasons: first, for providing his continuous
support in holding this conference and second, for performing an excellent job as the
program chair of the conference. I would also like to thank Sartaj Sahni for his moral
support in holding this meeting and his great service as the poster/presentation chair
of the conference.

I am thankful to S. B. Rao, Director of the Indian Statistical Institute, for co-
sponsoring this conference providing both financial and infra-structural support.  My
sincerest thanks also go to all other sponsors including Cisco Systems, Cognizant
Technology Solutions, Compaq Computer India Pvt. Ltd., Computer Maintenance
Corporation of India (CMC) Ltd., Hewlett-Packard India Ltd., Millenium Information
Systems Pvt. Ltd., NIIT Ltd., Novell Software Development (India) Pvt. Ltd.,
PriceWaterhouseCoopers Ltd., Satyam Computer Services Ltd. and Tata Consultancy
Services, but for whom the conference could not have been organized on this scale.

I am grateful to all the members of the local arrangements committee of the
conference consisting of Mihir K. Chakraborti (chair), Nabanita Das (convener),
Bhargab B. Bhattacharya, Jayasree Dattagupta, Malay K. Kundu, Nikhil R. Pal,
Aditya Bagchi, Subhomay Maitra, Rana Dattagupta, Debasish Saha, Rajarshi
Chaudhuri, Biswanath Bhattacharya, Tirthankar Banerjee, Subhashis Mitra, Amitava
Mukherjee, and Somprakash Bandyopadhyay, who have provided their support in
organizing this conference. My special thanks go to Mihir K. Chakraborti for taking
active interest in arranging sponsorship for the conference. I am also thankful to
Srabani Sengupta and Krishnendu Mukhopadhyaya for extending their help in
different aspects related to the conference.

I would like to acknowledge the assistance from A. K. P. Nambiar, finance co-chair
of the conference.

I am thankful to R. Govindarajan and Sriram Vajapeyam for their kind co-operation
in arranging sponsorship for the conference.



X Message from the General Co-chair

Last but not the least, I would like to thank Viktor Prasanna for his continuous
support and advice on all sorts of details in various phases throughout the last year
and a half, in order to organize another successful conference on High Performance
Computing in India. It was a real pleasure to work with him.

Bhabani P. Sinha
Indian Statistical Institute
General Co-Chair



Message from the Program Chair

I am pleased to introduce the proceedings of the 6th International Conference on High-
Performance Computing to be held in Calcutta, India from December 17-20, 1999.
The technical program consists of ten sessions, organized as two parallel tracks.  We
also have six keynote speeches, one panel, two industrial sessions, a poster session,
and six tutorials.

The technical program was put together by a distinguished program committee
consisting of 49 members and six vice-program chairs.  We received 112 papers for
the contributed sessions.  Each paper was reviewed by three members of the program
committee and one program vice-chair.  At the program committee meeting, which
was attended by the program chairs and program vice-chairs, 60 papers were accepted
for presentation at the conference, of which 20 were regular papers (acceptance rate
of 18%) and 40 were short papers (acceptance rate of 35%). The papers that will be
presented at the conference are authored by researchers from 12 different countries;
this is an indication of the true international flavor of the conference.

The technical program consists of three special sessions, two on Mobile Computing
which were arranged by Sajal Das, and one on Cluster Computing which was
arranged by  Anand Sivasubramaniam and  Govindarajan Ramaswamy.  While these
special session organizers solicited papers for the conference, all papers were subject
to the same review process described above.

The program consists of six exciting keynote speeches arranged by the keynote chair,
Vipin Kumar.  The keynote speeches will be presented by Jack Dongarra on High-
Performance Computing Trends; by Dennis Gannon on The Information Power Grid;
by Ambuj Goyal on High Performance Computing - A Ten Year Outlook; by H. T.
Kung on Computer Network Protocols That Can Guarantee Quality of Service; by
Jay Misra on A Notation for Hypercubic Computations; and by Burkard Monien on
Balancing the Load in Networks of Processors.

I wish to thank the six program vice chairs who worked very closely with me in the
process of selecting the papers and preparing the excellent technical program.  They
are  Alok Choudhary,  Sajal Das,  Vipin Kumar,  S. K. Nandy,  Mateo Valero, and
Pen Yew.    Viktor Prasanna and  Bhabani Sinha provided excellent feedback about
the technical program in their role as general co-chairs.  I am grateful to  Vipin Kumar
for organizing the six excellent keynote speeches.  I would like to express my
gratitude to  Nalini Venkatasubramanian for compiling the proceedings of  the
conference.

Finally, I also wish to acknowledge the tremendous support provided by my assistant
Nancy Singer without whose constant help I could not have performed the job of
program chair.  She single-handedly did all the work relating to the acknowledgment
of the papers, arranging the electronic reviews, collecting the reviews, organizing the



XII Message from the Program Chair

reviews in summary tables for the program committee meeting, and informing all
authors of acceptance/rejection decisions.

I wish to welcome all the delegates to the conference and wish them an excellent
program.

Prith Banerjee
Program Chair
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Abstract. We introduce a new concept for storage management on
multi-disk systems, called dynamic redundancy. It associates the redun-

dancy level which characterizes the storage organization to sets of data
and not to storage areas while minimizing data migration for recon�g-

uration. The result is a high quality multi-disk storage system, capable

to support various storage organizations at once. It provides transforma-
tions between them with a minimum of (if any) data migration.

1 Introduction

Improvements in microprocessor performance have greatly outpaced improve-
ments in the I/O one. To overcome this I/O crisis, RAID 1technology has been
proposed ([7][5][4][3][8]). It accommodates growing storage requirements of ca-
pacity, performance and reliability. Berkeley classi�cation [3] counts seven levels
[0..6]. The most interesting and used ones are : RAID1, RAID3 and RAID5.
RAID1 replicates all data, it is suitable for data for which reliability or perfor-
mance 2 access requirements are extremely high. RAID3 uses XORparity which
decreases the redundancy space cost. It provides an excellent performance for
data transfer-intensive applications. RAID5 distributes the XORparity accross
all the disks. It performs best for transaction processing applications [1]. So,
each RAID level performs well only for relatively narrow range of workloads [2].
Making a wrong RAID level choice leads to poor performance and data loss
due to data migration [9]. Thus, the use of a workload-adaptive storage is
necessary. Up to now, proposed methods realizing this type of storage ([9],[6])
do not suppress this migration. They de�ne two data classes (active/inactive)
and separate storage space into two prede�ned regions (RAID1/RAID5). Active
data is stored in the RAID1 region and the inactive data is stored in the RAID5
one. In accordance with their activity, data migrates from a region to the other.
We propose a new concept called dynamic redundancy which aims to :

| provide di�erent RAID levels on the same storage system, with-
out any physical space separation and a complete independence of any speci�c
placement scheme,

1 Redundant Arrays of Independant Disks.
2 Especially in degraded mode, so with one disk failure.

P. Banerjee, V.K. Prasanna, and B.P. Sinha (Eds.): HiPC’99, LNCS 1745, pp. 3−10, 1999.
 Springer-Verlag Berlin Heidelberg 1999
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| achieve a dynamic data layout change according to workload while

minimizing data migration, and even avoiding it in some cases.

In section 2, we describe two existing workload-adaptive storage methods. We

present the dynamic redundancy concept [10] in section 3 and its realization

strategies in section 4, then we evaluate it in section 5. Simulation procedure

and its results are presented in section 6 and 7. Section 8 concludes this paper.

2 Related work

In theHP autoRAID [9], each disk is divided intoPhysicalEXtents containing

a set of segments. PEXes on di�erent disks are grouped to form Physical Extent

Group. A PEG may be RAID1 or RAID5 con�gured, or may be free. In the

mirrored storage, the write causes a back-end write to the two disks if they are

in the mirrored storage, otherwise it causes a migration of some mirrored data to

the RAID5 area. In this one, the write appends the data to the current RAID5

write PEG. The inter-PEG migration slows down writes and can lead to data

loss. The �xed ratio between the two storage areas intensi�es this migration.

In theHot mirroring [6], all disks are physically divided into a RAID1 area and

a RAID5 one. RAID5 stripes are made into each column of disks. Mirrored pairs

are stored on disks from di�erent columns. This orthogonal placement reduces

the performance degradation during data reconstruction periods. Usually, the

written blocks are issued on RAID1. Even if the write concerns a cold block,

migration of such block is performed from the RAID5 area. If there is not enough

free space in the RAID1 area, some mirrored data migrate to the RAID5 area.

3 The Dynamic Redundancy concept

We propose the Dynamic Redundancy to avoid the data migration issued from

the physical storage space subdivision into regions with a speci�c redundancy/data

placement scheme. The Dynamic Redundancy concept is totally di�erent. It re-

lies on the association of the redundancy to the stored data and not to the

storage space or one of its areas. The main result of giving the redundancy level

a relation to the stored data, is a storage space completely independent of any

particular data placement pattern. We call it Dynamic Redundancy because the

redundancy level of data changes dynamically as time goes on according to its

activity. Data blocks are reorganized on the same space with the minimum of

(if any) data blocks migration. The storage space reorganization is performed

using a mapping table to map logical adresses to the associated redundancy level

and the corresponding physical address as well as a temporary bu�er. We have

performed some simulations to estimate data activity thresholds which indicate

at what requests arrival rate and with which request type percentage, it is more

suitable to use a speci�c data layout scheme than another. Thus, at which point

of the workload, the layout scheme of the concerned data will be transformed.

4 Realization strategies

We are interested in RAID1, RAID3 and RAID5. Bellow, we describe the pro-

posed transformation strategies between them and the used parameters.

E : the set of the storage system disks.

N : the number of the storage system disks. card(E) = N .

D : the set of data which is concerned by the layout pattern change.

DSKi : the disk marked i from E.

gr sto(D) : the actual storage group of (D). It is a set of disks storing the data (D).

4 S. Zertal and C. Timsit



We assume that card(gr sto(D)) = 2K in RAID1 and (K + 1) otherwise.
gr sto I(D) : the storage group of (D) in the initial storage organization.

gr sto T (D): the storage group of (D) in the target storage organization.

DSKiM : the mirrored disk of DSKi. It is signi�cant in RAID1 if DSKi 2 gr sto(D).
n : the number of data segments in (D). It depends on the striping unit size.

ni : the number of data segments in (D), stored on DSKi from gr sto(D).

Maxini : the number of stripes formed by (D) on gr sto(D).
adr begi(D) : the absolute begin address of the ni segments of (D) on DSKi.

DR : the redundancy disk according to the target organization.

(DSK;adr) : the segment adressed by adr on the DSK disk.

4.1 The RAID1 to RAID3 transformation

This transformation concerns data for which reliability and high access perfor-

mance needs decrease. The parity-disk on the target organization avoids the

high redundancy space cost and performs well for the new pro�le access. This

transformation (�gure 1) is performed according to the pseudo code bellow :

1. Choose DR 2 fE=gr sto I(D)g because of data availability.

2. Read mirrored segments (on DSKiM). For transparency reasons, the read

is performed on the mirrored copy while the original one is still usable.

3. Calculate the target redundancy by an "XOR" function on read segments.

4. Write the target redundancy (XORparity) on the chosen DR.

5. Update the mapping table according to the new XORparity physical

address and invalidate the mirrored segments (on DSKiM).

DSK 0 M DSK
1
M DSK i M

DSK 0 DSK iDSK 1
DSK 0 DSK 1 DSK i

. . .. . .

.  .  . 

. . .

RAID 1

. . .. . .

RAID 3

DR

segment

XORparity mirrored 
segment segment

Fig. 1. RAID1-RAID3 transformation

DSK 0M DSK 1M DSK i M

DSK 0 DSK 1 DSK i

. . . 

. . . 

1

DRDSK 0 DSK 1 DSK i

. . . 

2

1 mirrored copy generation 2 XORparity invalidation

RAID1RAID3

Fig. 2. RAID3-RAID1 transformation

We note above all, that no data migration is used. During all the transformation

period, original data is still usable and if there is any disk failure, the recon-

struction is guaranteed by mirrored segments still valid until the last step.

4.2 The RAID3 to RAID1 transformation

This transformation concerns revived data which need high performance and ex-

tremely high reliability. The transformation operations are performed according

to the order shown in �gure 2. No migration is used in the RAID3 to RAID1

transformation also. However, the construction of mirrored copy of (D) is based

on the original one. Thus, (D) is temporary unavailable for users during the read

period. Reconstructing data if there is a disk failure during the transformation

period is still possible by the valid XORparity.

4.3 The RAID1 to RAID5 transformation

The transformation of a RAID1 organization into a RAID5 one is justi�ed by

the outdated data and their costly storage space on the RAID1 in comparison

to their activity. The round-robin distribution of the XORparity provides good

5Efficient Technique for Overcomming Data Migration in Dynamic Disk Arrays



DSK 0 DSK 1 DSK 2DSK 0 DSK 1 DSK 3DSK 2

DSK 0 DSK 1 DSK 2 DSK 3

DSK 3

=R0
=R1
=R2
=R3
=R4

5
4

.3

.2
.1

78

6 DSKsup

.0

i Operation number i

.

.
. .
. .

M M M M

RAID 1 RAID 5

Fig. 3. RAID1-RAID5 transformation

DSK 3DSK 0 DSK 1 DSK 2 DSK 4

DSK 3 MDSK 2 MDSK 1 MDSK 0 M

2

DSK exc

0 
1

4
7

0 
1

4

0 
3

4
1

4

12

11
8

5

9

10

1
0 

6
7

10
7

10

7
10

mirrored data generationoriginal data grouping together

Fig. 4. RAID5-RAID1 transformation

performance for the new commonly transaction processing requests. The trans-

formation (�gure 4) is performed according to the algorithm bellow.

1. Choose DSKsup, add it to fE=gr sto I(D)g to form gr sto T (D).

2. Construct the RAID5 stripes:

Let num = 0

while (num <Maxini) do

* IdentifyDR : DR = (K � 1) + (A �K)� num with A = [num
K

]

* Calculate the XORparity:

XORparity = �K�1
l=0

(DSKl; num+ adr begl(D)).

with DSKl 2 gr sto I(D) + and num < nl

* Write the XORparity on DR:

if (DR 6= DSKsup) then

(DSKsup; num+ adr begDSKsup
(D)) (DR;num+ adr begDR(D))

end if

(DR;num+ adr begDR(D)) XORparity

end while

3. Update the mapping table according to the new XORparity physical

address and invalidate the mirrored segments on each DSKiM .

We notice the migration of some data segments, due to the round-robin distri-

bution of the redundancy. When DR coincides with an original data disk, a copy

of this original data is stored on DSKsup before writing redundancy which leads

to one segment migration. During the transformation period, data availability is

guaranteed by the respect of the operations execution order (�gure 3).

4.4 The RAID5 to RAID1 transformation

This transformation is justi�ed by the activity requirements of the revived data.

The RAID1 ful�ls these performance and reliability requirements by the two

independent data paths and the reduction of the data reconstruction delay. Such

transformation operations are performed according to the order shown in �gure 4

which guarantees the data availability during the transformation period. The

migration of some segments is inevitable during original data grouping together

on fDSKig and the XORparity transfer on DSKexc.

5 Dynamic Redundancy Evaluation

Our goal being to limit data migration during the storage reorganization, we are

interested in three parameters: the amount of migrant data segments and the

temporary bu�er size (table 1) and the number of write operations (table 2). We

evaluate these parameters using the dynamic redundancy method (D.R.) and

compare them to those obtained without using it (W.D.R.). For the representa-

tion clarity, we considere expr =Maxi(ni)� (K + 1)[
Maxi(ni)
(K+1) ].

6 S. Zertal and C. Timsit



Initial-target migrant segments number Temporary bu�er

organizations W.D.R. D.R. size (block)

RAID1-RAID3

RAID3-RAID1 n 0 K �Maxi(ni)

RAID1-RAID5 K �Maxi(ni)

n K[
Maxi(ni)
K+1 ] if expr = 0

Maxi(ni)
K+1 �K(K + 2) if expr = 0

RAID5-RAID1 K[
Maxi(ni)
(K+1) ] + expr � 1 else

Maxi(ni)
K+1 �K(K + 2)+K*

(Maxi(ni)� expr � 1)(K + 1) else

Table 1. Migrant segments evaluation

Initial-target write operations number

organizations W.D.R. D.R.

RAID1-RAID3 n+Maxi(ni) Maxi(ni)

RAID3-RAID1 2n n

RAID1-RAID5 n+Maxi(ni) (2K + 1)[Maxi(ni)
K+1 ] if expr = 0

(2K + 1)[Maxi(ni)
K+1 ] + 1 + 2 � (expr � 1) else

RAID5-RAID1 2n K(K + 3)[Maxi(ni)
K+1 ] if expr = 0

K(K + 3)[Maxi(ni)
K+1 ] + k + (K + 2) � (expr� 1) else

Table 2. Write operations evaluation

6 Simulation

Simulations were performed to measure the bene�t of using the Dynamic Re-
dundancy method for overcomming data migration, thus improving the storage
quality. These simulations are in accordance with the three steps bellow :
| The calculation of data activity thresholds according to di�erent con�gura-
tions and parameters (�gure 5 and 6) for which the performance of the three
RAID levels diverge (�g. 7 to 15). The goal being to determine with which work-
load con�guration, it is better to use a speci�c RAID level.
| The study of the storage system behaviour using two layout schemes (RAID1/
RAID5) on separate physical storage areas and its impact on the response time
(�gure 16 and 17).
| The study of the storage system behaviour using the Dynamic Redundancy
method which o�ers the possibility of using multiple layout schemes at once on
the same storage space (�g. 16 and 17). Transformations between such storage
organizations are performed according to the calculated thresholds and using
algorithms described in section 4.
For this, we have developped a full event driven hardware simulator for the RAID
system which is parametrized by the RAID con�guration and all the disk and
other component characteristics.

7 Results discussion

On �gures (7 to 9), RAID1 gives best user response time, RAID3 and RAID5 are
almost similar because there is no write requests.Thus the RAID5 write penality
is avoided. We also note that the increase of the response time is less important
after the request arrival rate of 50 req/s because the wait time becomes the most
important component of the response time. As the request size becomes larger,
RAID3 and RAID5 become closer to each other. This is due to the equivalence
between req/IO and the Byte/s throughputs for such request size. On �gures (10
and 15), the gap between the RAID3 and the RAID5 becomes more signi�cant.

7Efficient Technique for Overcomming Data Migration in Dynamic Disk Arrays



Disk capacity (MB) 2547

Disk geometry (cyl.) 2756
Disk average seek time (ms) 8

Disk rotaional speed (tr/mn) 7200
Disk extern / intern 10 / 36
transfer rate (MBytes/s)
Requests size (KB) 64 256 512

Requests inter-
arrival time (req/s) [5 . . 100]

Access adresses uniformly distributed
over data

Number of disks 6
Stripe unit size (KB) 4

Stripe wide RAID1 : 2 stripe-units
RAID3/RAID5 : 6 stripe-units

RAID5 data layout Left-Symmetric

Fig.5. Simulation parameters

Con�g. Write percentage Request size
1 0 64 KB
2 0 256KB

3 0 512KB

4 33 64 KB
5 33 256 KB

6 33 512 KB
7 50 64 KB
8 66 64 KB
9 100 64 KB

Fig.6. Used con�gurations

When the write requests percentage of the considered workload increase, this

appears at small requests arrival rates. For example, this is typically true at 20

req/s for 33% of write requests and respectively at 17 req/s , 12 req/s and 8 req/s

for 50% , 66% and 100% write requests. For the simulated workload con�gura-

tions, the user response time for RAID3 and RAID5 reaches closely high values

when requests arrival rates are small. RAID1 is considered the most interest-

ing storage organization when the request arrival rate is 14 req/s for 33% write

requests, respectively when it is 11 req/s , 9 req/s and 6 req/s for 50% , 66%

and 100% of write requests. The RAID3 and the RAID5 are very close, which

is justi�ed by the large requests in the simulated con�gurations. Such requests

do not re�ne the analysis of the RAID3 and the RAID5 but are representative

of image processing workloads.

We have investigated the mean response time behaviour in both two storage

systems (W.D.R, D.R) corresponding to the second and the third simulation

steps. We performed them using workload con�gurations 7 and 9. Results of

this investigation are compared as shown on �gures 16 and 17. We notice the

improvement of the user response time in both systems. The few (if any) amount

of data migration using D.R. makes this improvement more signi�cant. In fact,

the mean response time has the same trend of that obtained using a RAID1.

Finally, we give a simple histogram on �gure 18 which shows clearly the percent-

age of requests leading to data migration. Such percentage is proportional to the

write requests in the used workload. Using W.D.R approach, 32% (respectively

8% using D.R) of requests lead to migration when workload is composed at

50% of write requests and 80% (respectively 13% using D.R) when the workload

contains only write requests. The migration percentage drops when using D.R

because the frequent choice of RAID3 as the target organization. This choice is

justi�ed by the nearby RAID3 and RAID5 performance for such large requests.

8 Conclusion

In this paper, we have presented the new concept of Dynamic Redundancy which

associates the redundancy to the data and not to the physical storage space and

minimize data migration. Both validation and simulation results con�rm the

bene�t of its use in multi-disks storage systems to improve their quality. The used

workload con�gurations are representative of the image processing applications.

We have re�ned our investigations in comparing RAID3 and RAID5 using new

and more appropriate workload con�gurations. In fact, workloads composed of

small requests corresponding to those issued from OLTP applications leads to a

threshold for which the RAID3 and the RAID5 performance are di�erent. In the

mean time, we continue our studies on the storage customization by applying

8 S. Zertal and C. Timsit
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Fig. 8. Con�guration 2
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Fig. 12. Con�guration 6

0

500

1000

1500

2000

2500

3000

0 20 40 60 80 100

M
e
a
n
 r

e
sp

o
n
se

 t
im

e
  
(m

s)

Request arrival rate (req/s)

RAID1
RAID3
RAID5

Fig. 13. Con�guration 7
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Fig. 14. Con�guration 8
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Fig. 16. W.D.R/D.R. response time
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Fig. 17. W.D.R/D.R. response time
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di�erent mechanisms such as stripe restriction and extension [11] in order to

provide a higher storage quality.
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Combining Conditional Constant Propagation and
Interprocedural Alias Analysis
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Abstract: Good quality information from data flow analysis is a prerequisite for
code improvement and, in parallelizing compilers, parallelism detection. Typically, com-
pilers do many kinds of data flow analyses and optimizations one after another, which
may pose a phase-ordering problem: the analyses may have to be run several times until
a fixed point is reached. However, when two related optimizations/analyses are perfor-
med in combination, it may be possible to obtain better results than iterating over the
two analyses independently. Combining optimizations/analyses may be beneficial while
potentially enforcing little calculation overhead. This paper discusses combining inter-
procedural conditional constant propagation (CCP) and interprocedural alias analysis
(AA) in pointer-supporting languages.

1 Introduction

Good quality information from data flow analysis is a prerequisite for code im-
provement and parallelism detection in various code optimizations. Typically,
compilers do many kinds of data flow analyses and optimizations one after ano-
ther, which may pose a phase-ordering problem. The compiler has to decide the
sequence in which to perform these analyses as different sequences may give dif-
ferent results. Running one analysis may provide information for the other and
vice versa. To make best use of this information, the analyses may have to be run
several times until a fixed point is reached. However, when two related optimiza-
tions/analyses are performed in combination, it may be possible to obtain better
results than iterating over the two analyses independently. This might happen
as the two optimizations/analyses may feed each other more precise information
when run together. In other words, combining optimizations/analyses may be
beneficial while potentially introducing only a small overhead. Combining reach-
ability and simple constant propagation thus to result in conditional constant
propagation was first demonstrated by Click and Cooper[CC94].

A compiler needs to do pointer or aliasing analysis in order to find out which
memory locations a pointer could point to. In the absence of information regar-
ding pointers, a compiler is forced to make the worst case assumption that a poin-
ter could affect any memory location in the program. This is overly conservative
and affects every analysis including live-variable analysis, constant propagation,
common subexpression elimination, induction variable elimination, dependence
analysis, copy propagation and array range-checking.
� Author for correspondence:gopi@csa.iisc.ernet.in

P. Banerjee, V.K. Prasanna, and B.P. Sinha (Eds.): HiPC’99, LNCS 1745, pp. 13–20, 1999.
c© Springer-Verlag Berlin Heidelberg 1999
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Alias analysis is typically done before any other data flow analysis or opti-
mizations. This means that alias analysis will not be able to reap benefit from
conditional constant propagation. If we could combine conditional constant pro-
pagation with interprocedural pointer analysis, we could get better solutions to
both analyses by arranging for feedback between them.

Use of alias information alone is not sufficient to successfully combine alias
analysis and constant propagation. We also need to do interprocedural side effect
analysis 1 (which is normally done after alias analysis) as we run our combined
algorithm.

In this paper, we develop a framework in which interprocedural alias analysis
(AA), conditional constant propagation (CCP) and interprocedural side effect
analysis can be combined. In the discussions below, we assume that the reader is
familiar with the work of Click and Cooper[CC94], Cytron and Gershbein[CG93]
and Choi et.al.[CBC93] as we will use their notations and conventions with minor
modifications.

2 Combining CCP and AA

2.1 Introduction

Combining two analyses is profitable when the two interact [CC94]. If the results
of one data flow analysis problem is used by another but not vice versa, the two
analyses can be phase-ordered. However, when they interact, it is possible to
get a better solution when they are run in combination, each making use of the
data provided by the other. CCP is an example of such a combined algorithm:
it combines constant propagation with unreachable code elimination thereby
providing mutual benefit to the individual optimizations. However, alias and
side-effect information is needed beforehand. Thus, alias analysis and side-effect
computation do not benefit from CCP. The aim of combining CCP and AA is
to enable alias analysis and side-effect analysis to take advantage of CCP and
vice versa.

In this paper, we use Wegman and Zadeck’s CCP algorithm [WZ91] as a
basis to derive a combined algorithm for interprocedural constant propagation
and alias analysis (pointer-induced) which is more powerful than the two applied
individually. This is achieved by using alias information to refine the constant
propagation solution and constant propagation to refine the alias solution while
running the analyses in tandem rather than in sequence.

2.2 Motivation

Consider Figure 1 for an illustration on how the combined algorithm can give
better results. The algorithm makes use of the fact that the value of ‘c’ at
conditional S3 is the constant ‘5’ to detect (by evaluating the conditional) that
1 Interprocedural side effect analysis determines which memory objects are potentially
modified by each statement in the program
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the false arm of the conditional (statement S5) will not be executed. Hence the
alias <*p, y> is never generated and will not hold at S6, S7 and S8. The value
of ‘y’ at S8 is 6 (from S1) and is not affected by the indirect assignment at S6
since the alias <*p, y> does not hold. Thus constant propagation has trimmed
the alias sets at S6, S7 and S8 (because of <*p,y> not holding) which in turn
has enabled ‘y’ at conditional S8 to be determined to be a constant.

If constant propagation is preceded by alias analysis, as alias analysis takes all
paths into account, S3 evaluating to a constant is missed out and the generated
alias <*p,y> pulls down the value of ‘y’ at S6. This solution, however, is safe.
Tables 1 and 2 show the solutions when alias analysis and conditional constant
propagation are run separately and together.

S1: y = 6;
S2: c = 5;

. . .
S3: if (c != 0) // [c = 5] from S2
S4: p = &x;

else
S5: p = &y;

· · ·
S6: *p = 5; // modification to x not y
S7: while (P) {

· · ·
S8: if (y == 5) // [y = 6] from S1
S9: d = 7; // [d = �] as node non-executable

}

Fig. 1. Motivating example for combined algorithm

Table 1. Alias solutions for combined vs separate analyses

Alias sets combined separate
S1 {} {}
S2 {} {}
S3 {} {}
S4 {< ∗p, x >} {< ∗p, x >}
S5 {} {< ∗p, y >}
S6 {< ∗p, x >} {< ∗p, x >, < ∗p, y >}
S7 {< ∗p, x >} {< ∗p, x >, < ∗p, y >}
S8 {} {< ∗p, x >, < ∗p, y >}
S9 {} {< ∗p, x >, < ∗p, y >}



16 K. Gopinath and K.S. Nandakumar

Table 2. Final values for combined vs separate analyses

Values combined separate
c at S3 5 5
y at S8 6 ⊥
d at S9 � 7

However, ignoring inefficiencies, this example can be solved by iterating
through CCP, then AA, and again CCP to find y as constant. If, however, we
move the loop to surround both the aliasing and the constant assignments, then
no amount of iteration will find y as constant. This last aspect is related to the
problem of strongly connected components(SCC) [PS89] that arise when a data
flow solution is incrementally updated due to a change in the flow graph. As it
is related to the question of optimistic vs pessimistic algorithms, we discuss it
here briefly.

Consider an optimistic CP algorithm that starts out with the assumption
that everything is potentially a constant and tries to prove each assumption
correct. A pessimistic algorithm on the other hand assumes that each variable
is ⊥ and tries to raise each value to a constant if all values reaching a node
are the same. Pessimistic algorithms do not propagate a value at a use until all
the edges reaching that use have been processed. Pessimistic algorithms have
the advantage that they can be stopped at any time and still produce a correct
though conservative result. Optimistic algorithms, on the other hand, can give
incorrect results if stopped before they terminate[CK95].

i ← 1;
while (· · ·){

j ← i;
i ← f(· · ·);
· · · /* no stores of j here */
i ← j;

}

Fig. 2. Optimistic vs Pessimistic approach

Optimistic algorithms can find more constants than pessimistic approaches
because the latter cannot find certain constants in loops [WZ91]. For example,
in figure 2 the variable i has the value 1 at the bottom of the loop and this
fact is not discovered by pessimistic algorithms because they start with the
conservative assumption that i is ⊥. SCC, which is an optimistic algorithm,
discovers this fact. In other words, pessimistic algorithms do not find the maximal
fixed point [WZ91].
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2.3 Outline of Algorithm

Given monotonic constant propagation and alias analysis frameworks, a com-
bined algorithm for these frameworks needs augmentation with cross-functions.
These cross-functions transmit knowledge of non-executable branches (identified
by CCP) to alias analysis and CCP would use the alias information in identifying
non-executable branches. If the cross-functions transferring information between
these two frameworks are monotonic, the combined framework is monotonic and
has a greatest fixed point which can be obtained by an iterative worklist tech-
nique [CC94].

We need to ensure that the constant propagation algorithm is monotonic; i.e.,
values of variables start from � and “fall down” the constant propagation lattice.
This implies that we do not need to update the alias and constant solutions as
branches marked executable will not be marked later as non-executable: the
algorithm is optimistic.

We use the static single assignment graph (SSA) as the intermediate form as
it forms the basis for many powerful optimizations including constant propaga-
tion. In SSA form, alias information and side effect information is represented
explicitly by adding additional nodes to the SSA graph. SSA form tries to make
the alias information explicit in the program representation by inserting IsAlias
nodes whenever a variable is potentially modified by an indirect assignment.
However, the inclusion of the entire alias solution in the graph can result in a
tremendous growth in the SSA graph. In the worst case, the program will expand
by a factor of V, where V is the number of variables in the program [WZ91].
Empirical results indicate that there will be quite a large number of alias pairs
reported at every flow graph node. For example, Landi [LR92] reports that when
his aliasing analysis algorithm was run on the program make.c, the obtained so-
lution had an average of 675 may-alias relations per node with a maximum of
2000 relations at one node.

This space explosion can be managed by inserting IsAlias nodes depen-
ding on the needs of conditional constant propagation in a demand-driven fas-
hion [CG93]. As an example, in figure 1, we would need to insert an IsAlias
node for < ∗p, y > at S6 only if it holds at S6 and there is a use of y (S8)
which needs to know if the indirect assignment at S6 modifies y. This controlled
inclusion of may-alias information in the SSA graph has the additional bene-
fit that optimizations can now proceed faster as they do not have to look at
many unnecessary IsAlias nodes. Thus, an additional aim of the algorithm is
to include only relevant alias information in the SSA graph as necessitated by
constant propagation2.

We use Cytron et al [CG93]’s technique of incrementally including may-alias
information in a SSA graph (explained in the full paper but omitted here) depen-
ding on the needs of a particular optimization. Cytron assumes that the entire
alias information is available beforehand and he uses simple constant propaga-
tion as an example optimization. All paths through a procedure are considered
2 We do calculate alias information at every program point. It is the explicit repre-
sentation of the alias information in the SSA graph which is controlled.
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executable (no trimming of paths is considered). In our case, we have to take
into account non-executable edges discovered by CCP in the control flow graph.
Additionally, full alias information is not available beforehand but is computed
as the algorithm proceeds. We can still use his technique after suitable modifica-
tion and ensure that IsAlias nodes are added incrementally in a demand-driven
fashion.

The combined algorithm can be thought of as finding a sequence of partial
SSA forms SSA1, SSA2,...,SSAσ where each SSAi+1 contains more information
than SSAi. We define SSA0 as the program in SSA form with the must-alias
information already injected and with all edges except the start edge marked
as non-executable. Given SSAi the algorithm processes each executable edge of
SSAi once to give SSAi+1. In this transition, the values of the alias sets are
updated and depending on the needs of constant propagation IsAlias, Mod and
φ nodes are added. Some edges which were non-executable in SSAi might be
marked as executable in SSAi+1. The process continues until SSAσ = SSAσ+1,
the equality being true when the two SSA forms agree on the alias sets, side
effect information at every program point, the executable status of the edges
and the values of variables.

Computing alias information along with CCP implies that interprocedural
side effect information too is to be computed as we go along as it is not available
beforehand. Hence the revised algorithm first does alias analysis and constant
propagation in tandem iteratively over the program flow graph. A fixed point is
reached when the alias sets at every program point and the values of all variables
stabilize. Side effect information is next computed (suitably incrementalized).
This may cause the values of certain variables to be lowered causing additio-
nal branches to become executable. To take into account these newly marked
executable branches, alias analysis and constant propagation is reiterated until
a fixed point is reached with the alias, constants and side effect information
showing no change.

Before running this algorithm, we need to calculate must-alias information3

and update the SSA graph with this information. This is needed as must-alias
information introduces killing assignments which can cause constant propagation
to be non-monotonic.

Cross-functions in Combined Method We associate 3 data flow equations
with each statement - one for computing the reachability status, Ri, of the
node (i.e. executable or non-executable), one for the alias sets, Ai, holding after
that node and one for constant propagation. The reachability equations output
values from the reachability lattice consisting of two elements {U ,R}, where U
denotes that a node is unreachable and R denotes that it is reachable. Initially all
nodes except the start node are unreachable. The constant propagation equations
work on the constant propagation lattice, Lc. The lattice for alias analysis is the
powerset of the set of all possible aliases in the program. The set of object names

3 under the assumption that all realizable paths in the program are taken.
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in the program is finite (because of k-limiting) and hence the set of aliases is
finite. This ensures that the lattice is bounded.

We have cross-functions which take values from reachability to La (��), from
reachability to Lc (⇒), from Lc to reachability (	) and finally from La to Lc.
These cross-functions, which are monotonic, make explicit the interaction bet-
ween the analyses. Table 3 says that an unreachable node always contributes an
empty alias set whereas a reachable node allows aliases to flow through. Table 4
does the same for variable values except that unreachable nodes contribute �.

Table 3. 
�: Lr × La → La


� A

U {}
R A

Table 4. ⇒: Lr × Lc → Lc

⇒ ⊥ Ci �
U � � �
R ⊥ Ci �

Table 5. 
: Lc × B → Lr


 F T
� U U
F R U
T U R
⊥ R R

The 	 operator (Table 5) is used to compare the value of a predicate with the
truth values T and F and the result is mapped onto a value in the reachability
lattice. Conditional constant propagation evaluates the predicate; the 	 operator
indicates whether a node is dead or not by mapping the predicate value onto
the reachability lattice. This knowledge is transmitted to alias analysis by the
�� operator. The operators + and · stand for ‘or’ and ‘and’ respectively and are
defined in Tables 7 and 6.

3 Conclusion

We have presented a summary of an algorithm which combines interprocedural
constant propagation, interprocedural alias analysis and side effect analysis with
demand-driven insertion of alias information in the SSA graph. Here we have not
described how the interprocedural aspect relating to alias analysis is handled.
Lack of space prevents full description of the algorithm but the main outline has
been presented. It can be extended further to include inlining.
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Table 6. . : Lr × Lr → Lr

· U R
U U U
R U R

Table 7. + : Lr × Lr → Lr

+ U R
U U R
R R R

As part of future work, it would be useful to undertake an empirical study
that would attempt to address the following questions: 1: How many conditionals
are found to evaluate to constants? 2: When conditionals evaluate to constants,
how does the improved alias/constants solution affect each other and other op-
timizations?
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Abstract. We describe a radically new cache architecture and demonstrate that it
offers a huge reduction in cache cost, size and power consumption whilst main-
taining performance on a wide range of programs. We achieve this by giving the
compiler control of the cache and by allowing regions of the cache to be allocated
to specific program objects. Our approach has widespread application, especially
in media processing and scientific computing.

1 Microprocessor Caches

Current computer architectures rely heavily on the use of cache memory to enable
the processor to operate at high speed. Cache management hardware takes no account
of the characteristics of specific programs, and in many simple cases performs very
inefficiently. An obvious example of this is in the copying program

for i=0 to 500 { a[i] = b[i] ; }

Here a large region of the cache will be taken over by data which is used only once
and may interfere with other objects (instruction blocks or data) competing for the same
space.

We propose to give the compiler direct control of the cache. A conventional cache
is replaced with with a microcache, organised so that cache partitions can be allocated
to data objects by the compiler. Given suitable compiler technology, a microcache can
provide the same performance as a conventional data cache many times larger. This
paper outlines our basic strategy; a full version is available on-line [1].

2 The Partitioned Microcache

A simple form of partitionable microcache has 2n lines and can be divided into at most
2p partitions each of size 2(n−p) lines. It can also be divided into partitions of size 2(n−x)

where x < p, or into any combination of different size partitions. Each partition P has
an address Pa which corresponds to the address of the first line in the partition, so that
an address a within partition P has address Pa||a. The address of the line to be used
within the partition must, of course, be derived from the memory address used to load
or store data.

For optimal results, the addresses used to access successive items in a data structure
must be mapped on to different lines within the cache partition used for the structure.
If the compiler cannot derive much in the way of maximising reuse or persistence then

P. Banerjee, V.K. Prasanna, and B.P. Sinha (Eds.): HiPC’99, LNCS 1745, pp. 21–27, 1999.
c© Springer-Verlag Berlin Heidelberg 1999
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the result is simply the removal of object interference. This interference removal is the
natural product of segregating accesses to data objects by partitioning. However, we are
more interested here in cases where the compiler can analyse the access pattern and
derive from it the required partition size and the mapping function needed. This function
should map addresses on to cache lines efficiently, maximising persistence for a given
partition size.

2.1 The Hardware/Software Interface

We pass information from the compiler to the hardware by using an extra parameter to
the load and store instruction. This extra parameter supplies the partition information for
the memory operation. There are two alternatives which do not require the instruction
set to be modified. We can use the high order bits of the address space to contain the
partition information, or we could store the “current partition information” in the cache,
and change this partition information as and when required. The last solution is only of
use if we expect a series of requests to several data objects all to use the same partition.
Using higher order address bits is particularly useful when we want to use a microcache
together with an existing processor core. It is also suitable for languages like C, where
the partition information will be carried along implicitly with a pointer.

The partition information is held in a set of partition control registers that store
partition identifiers and mapping information. The partition identifier can be represented
by the partition address and partition size. The mapping information defines how to hash
the addresses of data objects using the partition. In our simple scheme, this information
consists of a shift to be applied, but a more complicated scheme might require an XOR
of some parts of the address.

In addition to a RISC load/store style instruction set, we provide extra instructions
to manage partitions within the cache.

2.2 Implementation

The partitioned cache implementation can be based on a conventional direct mapped
cache. A block diagram of our implementation is shown in Figure 1. Addressing the
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partition control registers can be pipelined with the execution of the load/store instruction
if we assume that the partition operand is a constant parameter of the load and store
instructions1.Also, the partition control registers can simply be general purpose registers.

The partition control register set can be very small indeed. We will need one register
for each partition, and in all of our examples twenty partitions are sufficient. The base
address and select bits can be stored in log2l bits, where l is the number of lines in the
cache. We can combine these in one word of size 1+ log2l bits if we wish. Finally, the
shift needs to be stored in at most 6 bits.

2.3 Compiling for the Microcache

The compiler takes a program with scalars and (multi-dimensional) arrays, and generates
code which includes all of the partitioning information. The compiler performs common
optimisations and register allocation in order to keep all scalars and intermediate results
in registers. The compiler calculates the required partition sizes, and analyses access
patterns in order to determine the required persistence in each of the partitions. We
outline this process below, discussing the data object partitioning only. It is also possible
to partition the instruction cache (using appropriate metrics) but this is outside the scope
of this paper.

Considering only a von-Neumann, imperative programming basis A user application
is a set of definitions of variables and then a sequence of statements that operate on those
variables.Wherever a variable name appears in a statement of the application, the variable
is referenced. A variable may be referenced to load its value, or to store a new value into
the variable.

Each variable has a set of references associated with it. A reference may carry offset
information, for example a[i,k] has [i,k] with i and k being loop counters. Scalars
have no offset information.

Using the offset information of references and the variable declaration three pro-
perties are computed for each reference: the stride, the group and the window. The
stride of a reference is simply the distance between successive accesses to a variable
when the variable is referenced from within a loop.

The purpose of a group is to collect all references to a variable that have an equal
stride. As there may be several different strides associated with each variable, each
variable may appear in several groups. Scalars always have one group (for their stride
is zero by definition).

Each group will be assigned a cache partition. This means accesses to an array may
be routed via two or more partitions: if the array is used with two different strides, two
partitions will be used. The resulting advantage is two streams of accesses not interfering
with each other. However, accessing an array through multiple partitions gives rise to the
possibility of inconsistency if the array is updated. To avoid such problems, we can either
combine the groups that may give rise to an inconsistency; or issue explicit consistency
directives to the cache partitions in question (the consistency overhead is very small,
requiring a single cycle per partition that needs updating). We have tried both techniques

1 This assumption is not true for systems that require (for example) dynamic partitioning within
a thread
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Fig. 2. Performance figures for Livermore (a-d) and Symbolic programs (e-h)

and are now developing a way in which the compiler will be able to select the appropriate
one to use in specific cases.
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The third property of a collection of references is the window. The window of a
group defines the range of different data items which are accessed with the same stride.
We can see the meaning of a window using the following statement:

x = x + y[i*6] + y[i*6+2] ;

In this case, y has one group with stride 6. The offsets are 2 away from each other
(i*6+2-i*6), therefore the window is 3.

For one-dimensional variables, the window is computed from the group of references
as the distance between the minimum and maximum offset expressions in the dimension
used to compute the stride. If the variable has more than one dimension, then the window
computation is more complex.

We create one special partition for the scalars (this partition is only used if registers
are spilled to memory), one for the stack, and then one partition for every other group.

For all groups of non-scalar references, we create a unique partition. The stride
for each partition is the stride of the group times the size of each element in the group.
Where the group stride is zero, the partition stride is the size of the elements in the group.
The stride is the mapping function of the cache partition as described in Section 2.1 The
compiler allocates partition sizes large enough to contain the whole window of the group.

3 Results

We have developed a simulator for the partitioned cache scheme, and a compiler to al-
locate partitions using the algorithms outlined earlier. We have compiled several bench-
mark applications (including the Lawrence Livermore Fortran Kernels [2] and the Me-
diaBench suite [3]), and executed them on the simulator. All our simulated caches use
a write-through allocate policy, optimised write traffic is studied in papers such as [4].
We have compare cost (size of the cache), and performance (miss ratio of the cache) as
well as instantaneous hit rate and instantaneous locality [5].

First, we ran the benchmarks on the partitioned cache. This gave us the size and
performance figures for our partitioned caches. Then we ran the benchmarks on stan-
dard caches (direct mapped, set associative, skewed set associative, victim, and column
associative caches).

The figures for the Livermore Kernels and four symbolic programs (a GIF-decoder
etc) are presented in Figure 2. The first graph shows the number of lines used by the
partitioned cache for each program. The other graphs show performance of some example
caches plotted against the performance of the partitioned cache.

The results for the Livermore Kernels show that the partitioned cache achieves a
hit ratio equal to or greater than the conventional caches in almost all cases, sometimes
outperforming the other caches by a factor of 10. The other benchmarks show similar
results [1]. The trend is that partitioned caches deliver performance better than, or com-
parable with, standard caches and use far fewer cache lines. With a conventional direct
mapped cache, all of the lines are used because the range of data addresses is normally
much larger than the range of cache addresses. Re-use of cache lines is poor in contrast
to the partitioned cache which forces re-use of lines.
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4 Related and Future Work
Many standard techniques for caches and buffering can be applied to extend our micro-
cache. For example there has been considerable work on prefetching such as that of Chen
and Watson [6,7] which could easily be added to the microcache. Adding prefetching,
controlled on a partition by partition basis, gives the partitioned cache the properties of
stream-buffers.

We expect that we can improve the compiler considerably using work which has
been done on (nested) loop analysis and loop restructuring [8,9]. When the analysis of
nested loops is improved, we expect that we will be able to extend our partitioning to
other parts of the memory hierarchy, including multi-level caches and virtual memory.

The idea of exposing the cache to the compiler or programmer is not new. It has
been proposed before, by, amongst others, Mueller [10], Wagner [11], Kirk [12] and
Juan [13]. The microcache system benefits from using a combination of hardware and
software to attack the problem. This allows the microcache to deliver features such as
fine grain, per object-reference partitioning, which would be costly under a software
only system like that proposed by Mueller [10] (that discusses partitioning on a priority
basis), and simple hardware logic, that is hard in an unassisted, hardware only system
like Wagners [11]. Kirk [12] describes a system that partitions on a per task basis, this
offers no inter object interference removal within a task achieved with our proposal.
Juan [13] proceed with a technique similar in many ways to the ideas presented here.
However, they lack the ability to have multiple partitions per object and do not provide
stride parameters in the cache.

Most research involving hardware based partitioning uses a hand coded approach to
partition allocation which is laborious and error prone. Our solution is totally automatic.

5 Advantages of Microcaches
Because the partitioned cache uses fewer lines, the physical size of the cache can be much
smaller. This reduces the chip size and also increases yield, giving rise to a significant
reduction in production cost. Alternatively, the chip area could be used to add additional
functions enabling single chip systems to be integrated at low cost for devices such
as PDAs and smart cards. Because the physical size of the cache is smaller it will
reduce thermal management problems and power consumption, extending battery life
in portable systems.

A microcache can use different implementation techniques from those used for tra-
ditional caches. Because it is much smaller, it can be implemented using faster, register
style, memory. This improvement in the speed of cache access will potentially result in
improved performance even when the overall hit ratio of the partitioned cache is lower
than a traditional cache.

The protective nature of partitions means the performance of a system is directly
related to the performance of its constituent parts. This is important for audio and video
applications, where the performance of the individual functions must be maintained.
Using ordinary caches or previous partitioned cache systems, the combining of two
functions in a program can lead to unpredictable or poorer cache performance.

We believe that microcaches will rekindle interest in multithreaded architectures.
A multithreaded processor would need a very large conventional cache to overcome
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cache-interfere between threads. Instead, it could be equipped with a moderately sized
microcache, which prevent interference by partitioning.

6 Conclusions
We have shown in this paper how to build and program caches that are very small, yet
have a high hit ratio. The advantages of small caches are numerous: small caches are
faster, they take less chip space, and use less power.

Unlike a conventional cache where data items dynamically compete for cache space,
we have given the compiler control of the cache allocation, in the same way that it has
control of register allocation. Preventing interference between data object means we can
make the cache much smaller while maintaining high performance.

We expect that a microcache will benefit many application areas. We have already
shown that on scientific and multimedia programs the use of a microcache can improve
price performance of the cache by up to two orders of magnitude. We are also interested
in the potential effects on multithreaded architectures, where it should be possible to run
multiple threads without interference in a conventional size partitioned cache.
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Abstract. Recent research has shown that it is possible to overcome
the dataflow limit by predicting instruction results based on previously
produced values or a sequence thereof. Instruction results often depend
on the path used to arrive at that instruction; by maintaining different
data value histories for the different paths leading up to an instruction,
it is possible to do better predictions. This paper studies the effect of
control flow correlation schemes on stride-based data value predictors.
Our studies indicate that if enough hardware resources can be provided
for storing the histories corresponding to different paths, the prediction
accuracy increases steadily as the degree of correlation is increased.

1 Introduction

Data Value Prediction (DVP) is becoming an interesting technique to boost instruction-
level parallelism (ILP). Predicting an instruction’s result allows instructions that de-
pend on that value to execute earlier, thereby allowing concurrent execution of multiple
instructions on a multiple-issue processor. DVP was first investigated by Lipasti et al
[1], with a last value based predictor. Using stride, two-level, and hybrid predictors,
the prediction accuracy can be substantially improved [4].

Several studies in the context of branch prediction have observed that the outcome
of a conditional branch instruction is often dependent on the dynamic path leading up
to the branch [2] [5]. Similar studies with data value prediction [4] showed that such
a correlation exists to some extent when the last outcome based predictor is used. A
recent study with stride-based data value predictor also confirmed the positive effect of
such correlation on prediction accuracy [3]. To gain better insight into why correlation
exists, let us consider a simple case of how the data values can vary depending on
the dynamic path. Consider the following C code. Depending on the path taken var2
evaluates to a different value, and knowing the dynamic path helps to predict var2
accurately. Similarly, the value of var3 also depends on the dynamic path.

if (cond1) {
i++; k++; var1 = i; }

else {
j++; k = k + 2; var1 = j; }

var2 = k + 10; var3 = var1 + 5;

The studies in [4] [3] applied correlation by considering the outcome of k preceding
branches, and storing separate value histories for each of the 2k possible k-bit patterns.
Figure 1 gives a block diagram of such a Degree-k correlation-based value predictor.
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A k-bit shift register called Branch History Register (BHR) is used to record the
outcome of the last k branches. Each VHT (Value History Table) entry stores 2k

different histories for the instruction currently mapped to it; each history corresponds
to a particular k-bit pattern in the BHR. When an instruction address is supplied, the
corresponding VHT entry is selected, and the 2k different histories are read out. A 2k:1
MUX is used to select the history corresponding to the k-bit BHR value.
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Fig. 1. Block Diagram of a Correlation-based Value Predictor

2 State Machine for Stride Predictor

When control flow correlation is employed in a stride-based predictor, the predictor
needs to store a separate stride value for each possible path, because a variable may get
incremented/decremented differently in each path. For instance, in the earlier example
code, the variable k gets incremented by 1 in the if path, and by 2 in the else path.
Thus, to predict var2 correctly, two separate strides have to be recorded in its history.
Once the dynamic path is known, the appropriate stride can be added to the previous
(latest) value of var2 to get the predicted value.

In some situations, it is necessary to store separate “last values” for each possible
path. For instance, in the previous example code, in order to predict var3, we need to
store its last value along the if path as well as its last value along the else path.

In order to capture both scenario, for each VHT entry, we propose to store both the
“global last value” and the “path-specific last value”. The state machine used for each
path in a VHT entry is given in Figure 2. Every time a match is detected between the
PIR value and a Path Tag value, the path attributes (in the VHT entry) are updated.
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3 Depicting Path Identity Accurately

In the control flow correlation investigated in [4] [3], the path identity is determined by
the sequence of recent branch outcomes (the contents of the BHR in Figure 1). In many
cases, different dynamic paths may have the same BHR value. One way to overcome this
problem is to include information from a path’s instruction addresses when depicting
the path (as done for branch prediction in [2]). In particular, the path identity is
determined by the sequence of target addresses (taken address or fall-through address)
of the conditional branches present in the path. To have a realistic implementation,
only some bits of the target addresses are used to determine the path identity.

Figure 3 illustrates the structure of the path identity-based predictor. Apart from
the Tag and Global Value fields—which are common to all paths in a VHT entry—p
sets of path attributes are also present. Each path attribute has the following fields:
Path Tag, State, Stride, and Value. The current path’s identity is stored in the Path
Identity Register (PIR); the bits in the PIR act like a FIFO and get shifted out as new
target addresses are encountered. Once a VHT entry is selected and the Tag matches,
the PIR value is compared against the existing Path Tags. If none of the Path Tags
match, then a vacant path attribute field (if any) is allotted to the current path. If there
is no vacant path (which can happen when more than p paths exist to an instruction),
the LRU (least recently used) path is reclaimed for the current path.
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Fig. 3. Block Diagram of a Path Identity Correlation (PIC) based Stride Predictor

4 Simulation Results

The simulation studies are conducted using a MIPS instruction set architecture (ISA)
simulator that accepts executable images of MIPS programs. The benchmarks are
selected from the SPEC’95 integer benchmark suite. All programs are compiled using
the MIPS C compiler with the optimization flags distributed in the SPEC benchmark
makefiles. Only the single register producing instructions are considered for DVP. All
the results are expressed as a percentage of these value prediction eligible instructions.
Each benchmark program is simulated for the first 200 million instructions. For the
path identity based correlation scheme, 4 LSBs of the target address is shifted into the
PIR each time.
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4.1 Results with Varying Correlation Degrees

Table 1 presents the percentage of correct predictions and incorrect predictions ob-
tained for different degrees of correlation, all using a 16K entry VHT with 8 paths
per VHT entry. The various columns of numbers in the tables correspond to different
degrees of correlation. The first column of numbers refers to degree of correlation zero
(this is the same as the regular stride), the second to degree one, and so on. We in-
clude both the branch outcome correlation (BOC)-based stride predictor and the path
identity correlation (PIC)-based stride predictor in our simulations.

Table 1. Results with 16K entry VHT and 8 Paths per VHT Entry

Program Correct Predictions/Incorrect Predictions with Degree of Correlation
0 1 2 3 4 5

compress 44.7%/2.6% 49.2%/2.2% 50.8%/1.9% 52.1%/1.9% 52.4%/1.9% 52.5%/1.8%
B gcc 48.2%/3.4% 50.4%/3.4% 52.7%/3.5% 54.4%/3.5% 56.3%/3.6% 57.7%/3.7%
O go 39.3%/4.0% 41.6%/4.3% 44.5%/4.3% 46.4%/4.5% 48.3%/4.6% 49.1%/4.7%
C li 43.0%/4.9% 48.1%/3.3% 51.5%/3.4% 53.2%/3.7% 55.5%/3.7% 57.7%/3.9%

compress 44.7%/2.6% 48.9%/2.1% 51.0%/1.9% 52.0%/1.9% 52.8%/1.9% 53.3%/1.9%
P gcc 48.2%/3.4% 51.3%/3.4% 54.8%/3.5% 56.8%/3.4% 58.1%/3.3% 58.1%/3.2%
I go 39.3%/4.0% 41.9%/4.3% 44.7%/4.4% 47.0%/4.5% 47.2%/4.4% 46.8%/4.2%
C li 43.0%/4.0% 48.6%/3.5% 53.8%/3.9% 55.9%/3.9% 58.9%/3.8% 59.1%/3.6%

These results indicate that as long as sufficient hardware resources can be allocated
(in this case, the number of paths per VHT entry), increasing the degree of correlation
results in a monotonic increase in the number of instructions correctly predicted, for
both BOC and PIC1. This means that the time required to initialize the history of
each unique path is not affecting the accuracy of prediction (at least up to a correlation
degree of 5). This is because of two reasons: (i) The number of times a prediction could
not be made due to lack of sufficient history for that specific path is more than offset
by the number of times the history is “purer”. (ii) The state machine of the stride
predictor does not take too long to start making predictions. It can also be seen that,
by taking advantage of control flow correlation, the percentage of mispredictions can
sometimes be reduced, especially for compress. For the remaining benchmarks (except
go), the number of mispredictions is minimum when the correlation degree is moderate.

4.2 Results with Fixed Hardware Cost

In the previous experiments, the hardware requirements grow as the correlation degree
is increased, because of storing the histories corresponding to different paths. The size
of a VHT entry is almost directly proportional to the number of paths in a VHT entry.
In the next set of experiments, we fix the product of the number of VHT entries and
the number of paths in a VHT entry as 16K. Five different configurations (# VHT
entries × #Paths per VHT entry) are simulated. In particular, given a fixed hardware
budget, we are interested in knowing if it is beneficial to have more VHT entries or
more paths per VHT entry (with an appropriate increase in correlation degree).

1 Our experiments with 4 paths per VHT entry indicate that the number of correct
predictions tend to decrease for high correlation degrees, because of the conflict
between multiple paths.
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Table 2 presents the results obtained for both BOC and PIC schemes. For each
configuration and benchmark, the correlation degree that gives the highest percentage
of correct predictions is reported (this degree is marked within parentheses in the table).
We can see that different programs behave differently when the hardware cost is fixed.
For compress and li, the maximum value for the correct predictions occurs when the
number of paths is maximum. By contrast, gcc and go seem to require more number
of entries in the VHT; in fact, for go, the maximum occurs when the number of VHT
entries is maximum. This means that when the hardware cost is fixed, it is better to
use VHT mapping schemes that can cater to both cases.

Table 2. Results with Fixed Hardware Cost (# VHT entries × # Paths per VHT
entry = 16K)

Correct Predictions/Incorrect Predictions (Best Correlation Degree)
Program with # VHT entries × # Paths per VHT entry =

1K × 16 2K × 8 4K × 4 8K × 2 16K × 1
compress 52.5%/1.8%(5) 52.5%/1.8%(5) 52.3%/1.9%(4) 49.2%/2.2%(1) 44.7%/2.6%(0)

B gcc 42.5%/2.9%(5) 47.6%/3.1%(5) 49.2%/3.3%(3) 48.9%/3.3%(1) 48.2%/3.4%(0)
O go 32.3%/3.7%(5) 35.2%/3.8%(4) 35.5%/3.7%(2) 38.5%/3.6%(2) 39.3%/4.0%(0)
C li 52.7%/3.4%(5) 53.6%/3.5%(5) 53.1%/3.4%(5) 47.0%/3.1%(2) 43.0/4.0%%(0)

compress 53.3%/1.9%(5) 53.3%/1.9%(5) 52.7%/1.8%(4) 48.9%/2.1%(1) 44.7%/2.1%(0)
P gcc 44.2%/2.3%(5) 47.7%/2.6%(5) 49.0%/2.9%(3) 49.2%/3.3%(1) 48.2%/3.4%(0)
I go 30.4%/2.8%(5) 33.8%/3.4%(3) 34.4%/3.6%(2) 37.8%/3.9%(1) 39.3%/4.0%(0)
C li 58.2%/3.3%(5) 55.3%/3.1%(5) 51.6%/3.1%(4) 46.6%/3.0%(2) 43.0%/4.0%(0)

5 Conclusions

This paper investigated techniques for improving the data value prediction accuracy
by incorporating techniques to make use of control flow correlation. In particular,
a modified stride predictor was developed to take advantage of correlation. We also
studied the feasibility of enhancing the path identity information by considering the
target addresses of control flow changing instructions. Our studies indicate that if
enough hardware resources can be allotted, then increasing the degree of correlation
increases the number of instruction results that can be correctly predicted. On the
other hand, when the hardware budget for the predictor is restricted, some programs
benefit more from having more entries in the predictor as opposed to having more
correlation.

References

1. M. H. Lipasti and J. P. Shen, “Exceeding the Dataflow Limit via Value Prediction,”
Proc. 29th Int’l Symposium on Microarchitecture, pp. 226-237, 1996.

2. R. Nair, “Dynamic Path Based Branch Correlation,” Proc. 28th Int’l symposium
on Microarchitecture, 1995.

3. T. Nakra, R. Gupta, and M. L. Soffa, “Global Context-Based Value Prediction,”
Proc. Int’l Symposium on High Performance Computer Architecture, 1999.

4. K. Wang and M. Franklin, “Highly Accurate Data Value Prediction,” Proc. 3rd
Int’l Conference on High Performance Computing, pp. 358-363, 1997.

5. C. Young and M. Smith, “Improving the Accuracy of Static Branch Prediction
using Branch Correlation,” Proc. ASPLOS-VI, 1994.



Performance Benefits of Exploiting Control
Independence

Sreenivas Vadlapatla and Manoj Franklin

Department of Electrical and Computer Engineering
University of Maryland, College Park, MD 20742, USA

vsreeni@eng.umd.edu and manoj@eng.umd.edu

Abstract. Many studies have shown that significant levels of parallelism
can be extracted from ordinary programs if a processor can accurately
look ahead arbitrarily far into the dynamic instruction stream. Control
flow changes caused by conditional branches are a major impediment to
determining which of the distant instructions belong to the dynamic in-
struction stream. This paper highlights the importance of exploiting con-
trol independence information for extracting this “distant parallelism”.
We describe a methodology to find the maximum parallelism available
when exploiting control independence. Our study with this tool shows
that putting control independence to work has the potential to provide
high performance.

1 Introduction

Many studies have shown that significant levels of parallelism can be extracted from
ordinary programs if a processor can accurately look ahead arbitrarily far into the
dynamic instruction stream—by means of perfect branch prediction and an infinitely
large scheduling buffer [4] [5]. Although both of these assumptions are idealistic, the
high values of parallelism, nevertheless, give an impetus to explore techniques to extract
that parallelism in future processors. Current processors extract parallelism only across
a narrow window of the dynamic instruction stream; these systems have no ability to
identify distant instructions that can be executed much earlier.

Control flow changes caused by conditional branches are a major impediment to
determining which of the distant instructions belong to the dynamic instruction stream.
Modern processors typically attempt to overcome this impediment by predicting the
outcome of conditional branches, and doing speculative execution along the predicted
path. However, in spite of the availability of highly accurate branch prediction schemes,
control speculation by itself cannot possibly get to the distant code, because the average
distance between two mispredictions is only of the order of 100 instructions or so. Each
branch misprediction causes the rest of the speculated path to be abandoned and
a different path to be pursued, although the new path may have many instructions
in common with the previously abandoned incorrect path. Identifying and exploiting
control independences seem to be the natural way to deal with the problem of getting
to the distant code [3] [4] [7]. Effective use of control independence information helps
to reach distant code, despite the presence of mispredicted branches in between.

The goals of this paper are (i) to present a methodology to accurately model spe-
culative execution of multiple control-independent regions of code, and (ii) to study
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the amount of parallelism available when exploiting control independence. A good un-
derstanding of the nature of parallelism is necessary before devising good mechanisms
to exploit control independence.

2 Methodology for Exploiting Control Independence

Control dependence analysis [2] can determine the control dependences present in a
section of code, and processors can use control dependence information to execute
control-independent portions of code in parallel, by means of multiple hardware se-
quencers 1. For instance, when control reaches basic block A in Figure 1(a), such a
processor knows that a control-independent section of code starts at basic block C,
and it uses two separate hardware sequencers to fetch and execute these two control-
independent threads, as shown in Figure 1(b).

C
MEM[R1] = R3  (store)

R4 = MEM[R2]  (load)

R3 = R3 + 100

R1 = 200

R2 = 200
Cond Branch

A

B R1 = 100
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R1 = 200

R2 = 200
Cond Branch

R1 = 100

R3 = R3 + 100

B

A C

Hardware Sequencer 0 Predictor
Control Flow

Hardware Sequencer 1

Fig. 1. (a) Example Control Flow Graph (CFG). (b) Executing control-independent
threads in parallel with multiple hardware sequencers

The processor performs out-of-order fetch of instructions, and the instruction win-
dow, at any given time, may not be a contiguous set of dynamic instructions. Notice
that there may be data dependences (through registers and memory locations) from
one thread to the subsequent ones. This makes it different from multiprocessing, where
communication between control-independent threads are engineered by means of ex-
plicit synchronization mechanisms.

When pursuing independent flows of control, control speculation needs to be done
within each thread [4] [6] [7]; otherwise, the amount of parallelism that can be exploited
is limited. That is, when a control sequencer encounters a conditional branch in a
thread, it must predict the branch outcome in order to decide one of the control-
dependent alternative paths and speculatively execute that control-dependent path,
1 It is possible to exploit control independence in a limited manner within a single
hardware sequencer that can fetch only along a single flow of control at any given
time. The instruction window in that case is a contiguous set of dynamic instructions
from the speculated path. On detecting a control misprediction, control independence
can be exploited in such a processor by selectively deleting one set of (control-
dependent) instructions from this window and/or by selectively introducing another
set of (control-dependent) instructions into this window.



Performance Benefits of Exploiting Control Independence 35

instead of waiting for the branch to be resolved2. When a misprediction is detected in
one of the threads, the hardware will selectively squash only the portion of code that
was speculatively fetched by that control sequencer (i.e., only the code that is control
dependent on the mispredicted branch), and not the subsequent control-independent
threads fetched by other control sequencers. Notice, however, that the data dependence
effects of the misprediction may spread to subsequent (control-independent) threads.
Notice also that multiple branch mispredictions can be handled simultaneously when
they are in different threads.

3 Parallelism Measurement

3.1 TAPE: Tool for Available Parallelism Estimation

To measure the parallelism available under various machine models, we developed a
tool called TAPE (Tool for Available Parallelism Estimation), similar to the Paragraph
tool described in [1] for measuring the parallelism under the single flow of control mo-
del. Figure 2 depicts the internals of TAPE. Instruction traces are generated by an
instruction set architecture (ISA)-level simulator. The traces are augmented with in-
formation about the incorrectly speculated paths. The traces are supplied to the DDG
analyzer, which constructs a dynamic dependence graph (DDG) based on the data
dependences in the trace, the control flow constraints as per the machine model simu-
lated and the predictions supplied by the predictor, the renaming constraints, and the
resource constraints. The DDG is a partially ordered, directed, acyclic graph, in which
the nodes represent the computation operations corresponding to the instructions, and
the edges represent the run-time dependences between the instructions. Notice that
only a single pass is made though the trace and each instruction in the trace is proces-
sed only once. The DDG is always kept in topologically sorted form; instructions in the
same level of the DDG can be executed in parallel by the abstract machine modeled.
The average number of instructions per DDG level gives the available parallelism that
can be extracted from the program by the abstract machine modeled.

Analyzer

DDG

Results

Renaming

Trace
Instruction Branch Addr,

Prediction,
Path

Constraints
ResourceMachine

Model

Branch Outcome

Constraints

Functional

Simulator

Executable
Benchmark

Parallelism

Predictor

Branch

Fig. 2. Block Diagram of TAPE

For conducting the parallelism studies, we used the MIPS-I ISA, and single-cycle
functional units. For benchmarks, we used programs from the SPEC ’92 and SPEC
’95 benchmark suites. The benchmarks are simulated for 500 million instructions. For
performing branch predictions, we used a 2-level Pap scheme [8], with a direct-mapped
2 It is certainly possible to pursue both outcomes of the branch simultaneously; ho-
wever, such an approach leads to exponential growth in hardware requirements if
many unresolved branches are present in a thread.
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16K-entry Branch History Table, a pattern size of 6, and 3-bit saturating counters
in the Pattern History Table entries. The second column in Table 1 gives the branch
prediction accuracies that we obtained in our studies. Although the exact parallelism
values presented in this section are dependent on the sophistication of the compiler,
and can potentially vary if a different compiler or ISA is used, we believe that these
results represent the general trends.

Branch Available parallelism with
Benchmark prediction No control Control Perfect

accuracy independence independence branch prediction
compress95 88.88% 10.5 162 563
espresso 95.90% 13.5 120 1617
go 87.80% 8.5 51 104
m88ksim 98.52% 14.8 397 615
vortex 98.59% 38.0 1289 1771
dnasa7 99.49% 26.5 1424 1878
fpppp 98.45% 740.0 742 745

Table 1. Branch Prediction Accuracies and Available Parallelism

3.2 Available Parallelism

Table 1 presents the available parallelism obtained for three abstract machine models
(given in three columns). Notice that the parallelism obtained with the nCI model—
ranging from 8.5 (for go) to 740 (for fpppp)—is higher than those reported in previous
studies [4]. The main reasons for this improvement are: (i) the improvement in branch
prediction accuracies that we obtain (cf. Table 1) due to the better branch prediction
schemes available today, and (ii) the parallel execution of branch instructions by today’s
nCI processors.

As expected, the parallelism obtained with control independence is significantly
higher than that without control independence for all benchmarks. This is to be ex-
pected for benchmarks like go, which have poor branch prediction accuracies. Even for
benchmarks like m88ksim, vortex, and dnasa7, which have very high branch prediction
accuracies (98.52%, 98.59%, and 99.49%, respectively), utilizing control independence
helps to get significantly higher levels of parallelism.The main reason for this is that
many mutually data-independent sections of code in m88ksim, vortex, and dnasa7 lie
far apart in the dynamic instruction stream. Even if only a single branch is mispre-
dicted between these data-independent code sections, it acts as a barrier when control
independence is not exploited, preventing the parallel execution of these code sections.

4 Discussion and Conclusions

Today’s state-of-the-art processors perform aggressive speculative execution along a
single flow of control. A limitation of this approach is that each branch misprediction
causes all of the subsequent instructions in the instruction window (from the speculated
path) to be discarded, without retaining any control-independent instructions that may
be present in the instruction window. Recognizing control-independent sections of code,
and performing speculative execution along multiple independent flows of control has
the potential to extract the large amounts of parallelism available at a distance.
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We have already begun to see descriptions of execution models and implementati-
ons that attempt to exploit control independence in a limited manner. All of these use
multiple hardware sequencers to fetch control-independent portions of code, and exe-
cute them in parallel. In these processors, instructions from far ahead in the instruction
stream can be fetched, decoded, and executed even before the up-stream instructions
have been fetched. Of course, they rely on some means to determine the data depen-
dences between the not-yet-fetched, up-stream instructions, and the currently executed
down-stream instructions. Also, when a misprediction is detected in an up-stream flow
of control, which causes a different flow of control to be pursued by the up-stream
sequencer, the updated data dependence information is conveyed to the down-stream
sequencer.

Our experimental results with infinite size instruction windows show that the maxi-
mum parallelism available when exploiting control independence is significantly higher
than that available when control independence is not exploited. It remains to be seen
what ingenious schemes computer architects would devise in the future to overcome
the implementation hurdles of independent flows of control, so as to extract the large
amounts of parallelism available at a distance.
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Abstract

Debugging complex concurrent programs is a very di�cult problem. Sli-
cing techniques can simplify debugging and understanding these programs.

However, slicing of concurrent program is compute-intensive as the required

intermediate graph often becomes large. In this context, we generalize the
structure of the intermediate graph representation of concurrent programs

and this leads us to introduce the notion of Concurrent Control Flow Graph

(CCFG). We introduce a parallel algorithm to compute static slices of con-
current programs using CCFG.

1 Introduction

A slice extracts only those statements from a program which are relevant to the
computation of some given value. Slicing helps in debugging,tesing, and mainten-
ance of programs [1]. An excellent survey on program slicing is available in [1].
Many of the present day software systems are actually concurrent or distributed
systems. However, it is found in practice that it is much more di�cult to debug and
understand the behavior of concurrent programs than it is for the sequential coun-
terpart. Non-deterministic nature of concurrent programs, lack of global states, and
possible interactions among processes are some of the reasons for this. Therefore,
there is a pressing necessity for devising techniques for slicing concurrent programs.

Several methods for computing slices of programs have been reported [2],[3].
The seminal work of Weiser computed the slice of a program from its control 
ow
graph (CFG) representation [2]. A parallel slicing algorithm to compute slice for
sequential programs was presented by Danicic et al [4]. In their method, a process

network is constructed from the program to be sliced. The CFG of the program
is �rst constructed to construct the process network. The Reverse CFG (RCFG)
is then constructed by reversing the direction of every edge in the CFG. Every
node in the RCFG represents a process and the arcs correspond to communication
channels. Arcs entering a node i represent inputs to process i and arcs leaving node
i represent outputs from process i. Each process sends and receives messages that

1On leave from IIT Kharagpur

P. Banerjee, V.K. Prasanna, and B.P. Sinha (Eds.): HiPC’99, LNCS 1745, pp. 38−42, 1999.
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are sets of variables and node identi�ers. If the input S to process i contains any
of the variables de�ned by i or contains any of the node controlled by i (in case i is
a predicate node), then the process i outputs a message on all its output channels

consisting of:

� all its input variables (elements of S) that it does not de�ne,
� all variables that it references,

� its node identi�er, i.

Otherwise, the process i merely outputs S on all outgoing channels. To com-

pute a slice for the slicing criterion < s; V >, where V is the set of variables,

network communication is initiated by outputting the message V from process s.
The algorithm computes the slice of a program by including the set of nodes whose

identi�ers are input to the entry node of the CFG.

2 Representation of Concurrent Programs

In our subsequent discussions, we will assume the Unix primitives for process cre-

ation, interprocess communication, and synchronization [5]. For computation of

static slices, we assume that processes are statically created. The synchronization

semantics that we have considered here are of two types { partially blocking and

fully blocking. We represent a concurrent program in three hierarchical levels as

described below.

Process Graph: A process graph is a directed graph Gp = (Vp; Ep; sp) with
vertex set Vp and edge set Ep. Vertices represent processes. We call the vertices as

process nodes and denote as n(p). The edges of a process graph represent fork/join

relationships among processes. Thus the edges are of two types: fork edge and join

edge. A process node, n(p) is created when there is a fork call in the program. A

fork edge from a vertex n(p)i to another vertex n(p)j exists, if there is fork call

in n(p)i creating n(p)j. A join edge from process n(p)i to n(p)j indicates that

n(p)j is waiting for n(p)i to terminate. That is, a join edge represents the fact

that terminating processes join to create a new process. We also assume a special

entry node, sp representing the beginning of the program. No edge is directed to

sp. There is a special edge (sp; n(p)0) 2 Ep, where n(p)0 represents the beginning

of the program.

Concurrency Graph: In a concurrency graph, the process nodes of the pro-

cess graph containing message passing statements are split up into three di�erent

kinds of nodes, namely send node, receive node, and statement node. The code be-

longing to the process nodes of the process graph are examined to achieve node split-

ting. Di�erent cases may arise depending upon the presence of msgsnd()/msgrecv()

statements in the nodes in di�erent orders. A send node contains a sequence of state-

ments ending with a msgsnd() statement. A receive node contains a sequence of

statements beginning with a msgrecv() statement. And a statement node consists of

a sequence of statements without any message passing statement. Di�erent nodes

thus created are connected by appropriate control edges to show the control 
ow.

An edge called synchronization edge from every send node to the corresponding

receive node is constructed. Synchronization edge depicts the fact that the node

pointed to by this edge must wait until the statements represented by the node at

the other direction completes execution. In case of fully blocking semantics for mes-

sage passing, the synchronization edge is bi-directional, indicating that both send

and receive nodes are synchronization dependent on each other. Each node of the

concurrency graph is called a component and is denoted as n(c).
Concurrent Components: A component is the basic unit of concurrent exe-

cution. The maximal set of components which are capable of concurrent execution

is called a concurrent set of components or just a concurrent component. De-

termination of concurrent components is necessary to handle slicing of concurrent
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programs in presence of shared variables. We present here an algorithm for de-

termining the set of components concurrent to a given component. PCi represents

the set of nodes of the concurrency graph which are concurrent to the node n(c)i.
And PC is the set of all concurrent components of the concurrency graph. The

complexity of the algorithm to compute all concurrent components is found to be

O(Nc �Ec), where Nc is the number of components and Ec is the number of edges

in the concurrency graph.

Algorithm for determination of concurrent components

Input: Concurrency graph, (Vc; Ec).

Output: PC = fPCiji = 1; 2; 3; :::jVcjg.

PCi = fxjx 2 Vc and x is concurrent to node n(c)ig

For every node n(c) 2 Vc do

Begin

� Construct the set, PU = fjjj 2 Vc and node n(c) is reachable from

node j travering transitively along fork/control/synchronization edges g

� Construct the set, PD = fkjk 2 Vc and k is reachable from node n(c)

traversing transitively along fork/control/synchronization edgesg.

� Construct PCn = Vc � (PU [ PD [ fn(c)g)

End

Concurrent Control Flow Graph (CCFG): Concurrency graph shows the

dependencies among processes arising out of communication among them via mes-

sage passing. However, processes may also interact through use of shared variables.

Also, to compute a slice, in addition to concurrency and interprocess communica-

tion we must also represent the traditional instruction sequences in the program.

To achieve this, we construct the next level graph, CCFG. To construct the CCFG

we have to �rst resolve the cases arising due to the use of shared variables.

Shared Dependency: The fork() function call creates a new process called child

which is an exact copy of the parent process. The parent and child processes have

di�erent copies of all variables [5]. However, a single copy of shared data segment

acquired by the shmget() and shmat() function calls is shared by both processes.

We handle such accesses to unsynchronized shared variables through construction of

a shared dependency edge. A shared dependency edge can exist between concurrent

components only. After determining the concurrent components, we can �nd the

shared dependency by associating the use of shared variable in one component to

the de�nitions of the shared variables in the other components.

Semaphore Dependency: In the Unix environment, semaphores can be obtained

through the semget() call. The value of a semaphore can be set by semctl() call.

The increment and decrement operations on semaphores are carried out by semop()

call [5]. If there are multiple accesses to shared variables within a (P,V) block, the

access is serialized. In case of shared variable access by two concurrent components

within a (P,V) block, if one component uses it within a (P,V) block before de�ning

it, then the value of the shared variable in this component will depend on the last
de�nition within (P,V) block in the other component. We construct a semaphore
dependency edge from the statement having last de�nition within (P,V) block in

one component to the statement having �rst use within (P,V) block in the other

component if that component does not de�ne the variable before using it.

Construction of CCFG: To construct the CCFG of a concurrent program we

start with the process graph. We �rst construct the CFG for every process node,

n(p) in the process graph, where every statement/predicate is represented by a node

and is denoted as n(s). A special node called the start node, n(s)s is introduced to

mark the beginning of the CFG for a process node. The node in the CFG of a process

node n(p) representing the last statement of n(p) is denoted as n(s)l. For every fork
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edge (n(p)i; n(p)i+1) in the process graph, a fork edge in the CCFG is constructed

from n(s)l of n(p)i to n(s)s of n(p)i+1. This edge represents the possible control


ow from the last statement of n(p)i to the �rst statement/predicate of n(p)i+1.

For every CFG of an n(p) we construct a special control 
ow edge from n(s)s to

the node n(s)0 representing the �rst statement of n(p). If a node n(s)i in CFG for

n(p)k represents a msgsnd() statement, then a synchronization edge is constructed

from n(s)i to the node n(s)j in the CFG for some n(p)m, where this node n(s)j

in n(p)m represents the corresponding msgrecv() statement. A shared dependency

edge is constructed from n(s)j to n(s)i provided

� a shared variable sh 2 ref(n(s)i), and sh 2 def(n(s)j )

� n(s)i 2 n(c)m and n(s)j 2 n(c)n in the concurrency graph and the

components n(c)m, n(c)n are concurrent.

A semaphore dependency edge is constructed from n(s)j to n(s)i if

� a shared variable sh 2 ref(n(s)i), and sh 2 def(n(s)j ),

� n(s)i 2 n(c)m and n(s)j 2 n(c)n in the concurrency graph and the

components n(c)m, n(c)n are concurrent,

� n(s)i and n(s)j are within P-V blocks using the same semaphore, and

� de�nition of shared variable sh in n(s)j is the last in that P-V block.

3 Parallel Algorithm For Static Slicing

To compute a slice of concurrent programs, we extend the parallel algorithm pro-

posed in [4] to our representation of concurrent programs. If process networks for

our proposed representation of concurrent programs are constructed, we will have

some additional processes and channels which do not exist in the process networks

for sequential programs. We now outline how these processes and channels are

handled.

msgsnd(): If a process representing a msgsnd() statement receives a message,

it simply transmits the message on all output channels. Before sending out the

message, it adds its node identi�er to the message if it receives the message from a

message passing channel, otherwise the message is transmitted unaltered.

msgrecv(): If a process representing a msgrecv() statement receives a message, it

checks whether the message contains the data that the msgrecv() statement receives

from the corresponding msgsnd() statement. If not, then it transmits the input

message on all output channels without any change except the message passing

channel. Otherwise, it transmits the input message along with its node identi�er on

all output channels except the message passing channel, and transmits a new mes-

sage , M = fdatag, on the message passing channel, where 'data' is the information

received by the msgrecv() statement from the corresponding msgsnd() statement.

fork call: A process representing a fork call always outputs the input message

along with its node identi�er on all output channels.

Shared/Semaphore Dependency Channel: Whenever a process which is having

shared dependency channel as one of its output channels receives a message from its

input channel, it checks whether the message contains the relevant shared variable

for that process. The behavior of the process is same for all output channels except

the shared dependency channel as described in Section 1. But it outputs a new

message on the shared dependency channel containing only the shared variable if

the input message contains the relevant shared variable for this process, otherwise

it does not output any message on the shared dependency channel.

The processes representing the dummy nodes like sp and n(s)l simply receive

messages from input channels and transmit unaltered through the output channels.

The messages sent along shared dependency channels (or synchronization channels),
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if any, need to be output only once. This is because of the fact that the message
that is output on any one of these channels, is always �xed. For computation of
slice we follow the following steps:

� Construct the hierarchical CCFG for the concurrent program,
� Reverse the CCFG,
� Compile the RCCFG into a process network,
� Initiate network communication by outputting the message fs; vg from the
process representing the statement s in the process P of the reverse CCFG,
where < P; s; v > is the slicing criterion.

� Continue the process of message generation until messages generated by
each of the processes are found to be new,

� Add to the slice all those statements whose node identi�ers have reached
the entry node of the CCFG.

The termination of the process network for concurrent programs can easily be
established. It is proved in [4] that the slices computed by the parallel algorithm for
a sequential program is exactly the same as produced by Weiser's algorithm. The
same can also be proved for concurrent programs using the same method. Speed
up can be achieved when the parallel algorithm is executed on a set of processors.
We assume that the basic unit of task that can be assigned to individual processor
is all the processes of the prcess network (representing the nodes of the CCFG)
belonging to a process node in the process graph. If N is the number of process
nodes in the process graph and M � N is the number of processors, then we can
achieve at most N=M time speed up over that when running on a single processor.

4 Conclusion

We have presented the extended version of parallel algorithm for static slicing of
concurrent programs. The concept of control 
ow graph has been extended to
represent concurrent programs in a hierarchical fashion. When executed on a set
of processors, we will get several times speed up as already stated. Our initial
experimentation with several example applications has yielded encouraging results.
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Abstract. The suitability of the multi-master VME bus for the design of a
memory channel architecture for high performance computing is discussed. A
moderately scalable cluster-based parallel computing system and its
communication network based on this architecture are described next. The
development of a thirty two processor parallel computing system and its
programming environment are outlined. The details of the intra-cluster and
inter-cluster communication channels in this system and the interface for using
them are presented. Some parallel applications in computational fluid dynamics
and the speed-ups achieved are presented next. A discussion on the experiences
of building this system and further efforts underway to enhance its scalability

conclude the paper. 

1 Introduction

Parallel processing has proven to be a cost-effective route to the development of high
performance computers[1,2]. Many commercial supercomputers, such as the IBM’s
SP2, the Cray’s T3D and the Intel’s Paragon to name a few[3], are built in recent times
using the concept of parallel processing. Most of these systems implement a
communication network connecting a variable number of processors and provide a
message passing library for the development of parallel programs. Notwithstanding
the commercial availability of these computers, many groups are trying to exploit the
recent high speed networks based on Gigabit Ethernet and ATM switches for
configuring networks of workstations as parallel processing systems[4,5]. These
efforts are undertaken mostly for economical reasons and also to benefit from the free-
time available on workstations present in many organisations.

Parallel processing systems based on switches have the advantage of scalability.
However a major drawback of the switch-based communication networks is the high
latencies involved in message transfers. Typically the latency could be hundreds of
microseconds to even milliseconds, though there are exceptions such as the 60
microseconds latency of the custom-made switch of IBM’s SP2[6]. In an effort to
reduce the latency down to a few tens of microseconds, some years ago Digital
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Equipment Corporation (DEC) proposed a new method of message passing based on
what it calls the Memory Channel Architecture[7]. The central idea of the memory
channel architecture is to map the pages of physical memory of a processor that is to
receive a message onto the virtual address space of the processor that needs to send the
message. Such a mapping enables the sender to write the message directly onto the
physical memory of the receiver without any intervention from the operating system.
Direct writing onto the receiver’s memory is expected to involve low communication
overheads and hence lead to a low latency. The implementation of the memory
channel architecture by DEC, in fact, has validated this expectation.

In view of the distinct simplicity of the concept and also of the merit of low latency,
at the Advanced Numerical Research and Analysis Group (ANURAG) at Hyderabad,
India we began to develop a series of parallel computers called PACE+ based on the
concept of memory channel architecture. The PACE+ systems are aimed at users
working in computational fluid dynamics[8]. Applications in fluid dynamics are some
of the most compute-intensive ones and demand reliable computing platforms. For the
dual purpose of implementing memory channel architecture and developing a reliable
parallel computer we chose the VME bus and VME compatible processor boards. The
VME bus allows multiple processors to co-exist on a single backplane. These
processors can address each other’s memory as though their memory is shared, which
paves the way for the setting up of memory channels for communications. The details
of several configurations of PACE+ designed and developed at ANURAG and the
experiences gained in using them are presented in this paper.

The paper is organised as follows. In section 2, the memory channel architecture
for parallel computing is discussed. In section 3  a design of memory channel
architecture based on the VME bus is presented. The details of the design of PACE+
are also presented in the same section. Sections 4 and 5 describe the communication
model and the programming environment in PACE+ respectively. The speed-ups of
some applications run on eight and thirty two node PACE+ systems are presented in
section 6. Discussions and future plans conclude the paper.

2 Memory Channel Architecture

The overheads in any standard network for message passing limit the ability of a
connected cluster of processors to achieve its full potential as a parallel system.
Though the network bandwidths are increasing, the latency and the communication
overheads associated with a message transfer remain very high, sometimes reaching a
value of 1000 times of that encountered in shared memory systems[7]. The source of
high latency in standard networks is the operating system overhead associated with
communication. Typically, a node initiates a communication by calling a service of
the operating system. This service routine that supports the communication is usually
complex and consists of three primary layers namely, the application interface,
network communication protocol, and the network device driver software. Executing
such a protocol stack consumes significant amount of the CPU time, resulting in high
latencies.
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In a network based on the memory channel concept, the receiving processor’s
physical memory is mapped onto the sender’s virtual address space. This mapping
virtually stretches the write-port of the receiving processor’s physical memory and
makes it available to the sender for write-only purposes[7]. When the sender needs to
communicate, the message is written in the suitably mapped physical memory of the
receiver without any involvement of the operating system. The result is a much
reduced communication overhead and latency.

3 VME Bus-Based Memory Channel Architecture for PACE+

Many applications in defence research and development involve the use of
computational fluid dynamics and hence need high speed computing resources. The
design and development of combat aircraft is an important one among them. In order
to support users of computational fluid dynamics in our organisation, we decided to
develop a high speed parallel computer. This system, called PACE+ for ‘Processor for
Aerodynamic Computation and Evaluation’, was to be a scalable parallel computer to
be built from commercially available subsystems. Having examined the memory
channel concept and its merits, we decided to model the communication network for
PACE+ on the memory channel architecture.

The PACE+ system is a cluster-based parallel computer built using the
HyperSPARC processors[9]. In order to build the interconnection network based on
the memory channel concept, several standard and commercially available bus-
backplanes such as the VME, PCI and Multibus etc., were examined. All these buses
allow many processors to be connected to a single backplane. Some of them support
memory mapping while others support I/O mapping for inter-processor exchanges.
Using the PCI bus, as tried by DEC [7], requires the development of custom hardware
to perform memory mapping as the PCI bus addresses are I/O mapped. The Multibus-
II and the Futurebus are not as widely used nor are they available now from many
suppliers as is the VME bus. Keeping its reliability, openness and industry-standard
compliance in view, the VME bus was chosen for building the interconnection
network of PACE+.

A standard VME backplane comes with twenty one slots and can accommodate
eight processor boards comfortably. To connect two or more backplanes one uses a
specific hardware called reflective memory board[10]. A pair of these boards can form
a memory mapped link between two backplanes. Called a cluster, a backplane with
eight processors is the basic unit of PACE+ architecture. Large systems are then built
by interconnecting two or more clusters by means of reflective memory links in
accordance with any desirable topology. As a design principle, storing and forwarding
of messages is not supported in PACE+ systems so as to keep the development simple.
Therefore, any two clusters that need to communicate have to be directly connected by
reflective memory links.

For the sake of compactness, the processors are connected together using VME
backplanes and reflective memory links as diskless single board computers. One of the
clusters contains an additional ninth processor called the Front-End Processor (FEP).
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User Code
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lower memory
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higher memory

0X 0000000

Fig. 1. The organization of local memory at a node

The FEP has all peripheral devices, hard disk etc. and is a standard workstation
running the Solaris operating system. The FEP provides the interface between the
users of PACE+ and the back-end network of processors. The back-end processors,
called nodes, run a customised kernel, called the ANUPAM kernel which performs
some basic functions such
as memory mapping, text
pages protection, hardware
initialisation, initialisation
and clean-up of
communication segment and
exception handling.
Multitasking and I/O
operations are not supported
on the nodes.

The inter- and intra-
cluster communications are
performed over the network
of VME backplanes and
reflective memory links
after setting up the required
memory channels. To
configure the memory
channels among others, the
local memory in each node
is organised as shown in
figure (1). One MB  at the
lower-end of the physical
memory is reserved for the
page table, interrupt vector
table and the data structures
and routines specific to the
ANUPAM kernel. The user code is loaded starting from the end of this segment and it
grows towards the higher-end of the memory. A   segment  of 4 MB  at the higher-end
is reserved for communication buffers. A heap starts after the user code and grows
towards the communication buffers while a stack grows from the end of the
communication buffers towards the heap.

Each reflective memory board has 4MB of memory that is shared between two
clusters. In a link consisting of two reflective memory boards, whatever is written on
one board’s memory gets ‘reflected’ in that of the other at the rate of the VME
standard. The upper half of this ‘shared’ memory is used by one cluster, say A, to send
messages to the other cluster, say B. The cluster B would use the lower half to send
messages to cluster A. A brief description of the method of setting up of the memory
channels is provided below.
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For intra-cluster channels within each cluster, connections for each node in the
cluster are created by mapping some specific pages of the node’s communication
memory onto the corresponding pages in the virtual VME memory of every other node
in that cluster. A schematic illustration of this mapping is given in figure (2). Each
node in a cluster has seven immediate neighbours in the same cluster from which it
can receive messages. Therefore, a segment of each node’s communication memory is
logically partitioned into seven slots of 512 kbytes each, one slot corresponding to
each immediate neighbour. A node that wants to send a message to another writes the
message in the slot
available for it in the
latter’s
communication
memory. The
receiving node needs
only to read its local
memory for any
message that is
expected. Thus, a
blocking receive
would not interfere
with the VME bus
traffic.

The inter-cluster
channels are set up
using the reflective
memory links. Each
node in a cluster
maps the physical
reflective memory
attached to it, into its
own virtual address
space. The reflective
memory board on
one cluster is connected to that on the other cluster by a flat cable. The nodes in the
other cluster similarly map the local reflective memory onto their virtual address
space. Thus, a set of memory channels is established from nodes in one cluster,
through the pair of reflective memory boards, to the nodes in the other cluster. Any
node in a cluster can write messages into the ‘local’ reflective memory over the VME
backplane, which get transferred to the reflective memory at the other end of the
connecting cable so that any node on the other cluster can read its ‘local’ reflective
memory for receiving the message. Figure (2) shows how the reflective memories of
two connected clusters are mapped onto the virtual address space of node 0 in each
cluster. Between any two connected clusters there are about 64 memory channels
supported by 4MB of memory in the associated reflective memory link.

With the implementation of the memory channel network as described above,
building an eight or sixteen node parallel computer is rather straightforward. The

VME bus

FLAT CABLE

Cluster 1

VME bus

Cluster 0

0 …7 0 1 7
RM

CM CM CM
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VM VM
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.

…

Fig. 2. The mapping of communication buffers of node 1 to
node 7 and reflective memory into the virtual address space of
node 0. The abbreviations, PM, RM, VM and CM stand for,
Physical, Reflective, Virtual and Communication Memories
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former is just a single cluster while the latter is two clusters connected by a reflective
memory link. In order to support the aerodynamic computational requirements in our
organisation, a thirty two node PACE+ was configured using the memory channel
network. Comprising four clusters, this system has a reflective memory link between
every pair of
clusters. Figure
(3) shows the
details of the
interconnection
scheme. The FEP
is connected to
one of the four
clusters. Each
cluster has three
reflective
memories and
their counterparts
sit on the other
three clusters, one
in each cluster.
For the purpose of
communications
between the FEP
and the nodes,
additional
memory channels are set up whose send as well as receive buffers are located in the
respective cluster’s reflective memory.

4 Communication Model

With the provisions of substantial amounts of memory for the inter- and intra-cluster
channels, the communications are basically buffered. The sending of messages is non-
blocking as long as there is sufficient space in the receiver’s buffer. If the size of the
message exceeds the available space,  then the sender fills the buffer and waits i.e.,
blocks, till the buffer is cleared by the receiver. The receiving operation is blocking in
PACE+ systems.

The buffer is organised in the form of a ring with two associated pointers, namely
Read-Head and Write-Head. If the buffer is empty, both the pointers coincide. The
sender, after putting the message in the buffer, increments the Write-Head by the size
of the message. The receiver reads the message if the pointers do not coincide. After
reading, the receiver increments the Read-Head by the size of the message read. This
simple method precludes out-of-order message passing between any sender and
receiver.
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The user interface with the communication network supports basically point-to-
point communications. Since each node runs only one process at any time, the source
and destination identifiers of the communicating processes are identified with the
corresponding logical node numbers in the parallel system. Three kinds of
communications are supported in the PACE+ communication model[11]. The first
kind enables a user to send or receive a single variable of any basic type. The second
kind enables a user to send or receive an array of variables of any basic type. To send
a list of variables of different basic types, the third kind of communication is to be
used. Besides these, the user is provided with a function that returns the number of
nodes in the parallel system. Another function in the user-interface returns the logical
process identifier of the process invoking the call. For the purpose of debugging, a
special function is provided  at the nodes to print messages on terminals connected to
the FEP.

Using this interface for the communication network, the latency and the throughput
of the network were measured on the intra-cluster channels. Assuming a linear
communication overhead model as a function of latency and throughput[12], the
transfer rates for three classes of messages were obtained. For the first class,
consisting of short messages in the range of 4 bytes to 4k bytes, the latency turned out
to be 17.2 microseconds justifying the usage of memory channel approach for building
the communication network. For the second class, consisting of medium size messages
in the range of 4k bytes to 32k bytes, the latency was measured as 25.4 microseconds.
The latency for the third class consisting of large messages, was 43.3 microseconds. In
all the three cases, the asymptotic throughput was observed to be around 5
MB/sec[13]. These measurements were made on the network built using VME-32
backplanes whose maximum bandwidth is 40 MB/sec. If the new VME-64 (80
MB/sec) or the proposed VME-320 (400 MB/sec) are used, the asymptotic bandwidth
is expected to be higher proportionally.

5 Programming Environment

A parallel program for PACE+ consists of two components, one that executes on the
FEP and the other that executes in each node[11]. These components are normal
sequential programs interspersed with calls to communication routines. At present,
programming in FORTRAN and C are supported but support for any other language is
easy to provide. Access to hard disk is limited to the FEP component that  runs like
any normal UNIX process.

The FEP and node components of a parallel program are to be specified in terms of
file names in a ‘jobfile’. A suitable mapping of the physical nodes to the logical
processes in a parallel application can also be specified as part of the jobfile.
Typically, a user preprocesses and compiles his jobfile, and then submits the resulting
executable to a job manager. Maintaining a queue of submitted jobs, the job manager
allocates the required number of nodes for the jobs waiting in the queue and monitors
their status. An application may use the entire back-end or only a segment of it. The
size of segment has to be a multiple of clusters. The job manager has the functionality
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to partition the back-end in terms of sets of clusters depending on the requirements of
the applications.

A source level debugging support provides information regarding exceptions that
may happen at run time. This information, pertaining to line numbers of erroneous
statements in source programs, is printed on FEP’s monitors along with the identifiers
of the nodes executing the erring node components. Besides spotting exceptions, the
debugging support also identifies mismatching communications at the source level and
reports the line numbers of the corresponding program statements. All these tools and
utilities are collectively called ANUPAM for ANURAG’s Parallel Applications
Manager which has been validated over the last three years by a number of users of
PACE+ systems.

6  Speed-Ups of Some Applications

Several installations of these PACE+ systems
are routinely used for solving problems in
aircraft design and fluid dynamics. Some of
these installations have 32 nodes while others
have 24 and 8 nodes. Many parallel Euler
solvers have been developed and tested using
these PACE+ systems[14,15]. Some of these
solvers are now run regularly in order to
gather data concerning the suitability of
various aircraft frame models in an
aeronautics laboratory at Bangalore, India. In
another installation at an educational institute,
the system is used by research students as
well as the faculty for developing codes
based on new computational ideas in fluid
dynamics.

In order to give an idea of the efficiency of
the communication networks of PACE+
systems, speed-ups achieved on some of the
parallel applications being run on PACE+
systems are provided in figure (4). The
speed-ups are shown here for four different
applications, all of them in computational
fluid dynamics. These applications solve
Euler or Navier-Stokes equations in a
discretised volume in three-dimensions. The
application denoted in the figure as A has a
structured grid of 161 x 41 x 41 points. A
maximum speed-up of 29.32 has been
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PACE+ for some applications in
computational fluid dynamics



VME Bus-Based Memory Channel Architecture for High Performance Computing 53

observed on a 32-node PACE+ system. The application B has been run for two grid
sizes. The first one has 192 x 40 x 50 points. Being the smaller of the two, it was
observed to have lower speed-ups when compared to the second one of 768 x 40 x 50
points. The latter case gives rise to a maximum speed-up of 31.49 on 32 nodes.

The bottom-most part of figure (4) shows the speed-ups of two different
applications labelled collectively as C[15]. One of them corresponds to an Euler solver
and the other one, a Navier-Stokes solver. The grid-size of the data domain for the
Euler solver is 220,000 grid points and that for the Navier-Stokes solver is 369,940. In
both cases, the speed-ups are measured against the time taken in the PACE+ system
versus the time taken in a single IBM RS6000/560. The performance of one node of
PACE+ is comparable to that of the IBM system. The speed-ups are respectable
though there is scope for improvement.

7 Discussion and Future Plans

The implementation of the communication network in PACE+ systems using the
concept of memory channel has proved to be an effective one. Firstly the design and
development of the communication network turned out to be simple and modular. The
network could be easily built-up using openly available, general purpose subsystems
such as the VME bus and reflective memories. These subsystems which are
commonly used in industrial control applications, turned out to be tailor-made for
building a parallel computer based on the memory channel architecture. The VME
standard being an industry oriented one, these VME compatible subsystems turned out
to be very reliable and rugged making the PACE+ systems very stable for the running
of applications non-stop over months.

The main advantage of the memory channel architecture is the low latency in
communications. This advantage has also been observed in the usage of PACE+
computers. From a detailed study of the data-transfer rates realisable on PACE+
systems for point to point communications, it has been found that the latency is around
20 micro seconds which is reasonably low. The maximum VME bus bandwidth is
about 40 MB/secs. of  which, about 5 MB/sec could be realised at application levels
on many applications. The fact that these figures are good is borne by the high speed-
ups that have been observed on most applications run on PACE+ systems.

In the fast changing scenario that one sees in the field of computers, it is an
advantage to have a design wherein adapting to newer and faster processors is very
easy and fast. The PACE+ design based on readily available subsystems has this virtue
and allows the speedy development of newer versions of PACE+ systems utilising the
latest processors that come into the market. Based on the positive experiences in
developing and using PACE+ systems, we are now developing a next version of
PACE+, called the PACE++. A prototype of this system is currently under
development. There will be two communication networks in PACE++, one based on
the reflective memories and the other based on high-speed, multi-port switches. The
reflective memory network, having a low latency would be used for carrying small
messages and flags over long hops. The switch-based network, based on the time-
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tested hypercube, would be used for carrying all the large messages. The ANUPAM
environment would be upgraded with support for running MPI (Message Passing
Interface) standard parallel programs.
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Abstract. The popularity of the WWW has prompted the design of

scalable clustered servers. Data and request distribution policies greatly

impact performance in such servers. In this paper, request response time

is used as a measure in evaluating these policies. Our results indicate that

policies favoring locality seem to perform better than policies favoring

load balance. We propose and evaluate a dynamic client-based request

distribution policy.

1 Introduction
In order to support the expected growth, future web servers must manage a
multi-gigabyte or a multi-terabyte database of multimedia information while
simultaneously serving multiple client requests for data [1]. Similar trends are
being observed in traditional �le servers because of increasing number of users,
increased �le sizes etc. Multi-processor based servers and cluster-based servers
have been leading candidates for building such servers [1, 3]. In this paper, we
will study clustered servers. In a clustered server, a front-end node(s) represents
the server and may distribute incoming traÆc among multiple back-end nodes.
The back-end nodes store and serve the data required by the clients. In this
paper we will study the problems in organizing and serving the data among the
back-end nodes.

In a \disk-mirrored" system, the back-end servers contain identical data and
can service a request without having to access �les on another machine. File
data may be cached in several nodes at once depending on the manner in which
requests are distributed. This may lead to ineÆcient use of cache space.

In a \disk-striped" system, the available disks divide the entire data set that
the server to host. Files maybe partitioned such that portions of it may reside on
every disk. Apart from providing better access times (due to the multiple disk
accesses that can be performed for a single �le) disk striping can improve load
balance across disks.

The front-end server represents the gateway to the external clients. One of
the tasks of the front-end is to determine which back-end server to forward
an incoming request i.e. acts as a request distributor. The request distribution
schemes employed can greatly impact system performance. Request distribution
policies need to consider the impact of load balance and request locality.

The request can immediately be served by a back-end node if the request
is cached in its memory. Since disk accesses take much longer than memory
accesses, servers try to maximize cache-hit ratios. Cache-hit ratios can be im-
proved by taking advantage of request locality. This requires that requests ac-
cessing same data be served by the same set of servers. This is in contrast to
load balancing which also results in better response times.

P. Banerjee, V.K. Prasanna, and B.P. Sinha (Eds.): HiPC’99, LNCS 1745, pp. 55−60, 1999.
 Springer-Verlag Berlin Heidelberg 1999



The paper makes the following contributions: (a) provides an evaluation of

the various policies based on request response times rather than server through-

put, (b) proposes and evaluates a dynamic client-based request distribution pol-

icy and (c) considers the impact of data distribution on the performance of the

request distribution policies.

2 Request Distribution Schemes

Round Robin: The requests that arrive at the front-end will be distributed to

the back-end servers 1; 2; 3; : : : ; n; 1; 2; : : : and so on in a n-node machine. This

results in an ideal distribution as the requests are equally divided amongst all

the back end serves. A disadvantage of this blind distribution is that any cache

hits that are produced are purely coincidental. Therefore, in e�ect, not only

is every server expected to cache the entire contents of the web site, we also

have unnecessary duplication of data in caches across several back-end servers.

The back-end nodes may see di�erent waiting times due to uneven hit ratios.

In simple Round Robin scheme, the back-end server's current load is not taken

into consideration. A slightly modi�ed version of Round Robin called Weighted

Round Robin (WRR) assigns a weight to each server based on the server's current

load. Requests are then distributed based on the priority of the weights.

File-based Request Distribtuion: In a �le-based scheme, the �le space

is partitioned and each partition is assigned to a particular back-end server.

This scheme exploits locality to the maximum. As requests for the same �le

are always directed to the same server and hence only that machine will have a

cached copy. It is diÆcult to partition the �le space in a manner such that the

requests balance out but then this is very dependent on client access patterns and

therefore one partitioning scheme is very unlikely to be ideal for all situations.

Load balance is not directly addressed in �le based distribution. It is assumed

that the partitioning of �les is suÆciently good enough to make sure server load

is balanced. However, this may not be the case and some �les will always be

requested more often than others and hence load can be skewed.

Client-based Request Distribution: In this scheme, the total client space

is partitioned and each back-end server is assigned to service requests from a

partition. This scheme is similar to the popular Domain Naming Service (DNS)

scheme employed in Internet servers. Client-based schemes completely ignore the

server loads and as a result, unequal load distribution can commonly occur.

DNS name resolution is expected to be valid for a time period controlled

by the time-to-live (TTL) parameter. However in practice, TTL values are nor-

mally ignored by clients making DNS-based distribution a static scheme [1]. Our

proposed approach is based on IPRP protocol [2]. IPRP allows a client to be

redirected to another server if the server deems it necessary (to improve load bal-

ance for example). It has been shown that clients cannot void this mechanism

unlike the DNS-based scheme. This makes this approach truly dynamic. Based

on workload characteristics, the server may use small TTLs when load balance

is important and may use large TTLs when locality is important. The scheme

studied here adapts the TTL value over time based on the perceived importance

of locality versus load balance.
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Locality Aware Request Distribution (LARD): The issue of distribu-

tion being completely ignored in �le-based distribution is addressed in a tech-

nique referred to locality aware request distribution, LARD [3]. LARD assigns

a dynamic set of servers to each �le. When a request is received, the front-end

checks to see if any back-end server have already been designated for this �le.

If not, the least loaded server in the cluster is assigned to service requests for

this �le. Details of the LARD algorithm can be found in [3] Several di�erences

between the simple �le-based �le-space and LARD have to be noted. In LARD,

the partitioning is done on the 
y, and even though locality is of concern, it is

not restricted to just one back-end server.

3 Simulation Model

In order to test and understand the various distribution schemes, a simulation

model of a clustered server system was designed and implemented based on

CSIM. Each server in the cluster system was modeled as a separate process

and each server has its own hard disk, which was also modeled as a separate

process. The front-end and back-end servers are functionally di�erent and hence

needed to be modeled separately. Each of the above mentioned servers and disk

processes have their own queuing system that allows for requests to wait if the

server or disk is busy processing the current request. Since this was a trace

driven simulation, the design of the front-end was fairly straightforward. The

input trace is read for requests and the designated server is determined based

on the distribution scheme.

The back-end servers perform slightly more complex functions and since it

has the task of caching the data and have to communicate with their own disks

(disk mirror) or the disks of other servers (disk striping) to obtain data on

cache misses. Processing costs of cache lookups, network transfers etc. involved

in servicing requests are based on actual experimentally measured numbers on

an IBM OS/2 based machine. Files are cached at the request-servicing node in

both disk striping and disk mirroring systems. In addition, �les may be cached

at the disk-end of the server in a disk-striping system.

In addition to being able to change the distribution scheme, the simulation

model permits the changing of the following system parameters: Number of

servers, size of memory, the CPU processing capacity in MIPS, disk access times,

network communication time per packet and data organization - disk striping

and disk mirroring. Processor capacity is set to 50 MIPS.

Two traces were used in this study: (1) The �rst trace was produced from a

web server and contains about two weeks worth of HTTP requests to ClarkNet

WWW server [4]. The trace had over 1.4 million requests from over 90,000 clients

and included requests for approximately 24,300 �les. (2) The second trace was

obtained from the Auspex [5] �le server the University of California, Berkeley.

This trace was collected over a period of one week and consists of over 6.3 million

records, has 231 clients and includes requests for over 68,000 �les. The traces we

have chosen are representative of the 2 areas where clustered server systems are

currently being employed. In both cases, the simulation was run for a suÆcient

period of time to allow the server caches to "warm-up" i.e. �ll completely, prior

to any measurements on performance being made.
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4 Results

4.1 E�ects of Increasing Memory Size

Fig. 1 and Fig. 2 show the impact of memory on NSF workload with disk strip-

ing. An increase in memory size increases the available caching area and as a

result the cache-hit ratios improve. This results in a less number of disk accesses

and a decrease in the response time. This e�ect is observed in all the distribution

schemes to various extents. Since �le-based is better at extracting locality, it has

higher hit rates. LARD's performance, in spite of having very comparable hit

rates to RR, is worse o� than RR. This is directly attributable to the server

queuing times. Due to the sequential nature in which RR distributes its request,

queues rarely buildup. This argument does not hold for locality based schemes

where increased temporal locality will result in increased queuing times. Increas-

ing memory size does not alleviate this phenomenon. RR was observed to have

perfect load balance while �le-based, client-based and LARD had disproportion-

ate number of requests queued at di�erent servers. Locality has a big impact on

performance in this workload and hence FB scheme outperforms the others.
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Fig. 3 and Fig. 4 show the impact of memory on web workloads. As compared

to the NFS trace, the web trace (studied in these simulations) is characterized

by having a comparatively smaller working data set size and a larger number of

clients. The consequence of having this smaller working data size is that even

low amounts of memory can produce extremely good hit rates. From Fig. 3 and

Fig. 4, even at 32 Mbytes, the lowest hit rate is above 90%. A consequence of this

is that the distribution scheme plays a less of a role in determining performance.

The load distribution across all the schemes is fairly acceptable, the best being

RR as expected, and the worst being �le-based. With suÆcient memory ( greater

than 128Mbytes), the di�erences in performance are not signi�cant and all the

schemes performed equally well.
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4.2 Scalability

Increasing the number the servers produces interesting results in our simulations.

We increased the number of servers from 4 to 8 and 16. The results are given in

Fig. 5 to Fig. 6 for NFS trace with disk striping.

In terms of cache hit ratios, RR experiences the least improvement, at 32Mbytes,

increasing from being 48.3% with 4 servers to 49.85% for 8 servers and 50.14%

for 16 servers. It was discussed earlier that the cache hits that occur in RR are

purely probabilistic and this is the reason why the cache-hit rate does not im-

prove. Even though the number of servers has increased, the e�ective caching

area is still equal to that of just one server. At higher amounts of memory

(64 -512MB), the cache-hit ratio actually drops with increasing the numbers of

servers. Increasing the number of servers causes a decrease in the amount of lo-

cality that can potentially be extracted (by RR) and the probability of �le reuse.

Locality based schemes do not experience this problem. Server throughput will

be improved in all the request distribution schemes with the increased number

of servers.
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Fig. 7 and Fig. 8 show the impact of increasing the number of serves with

NFS trace and disk mirroring. In contrast to disk striping, RR in disk mirroring

experiences a worsening of performance with an increasing number of servers. As

the number of servers is increased, the cache hit rates decrease and this leads to

higher response times. With disk striping, we observed decreasing hit rates but

the response times did not get worse. This is due to the fact that locality can

be exploited in disk striping through disk-end caching as observed by higher hit

rates in Fig. 8 when compared to disk mirroring. Similar e�ects were observed

in the web trace.
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4.3 Disk Striping vs Disk Mirroring

Fig. 9 and Fig. 10 show the cache hit ratios and server and disk queue times

under RR in a 4-node NFS server. It should be noted that disk striping due

to its automatic distribution of requests produces very low disk queues in both

cases. On the other hand, mirroring has consistently higher disk queues. Remote

processing of requests and improved hit rates due to remote caching are the

reasons for the observed performance characteristics. Remote request processing

increases server load in disk striping compared to disk mirroring. Remote hit

rates (at the disk-end) reduce the number of disk accesses made in disk striping.

Similar results were observed in web workloads.
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5 Conclusion

We evaluated various request distribution schemes and data organization schemes

over a clustered server. We used request response time, unlike earlier studies that

used throughput, in evaluating the various schemes. For the workloads consid-

ered, locality proved more important than load balancing. It was observed that

round robin policy, due to its probabilistic nature of exploiting locality, could

have worse response times in larger servers. We also evaluated the impact of data

organization on servers' performance. Disk striping distributed the requests over

several back-end servers and resulted in smaller disk queues. Remote caching in

a disk striping system is shown to improve response time due to its exploitation

of locality at the disk-end. Dynamic client-based request distribution policy is

shown to have performance comparable to round robin distribution. In future,

we plan to combine throughput and response time measures in evaluating the

server performance.

References

1. Thomas T Kwan, Robert E McGrath, and Daniel A Reed, \NSCA's world wide

web server: Design and performance," IEEE Computer, pp. 68{74, Nov 1995.
2. S Gupta and A L Narasimha Reddy, \A client oriented ip level redirection mecha-

nism," in Proc. of IEEE INFOCOM'99, Mar. 1999.
3. V. S Pai et al, \Locality- aware request distribution in cluster based network

servers," in Proc. of the 8th ASPLOS, 1998, pp. 205{216.
4. \Web traces and logs," http://www.cs.rutgers.edu/ davison/web-caching/traces-

logs.html; Accessed on 4/11/98.
5. \Auspex �le system traces," http://now.cs.berkeley.edu/Xfs/AuspexTraces/auspex.html;

Accessed on 3/11/98.

60 A. Khaleel and A.L.N. Reddy



P. Banerjee, V.K. Prasanna, and B.P. Sinha (Eds.): HiPC’99, LNCS 1745, pp. 61-65, 1999. 
© Springer-Verlag Berlin Heidelberg 1999 
 
 
 
 
 

Thunderbolt: A Consensus-Based Infrastructure for 
Loosely-Coupled Cluster Computing 

H. Praveen, Sunil Arvindam and Sameer Pokarna 

Novell Software Development (India) Pvt. Ltd., 
49/1 & 49/3, Garvebhavipalya, Hosur Road, Bangalore-560008, India 

{hpraveen, asunil, psameer}@novell.com 

Abstract. This paper presents the design of Thunderbolt, a scalable, reliable 
distributed computing infrastructure written in 100% Pure Java. The primary 
goal of Thunderbolt is to make distributed application development easy and 
intuitive for the programmer. It achieves this by providing structuring 
mechanisms, such as transactional messaging and group membership that hide 
the asynchronous, failure-prone nature of the underlying network behind an 
intuitive and easy-to-use set of Java classes. It implements this using a client-
server distributed consensus architecture. Preliminary experimental results are 
presented. The key contribution of the paper is that it shows consensus to be a 
practical and effective means of building realistic distributed systems. 

1 Introduction 

Writing distributed applications is hard! Programmers have to deal with asynchrony, 
unbounded network latency, node and link failures and network partitions. In the face 
of this complexity, programmers create centralized solutions that are rarely reusable, 
and have poor fault tolerance. The principal aim of Thunderbolt is to make structuring 
abstractions like transactional messaging and group communications available to 
distributed application programmers. This enables them to concentrate on their 
application logic while leaving the management of distributed state to the underlying 
infrastructure. Thunderbolt presents a software-based approach to clustering where 
Java objects are the units of clustering and the object group abstraction is the principal 
structuring element. Thunderbolt can be viewed as a “dynamic” clustering 
infrastructure where Java objects can join and leave a cluster as the application 
demands. Currently the infrastructure scales well on Intranets. The ideal architecture 
would be a workstation cluster with or without a high-speed interconnect.  

 
Thunderbolt consists of protocols that solve the distributed consensus[1] problem. 
Consensus is an abstract distributed agreement problem where objects propose a set 
of values that need to be decided upon. The protocol ensures that, under certain 
realistic conditions, the objects eventually agree upon the same value. What is crucial 
is that most of the distributed protocols that any real application would need to 
implement such as atomic broadcast, non-blocking atomic commitment, group 
membership or view synchrony are all simple instances of consensus, thus 
underscoring its fundamental nature[2].  
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An efficient solution to consensus implies an efficient solution to these problems as 
well. Most current work in consensus has been of a theoretical nature. Thunderbolt 
may be the first system to bring the notion of consensus out of the theoretical 
literature and into the realm of practical computing.  
 
Thunderbolt has a fault-tolerant[1], client-server architecture[2] where the servers 
implement the consensus protocol and the clients present a particular consensus 
problem (e.g. atomic broadcast or view-synchrony) to the servers to solve. This 
unique partitioning enables the instantiation of various architectural styles ranging 
from a centralized, single server mechanism as found in Amoeba[3] or ISIS[4], to a 
fully decentralized peer-to-peer architecture with no single points of failure. This 
extremely flexible infrastructure enables various reliability versus scalability tradeoffs 
to be made as demanded by the application.   

2 The Thunderbolt Architecture 

Fig. 1. The Thunderbolt Architecture. 

Thunderbolt is implemented using a modular architecture as shown in Figure 1. The 
Event Bus provides the basic message transport service. The Consensus Service 
consists of a pool of consensus servers (labeled P1-Pn). They solve the specific 
consensus problem (ap1-apm) for the application objects (app1-appk). The clients and 
servers have access to local failure detectors. The Name Service provides unique 
logical IDs to each object. We describe each component briefly below. 

2.1 The Event Bus 

The event bus is the message communication channel. It is composed of a stack of 
protocol objects that can define different Quality-of-Service (QoS) parameters. 
Currently both unreliable (UDP, IP multicast) and reliable (TCP, reliable multicast) 
messaging are supported. The reliable multicast protocol is based on gossip-style anti-
entropy[5] that is scalable and eventually reliable (messages are guaranteed to be 
delivered if both sender and receiver objects are correct).    
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Applications need to couple transport reliability with typical messaging semantics like 
push, pull, remote method call or asynchronous receive (callbacks) to implement their 
required messaging functionality. Receiver objects subscribe for messages based on 
their Java types. Future versions will support content-based subscriptions as well.  

2.2 Failure Detectors 

On each node, the failure detector, which is necessarily unreliable, monitors the 
objects of the system and maintains a list of those that it currently suspects to have 
crashed. Thunderbolt implements the fail-stop model: once a process fails, it never 
recovers. Future versions will implement the more general crash-recovery model. The 
failure detector in Thunderbolt belongs to the class S[1] and is implemented as 
defined in [1]. On Intranets and tightly-coupled clusters, the failure detector comes 
close to achieving eventually perfect properties P[1], since a failure suspicion 
means, with high probability, that the object, or the link to it, has indeed failed. 

2.3 The Name Service 

The consensus servers register with the name service every time a new run of the 
consensus service is started. The servers are then blocked at a barrier synchronization 
point until all servers have registered. This helps to implement the fail-stop model 
where the required number of servers need to be started simultaneously. Then, the 
name service assigns unique logical IDs to each consensus server in the range 1 to n 
after which they begin execution. 

2.4 The Consensus Service 

The consensus service consists of the consensus servers, the consensus clients, the 
failure detectors and the application protocols. Some of the primary design 
considerations for the consensus service are: 

 
1. A generic consensus service, decoupled from the specific application protocols is 

needed. 
2. The architecture should be multi-threaded so that some threads can make progress 

while others are blocked waiting for messages. This makes the service scalable. 
3. For a clean separation of functionality, the objects (servers) providing the service 

should be separated from the objects (clients) using the service.  
4. All the application protocols should exploit multicast communication.  
 
On each server, there is a separate thread for each application protocol. There is also a 
pool of threads that will execute the generic consensus protocol. An application 
protocol is implemented by defining filter functions[2] that customize the abstract 
consensus protocol to solve the specific problem. There is a component for each 
protocol on both the client and server.  The client part submits its proposal to the 
server part to decide upon.  
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The server part gathers the proposals from all the clients (as defined by the filter 
function) and then submits them as its proposal to a generic consensus thread to 
decide. Each such consensus is given a unique ID. For each ID, the corresponding 
consensus threads on each server then decide upon one value, pass it back to the 
application protocol thread, which then returns the value to the clients using a highly 
reliable messaging protocol over the event bus. This separation of the generic 
consensus protocol from the application protocols makes the architecture modular and 
flexible. Thunderbolt currently provides implementations of atomic broadcast, non-
blocking atomic commitment and view-synchrony[2], all of which use multicast for 
inter-client communication. The consensus service uses a rotating-coordinator 
paradigm[1] that can sustain jn/2k server failures and is therefore highly fault-tolerant. 
The service also uses multicast for its primary communication step. 

3 Experimental Results 

Table 1 presents some very preliminary results. It shows the average time for 
consensus to be achieved on 1 to 5 servers running on a 10MBPS LAN. The heartbeat 
timeout is 1.5 seconds. The code is unoptimized.  
 

No. of Servers (Pentium III, 450 MHZ, 
Win95, 64 MB RAM, 6.4 GB Hard drive) 

Avg time/consensus (ms) 
(for 1000 consensus rounds) 

1 12.4 
2 25.2 
3 38.4 
3 (coordinator killed) 2004 
4 50.2 
5 64.5 

Table 1. Consensus run-time results. 

3.1 Observations 

1. The results on a single processor can be far superior since the server can return a 
decision immediately without executing the full protocol.   

2. There is a linear increase in time per consensus as the number of servers increase. 
This is encouraging, suggesting a practical use as a clustering manager where an 
appropriate number of servers can be deployed for fault tolerance. 

3. When the coordinator is killed, the servers take 1.5 seconds (the heartbeat timeout) 
to sense its failure. Then, the next logical server takes over as coordinator and 
completes the protocol. In such a situation it takes at least 2 seconds per consensus 
round. In a tightly coupled cluster the heartbeat timeout can be set more 
aggressively, thus providing faster failover.  

4. Consensus is a highly communication-intensive protocol. By connecting the 
servers over a 100MBPS LAN or a high-speed interconnect such as Myrinet 
(640MBPS), HiPPI or VIA, very high performance can be obtained.  
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4 A Clustering Application 

Using the application protocols that are currently implemented, it is particularly 
simple to build a clustered, highly available service. We have constructed a fault-
tolerant version of the Java Message Service (JMS) as follows: every operation and 
message sent to the primary server is replicated on the secondary servers using atomic 
broadcasts. Both the primary and backup servers form a view-synchronous group; the 
information about the current group membership is circulated to the clients as well. 
When the primary server fails, the clients automatically fail over to the secondary 
server after a few seconds. Since the entire state on the secondary is an exact replica 
of the state on the primary, the clients restart exactly where they left off. 

5 Conclusions and Future Work 

Consensus is a local-to-global state transformer that provides an elegant and powerful 
means of coordinating objects in a distributed system. In environments that permit 
accurate failure suspicions (e.g., a closely-coupled cluster), its behavior closely 
approximates a virtually-synchronous system like ISIS. But in environments where 
failure suspicions are error-prone such as in lossy networks, the protocol maintains 
liveness, unlike ISIS, which tends to thrash in such situations. Since it leverages 
multicast (ISIS and Amoeba use point-to-point communications), consensus will scale 
to future generation networks such as Ipv6. Finally, the service itself has a high 
degree of fault-tolerance. However, there are several optimizations that need to be 
incorporated before consensus can be deployed in a real setting. A few of them are: 

 
1. Implement the crash-recovery model for consensus.  
2. Make both the heartbeat protocol and the client-server interactions hierarchical, 

thus minimizing unnecessary messages while improving scalability. 
3. Implement a fast consensus protocol to handle speed mismatches between servers 

while minimizing the latency degree. 
 

With these optimizations and/or a higher-speed interconnect, Thunderbolt can provide 
an alternative and eminently practical substrate for reliable distributed computing. 
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Abstract. Parallel processing has emerged as a cost-effective solution for high
performance computing.  The “cluster of workstations” approach to parallel
processing has also gained widespread acceptance. The ever increasing speed of
the microprocessor and the availability of economically viable high speed
interconnection networks combine to offer a powerful and inexpensive solution
to parallel processing using a cluster of workstations.  Windows NT offers a
number of features that can be utilized to build such a system without
compromising on functionality.  In this paper, we describe the development of
such a system. We also describe the development of the parallel processing
library and related tools for parallel program development..

1. Introduction

There has been an ever-increasing demand for computing power, both for general as
well as for scientific and engineering applications. Even as processor technology
becomes more advanced and faster processors are available, the complexity of
problems that need to be solved, and thereby the size and complexity of the programs
written for the solution also increases. This implies that the demand for more
computing power will always be there. Parallel processing uses the power of multiple
processors to perform simultaneous calculations to achieve this goal.

Large number of users could benefit from advances in parallel processing if
developmental efforts in this field are also concentrated on operating systems like
Windows 95/98/NT which have a huge user base. Windows NT offers an
environment that can be used to develop parallel systems, which was hitherto the
domain of UNIX. Windows NT is a robust, portable, and secure operating system
which justifies itself as an operating system of choice for designing a parallel system.
It also has the same user interface as Windows 95/98.

The Winsock interface in Windows allows the development of portable message
passing libraries using TCP/IP. The Win32 API supports security and debugging,
aiding in the development of tools for supporting parallel program development.
Several optimizing compilers are also available on this platform permitting fast code
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execution. Development of graphical support tools also becomes easy, as various
visual programming environments are available in NT.

A message passing library, ANULIB, has been developed that exposes the calls for
communication among processes comprising the parallel program. This has the same
interface as ANULIB developed on previous versions of ANUPAM  [1][2].  Hence,
already existing user code running on previous versions of ANUPAM parallel
systems and not making use of non-portable system calls run without any
modification [1][2][5]. PSERVER, a service under NT, was developed to facilitate the
spawning of processes in the machines configured to run the parallel program. A
stack trace utility, PTRACE was developed to facilitate debugging of parallel
programs. A syntax analyzer, SYN, allows the developer of parallel programs to
verify whether the program uses the syntactically correct ANULIB calls. Apart from
this, standard message passing libraries like PVM and MPI can also be used on the
system.

Performance results are given that have been taken on a cluster of four machines
based on Intel PII @266 MHz with 256 MB RAM, and interconnected by a 100 Mbps
Fast-Ethernet switch. One of the systems runs Windows NT Server and the rest run
Windows NT workstation.

2. Platform Considerations

Users intent on developing code for the Windows environment and coming from the
Unix domain need to take into account some differences between these platforms.
These are also valid while migrating code.

 There are some differences between the paradigm of process interaction between
Unix and Windows. For instance, unlike Unix, signals cannot be used for inter
process communication under Windows. Calls like ‘fork()’ are not implemented in
the Win32 API. Parent-child relationships are also not maintained under Windows.
Processes that spawn other processes must keep track of child process handles.
Graphics using X-Windows requires complete rewriting for the Win32 API. There are
also differences in the implementation of file system, memory management and
security API.

Windows NT is a better choice for an operating system in a parallel machine
compared to Windows 95/98. There are features that are not supported by Windows
95/98 compared to Windows NT. Security API and SCM (Service Control Manager)
are not implemented under Windows 95/98 and they lack in robustness compared to
NT. NT allows the development of services, akin to daemons on UNIX. Windows
95/98 is available only on the Intel platform whereas NT is available on multiple
platforms. In a multi-user environment some facilities like security, disk-quotas etc.
become necessary. Though it is possible to have a Windows 95/98 based system with
minor modifications in the software, we then have to compromise on other aspects
such as security etc.
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3. ANULIB

ANULIB is the message-passing library that has been developed using the Winsock
interface for TCP/IP. The library was developed mainly to support the in-house
parallel applications that were originally developed on the ANUPAM parallel
computer in BARC. The library uses TCP to maintain communication channels
between the processes and to transfer data between them.

Error handling routines in the library guarantee that the user is intimated
immediately of any error encountered in the parallel program and that the resources
being used are freed. The library creates a separate thread to listen on an 'error' port.
Before a process terminates abnormally it sends a packet to all the other processes on
this port. The processes terminate gracefully after informing the user of the error.
Actual error in descriptive textual format allows the user to track down the cause of
the error.

A signal handler in the library handles the signals that are generated. However, not
all signals on Unix are raised on NT. The library guarantees proper transfer of data by
internal checking in the send/receive calls.

4. Parallel Server ( PSERVER )

The parallel execution server has been developed to facilitate the spawning of slave
processes and runs on all the machines in the parallel system. The library contacts the
server, which then spawns the slave program. The service runs under a domain wide
account and has privileges that allows it to connect a drive letter to the home-
directory of the user. The server sets some environment variables and spawns the
slave program. It then closes the handles to the spawned process and its primary
thread so that the system can claim all the resources when the slave exits.

PSERVER has been developed as a service under NT using calls to the SCM (
Service Control Manager ). It is therefore possible to control it using the ‘services’
applet in the control panel. It is started automatically at system boot-up time and is
automatically stopped at system shutdown by NT.

5. Portable Executable Trace ( PTRACE )

PTRACE allows a user to have a trace of the call stack, from the point an exception
was generated, to the startup routine. The line number(s) and the source file name(s)
are also generated in the trace.

 The executables for Windows are in the PE (Portable Executable) format [6]
which is very similar to the UNIX COFF (Common Object File Format).

 PTRACE first verifies that the executable contains a valid NT signature and is
built for the same machine architecture. It also checks whether the line number and
symbol table information are present. It then reads the executable file to fill data
structures with line number, file name, and exported function information. PTRACE
then informs the system that all errors should be notified, i.e. debugging events are
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generated for all exceptions. In the event of an exception, it walks up the stack using
the frame pointer information from the thread context and reading from the debugged
process’ memory.  The context contains the state of various registers and is different
for processors from different families. The stack walking code also needs to be
modified for the different processors.

Win32 base debugging API was used to control the execution of the programs.
PTRACE makes it is possible to monitor the creation and termination of processes
and threads, access violations, floating point denormals and inexacts, integer and
floating point divide by zero, stack overflow and a number of other exceptions.
However, by default, Win32 initializes the floating point unit not to generate
exceptions. Hence, it is necessary to initialize the floating point unit accordingly at the
start of the program. This is done by linking with an object module that initializes the
floating point unit at run time by writing a control word to it.

6. Syntax Analyzer ( SYN )

It is an utility for detecting syntactic and semantic errors in Fortran parallel programs
written using ANULIB library calls. It detects some common errors in syntax and
semantics in the use of ANULIB library calls in a parallel program. ANULIB
message passing calls have an argument for the type of the data to be sent. SYN
checks that the number of arguments passed is correct, that the types of the arguments
are correct, and that the type of data being sent is actually the same type as the one
being put in a call to the library.

7. Performance Results

Nproc MFLOPS Speedup
1 25.73 -
2 48.07 1.87
3 70.5 2.74
4 91.82 3.56

Table 1. Linpack Performance

Npoc  Time(Secs.) Speedup
1 126.3   -
2 65.32 1.93
3 45.1 2.8
4 35.28 3.58

Table 2. VASBI timings

Nproc  Time(Secs.) Speedup
1      1139       -
2      572     1.99
3      382     2.98
4      286.8     3.97

Table 3. MOLDY timings

LINPACK is a standard benchmark for parallel machines. It solves a dense system of
linear equations. Timings were taken for a 1000x1000 double-precision matrix.

69Harnessing Windows NT for High Performance Computing



VASBI (Viscous Analysis of Symmetric Bifurcated Intake) is a computational
fluid dynamics code and is an excellent example of geometric parallelism [3]. It is a
finite volume code that is used to compute the compressible turbulent viscous flow
through symmetric bifurcated ducts.

MOLDY (Molecular Dynamics) deals with molecular dynamics simulation [4].

8. Concluding Remarks

Programs like LINPACK that involve a lot of communication can scale better by
having faster interconnection networks. However, even with prevalent
interconnection technology and machines it is possible to solve the grand challenge
problems.

Windows NT offers an alternative environment for parallel processing using
ordinary desktop computers. Even with commodity microprocessors it is possible to
achieve supercomputing performance. Moreover, this gives a larger fraction of
supercomputing power at a much lower fraction of the cost of traditional
supercomputing platforms. Parallel processing can now reach a vaster audience using
PCs running widely used operating systems such as Windows NT.
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Abstract. This paper presents a methodology to evaluate the perfor-
mance of load allocating algorithms using queuing network facilities.
First, we develop a generic model of load sharing systems. Then, a spe-
cific model is derived from the generic model that simulates a real load
sharing system. This phase consists of successive manipulations of al-
gorithms parameters until reaching satisfied approximations. Once the
suitable parameters have been tuned, which configure the specific model,
it is easy to evaluate the performance of the load allocating algorithms
for various applications and hardware configurations.

1 Introduction

To maximize the performance in a distributed-computing environment, it is es-
sential to evenly distribute the load among the hosts. Many researchers have
demonstrated that simple load sharing algorithms produce considerable per-
formance improvement [4]. Classical algorithms are CPU load balancing where
processes are transferred across the network from highly loaded host to a lower
loaded host. In multi-criteria approaches, some heuristics propose to take into
account both application behaviors and the global state of the system [1,2]. The
main difficulty of such algorithms is to find the appropriate parameters geared
to each application such as load thresholds or the weight of various criteria.

We propose a configurable model to help the design of process allocation
algorithm. In a first step, we develop a generic model of load sharing systems.
Then, in the configuration step, we specialize this model according to a static
system configuration. In the tuning step, we evaluate performances of several ap-
plications and we compare these measurements with the real measures obtained
from an existing migration system. We refine parameters of the specific model
until getting simulated performances that are very close to real measurements.
Once the simulator is calibrated, we change heuristics of load balancing strate-
gies and when a worthwhile optimization is found, the latter is integrated in the
real system.

The remainder of this paper is organized as follows. The next section outlines
common load sharing policies and presents the GatoStar system which we have
chosen to tune our simulator. The Section 3 describes the model. Finally, the
Section 4 presents our performance evaluation study.
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2 The Load Sharing System

GatoStar is a load sharing facility [2], that we have developed previously at the
University of Paris 6. It automatically distributes parallel applications among
hosts according to multi-criteria algorithms. A migration mechanism is periodi-
cally activated to supervise the load balancing in the network.

GatoStar was built on top of Unix with no modifications to the UNIX kernel.
It works on a set of heterogeneous workstations connected by a local area net-
work. GatoStar defines migration domains of compatible hosts, where processes
can freely move. The basic architecture consists of a ring of hosts which exchange
information about hosts’ functioning and processes’ execution.

To take into account the heterogeneous features of hosts, the load of a host
is defined as directly proportional to CPU utilization and inversely proportional
to its CPU speed [5]. On each host, the load sharing manager locally computes
an average load and uses the ring to exchange load information.

Processes are allocated to the most lightly loaded host, only if the load of
this host is below the overload threshold. Otherwise, a process is started on its
originating host as all hosts in the system are highly loaded, or used by interactive
users.

To react to applications and environment evolution, GatoStar includes a
process migration mechanism. Environment evolution results from foreign ac-
tivities : an interactive user logs in or sends a remote job to an already loaded
host. Application evolution stems from variations in resource usage (processor
occupation, communication between processes, and memory demands).

The migration decision is based on two opposite load thresholds : migration
and reception thresholds. The load sharing manager periodically verifies two con-
ditions : (1) a faster workstation load is under the reception threshold, (2) the
local host load is above the migration threshold and at least one workstation
load is under the reception threshold. The former condition allows the potential
use of fast available hosts, and the latter one allows to decrease the overload
of the local host. If one or both conditions are true, the manager of the loaded
host chooses a process that has been executed locally for at least a given slice
time. This prevents short-lived process to be migrated and also prevents process
thrashing.

3 The Model

The developed model is a network of service stations, constructed using the
QNAP2 package utility. We have distinguished four principal types of activities
inside each host of the system. The first activity concerns the injection of pro-
grams by the host’s owner. The second one concerns the distribution of processes
derived from the user programs among the network. The third one concerns the
execution of the processes at the host. The last one concerns the interface bet-
ween the host and the network. We have gathered these activities into separated
modules. Therefore, each module has a well known functionality which is defined
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by a set of algorithms with their appropriate parameters. The generic property
of the model comes from the implementation of several algorithms inside each
model. At the configuration phase, the programmer chooses his/her algorithms
and the values of their parameters. For example, the programmer can choose
the load sharing algorithms (cyclic, random, specific algorithms) for the load
distribution module.

A host of the system is described by five modules: a program generator (that
generates parallel applications and sequential programs simulating the utiliza-
tion of the host by his/her owner), a local clock, a distributing manager (that
simulates the load sharing algorithms), an executing manager (that simulates
the processors, disks, memory and communication operations) and finally, a
communicating manager (that simulates the interface between the site and the
network). The LAN is represented by one queue with one or several servers. The
queue length reflects the load in the network. The number of servers reflects the
accessibility of the network by the hosts.

We generate sequential programs, and parallel applications. A sequential pro-
gram consists of one task which is executed in the local host and has no interac-
tion and communication with the other tasks of the host. This type of programs
(called local tasks) simulates the commands launched by the local user of the
workstation (ls, lpr, etc). The execution time of a local task is divided in CPU-
segment and I/O-segment. The CPU-segment represents the execution time on
the processor and the I/O-segment represents the I/O operations on the disk.
The generation rate, the execution time and the ratio between the CPU-segment,
and the I/O-segment are parameters.

A parallel application is composed of several tasks (called parallel tasks)
which can be executed in parallel. Parallel applications are defined by their
precedence graphs. A parallel task is composed, in addition to the CPU-segment
and the I/O-segment, of a Comm-segment which simulates the communication
with the other tasks of the application. The user determines the sizes of the
segments.

To tune the parameters of this generic model, we have performed successive
manipulations of the model parameters until reaching results almost similar
to those obtained by the real load sharing system. We have compared many
executions on both our simulator and the real system including computation,
I/O and communication operations. The measures have been carried out for a
network of 8 heterogeneous hosts equipped with GatoStar. We have measured
that the difference between the two sets of measures is less then 10%.

4 Performance Study

In this section, we study the impact of load sharing strategies and their parame-
ters on the system performance. We concentrate this study on the values of the
load thresholds, the load balancing policies, and the weight of I/O operations
compared to communications over a network.



74 Y. Hajmahmoud, P. Sens, and B. Folliot

4.1 Thresholds Values

Thresholds are key features and directly influence the performance of load balan-
cing strategies. We have compared two policies of the thresholds. In the classical
one, which is implemented in GatoStar, allocation and migration decisions are
based on fixed thresholds. In the adaptive one, thresholds depend on the global
system state (the current global load and the hosts characteristics).

Figure 1 compares the performance of these two policies. We have executed
two parallel applications : application A is composed of 40 tasks that have iden-
tical execution times, application B is composed of 48 tasks that have different
execution times (24 short tasks and 24 long tasks). We measured the speedup
compared to a local execution for the two policies. We note that the adaptive
strategy always improves the performance of the network, particularly for hete-
rogenous application (up to 30% for application B).

This study has encouraged us to implement the adaptive strategy in the
GatoStar system. Similar remarkable benefits have been observed in the real
environment.
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Fig. 1. Adaptive thresholds.

4.2 Placement vs. Migration

To investigate the additional benefits of the migration over the initial placement,
we have compared four load sharing strategies : two adaptive load sharing strate-
gies (placement with and without migration), and two static strategies (random
and cyclic which is the PVM load sharing algorithm).

Figure 2 shows the speedup of the four strategies for a parallel application
composed of 30 identical tasks as a function of the hosts number. We observe
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that the adaptive load sharing strategies improves the performance over static
approaches (as random and cyclic). Moreover, migration balances the load more
evenly than placement.
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Fig. 2. Comparison of load sharing policies.

For the majority of the tested applications, we found that the additional
gain of the migration over the initial placement varies between 15 % and 35 %
(depending on the application and the network configuration). Therefore, the
combination of both strategies is particularly important.

4.3 Impact of Communication and I/O

The majority of the studies of the load balancing problem consider applications
using only the CPU resources. Few studies show the influence of communication
or I/O on the overall performance [3]. To investigate this influence, we have
executed two parallel applications composed of 20 tasks, on a network of 10
hosts. Each task of the first application contains CPU-segment and I/O-segment.
Each task of the second application contains CPU-segment and Comm-segment.
Figure 3 shows the speed-up as a function of the ratio of communication over
computation for the first application and the ratio of I/O over computation for
the second application.

We note that the first application has a higher speed-up than the second one.
Therefore, the communication has more important impact on the performance
than I/O impact. Consequently, the communication criterion must have a higher
priority than the I/O in a multi-criteria load sharing heuristic.
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5 Conclusions

l We presented a methodology to evaluate the performance of load sharing al-
gorithms. We began by designing a generic model of load sharing systems, then
we derived a specific model that mimics a real system.

Among many results obtained, we highlighted the importance of the adaptive
thresholds policy against the fixed thresholds policy. We measured the additional
benefits of the migration mechanism over the initial placement. However, the
maximum additional amelioration observed is about 35%. We also concluded
that the communication operations have more important impact on the overall
performance than I/O operations.
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Abstract. The tomographic reconstruction for cone-beam geometries
is a computationally intensive task requiring large memory and com-
putational power to investigate interesting objects. The analysis of its
parallel implementation on widely available clusters of SMPs requires an
extension of the original LogP model to account for the various communi-
cation channels, called LogSMP. The LogSMP model is used in analyzing
this algorithm, which predicts speedup on a cluster of 4 SMPs using 10
Mbps, 100Mbps, and ATM networks. We detail the measurement of the
LogSMP parameters and assess the applicability of LogSMP modeling to
the cone-beam tomography problem. This methodology can be applied
to similar problems involving clusters of SMPs.

1 Introduction

Tomographic reconstruction from projections using computed tomography (CT)
is the non-invasive measure of structure from external measurements. The in-
formation obtained describes both internal and external shapes and material
densities. This is particularly useful when one cannot make internal measure-
ments on the object of study for a variety of reasons. These reasons might be
cost, no known non-invasive technique, or no physical means to make internal
measurements.

With cone-beam CT, a set of two-dimensional (2D) planar projections, con-
sisting of Nu × Nv pixels, are acquired at equal angles around the object. These
projections are filtered and backprojected into a volume of Nx ×Ny ×Nz voxels.
Let Nθ be the number of projections acquired. Cone-beam tomography sys-
tems are useful in assessing microstructure of biomedical and industrial objects.
Tomography applications continue to grow into areas such as reverse engineer-
ing, quality control, rapid prototyping, paleontology, geology, and nondestructive
testing. Cone-beam tomography systems offer greater scanner efficiency and im-
age quality, but require much more computing [1]. To improve reconstruction
time, a parallel algorithm was developed using the MPI library for communica-
tions [2,3]. The parallel algorithm is based on the serial algorithm by Feldkamp
[4]. We have optimized this algorithm for a cluster of SMPs.
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This processing requires roughly O(N4) time to reconstruct an image volume
of N3 voxels. For large image volumes, the reconstruction time on a serial com-
puter far exceeds the acquisition time. This is of particular importance as the
desire to resolve more detail in larger fields-of-view has demanded increased im-
age sizes. Objects are routinely reconstructed into image volumes of 5123 voxels
and a strong desire to use 7683, 10243, and larger volumes in the future.

The original LogP model [5] was extended to clusters of SMPs, called
LogSMP. The LogSMP model is used in analyzing the parallel cone-beam recon-
struction algorithm to predict speedup on a cluster of 4 SMPs using 10Mbps,
100Mbps, and 155Mbps ATM networks. We detail the measurement of the
LogSMP parameters and assess the applicability of LogSMP modeling to the
cone-beam tomography problem.

2 LogSMP Model

The LogP model characterizes a homogeneous parallel architecture with bulk pa-
rameters and assumes no specific topology [5]. This model contains 4 parameters:
the communications latency L, the processor overhead required for sending or
receiving messages o, the bandwidth/minimum gap between successive messages
g, and the number of processors P .

When using a cluster of SMPs, one must account for the differences in intra-
and inter- SMP communications. The LogSMP model accounts for this addi-
tional communication channel. For this discussion, assume there are q SMPs
and let SMP1 contain the root node. Let Pi be the number of processors on
the ith SMP, such that

∑q
i=1 Pi = P . Since Pi processors are on the ith node,

their intra-communication is governed by the LogP parameters for that channel,
namely gi, Li, and oi. The SMPs can communicate with each other as dictated
by the LogP parameters for the inter-communications channel, namely g0, L0,
and o0. In the degenerate case where there is only one processor on the ith SMP,
the parameters gi, Li, and oi are of no consequence. The g values are based on
the fastest processor in a heterogeneous environment. This is shown in Fig. 1.

3 Parameter Measurements

Modeling performance involves assessing several timings when using the LogSMP
models. The network speed relative to processor speed is a vital part of the
modeling. The parameter g, in instructions/byte, measures the number of in-
structions which can be processed in the time to send one byte of information
between two processors. Processor speed and communications speed can be used
to derive g. In addition, network latency and overhead must be measured.

For the experiments, a cluster of four Sun Enterprise SMPs, each running
SunOS 5.6, was used. The first had six 250MHz nodes and 1.5GB total RAM.
This machine was used for processors 1–6 in the experiments. The other three
SMPs each had four 250MHz processors with 0.5GB total RAM on each SMP.
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Fig. 1. In a cluster of q SMPs, the LogSMP parameters consists of the LogP parameters
are required for intra- and inter- SMP communication. Each SMP can be considered a
subgroup with a particular local root processor in addition to the overall root processor

Either a 10Mbps Ethernet, 100Mbps Ethernet, or a 155Mbps ATM link was
used for the communication. These architectures will be designated wsu10,
wsu100, and wsuATM in this discussion. Version 1.1 of the MPICH implemen-
tation of MPI was used.

The processors performance was analyzed by measuring execution time of
problems of size N and one processor and timing the backprojection steps. The
times were then compared to the single processor model floating point operations.
The processor speed was determined to be 45.1 million floating point operations
per second using an independent benchmarking program. Results from this are
consistent with other benchmarking programs.

Communications speed and overhead was measured using round trip point-
to-point passing of messages having various power of 2 sizes from 0 to 4MB in
length. The MPI routines MPI Send and MPI Recv were used. For each message
size, 1000 trials were measured to reduce the variance in the estimate.

The parameter g was determined by dividing the processor performance,
measured in instructions per second, by the communications speed, measured in
bytes per second. While the value g will in general be a function of the message
size, the model presented uses the peak value. The resulting values are 0.587,
3.31, 4.59 and 39.2 cycles for the SMP, wsuATM, wsu100, and wsu10 respectively.
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The latencies were 91.2, 89.1, 90.3, and 91.5 cycles for the SMP, ATM, 100Mbps
Ethernet, and 10Mbps Ethernet respectively. In each case the processor overhead
was assumed to be 0.1% of the communication time.

The overhead for starting a parallel MPI program was also determined.
For each network, the influence on the number of nodes used in the compu-
tation was determined by running a parallel program which terminated imme-
diately upon startup. A program consisting of MPI Init followed immediately
by MPI Finalize was used. The time to execute this program was repeated ten
times for 1 through 18 processors. The times from using 1 through 10 processors
was fit to a line and used to predict startup times in the model. The time in-
creases by about 0.5 seconds per processor for the wsu10, wsu100, and wsuATM
networks. The variation and magnitude in startup time varies significantly once
more than ten processors (more than 2 SMPs) are used.

Another significant factor in the total time required is due to reading raw
projectional data and writing the final reconstructed image. The amount of data
read is 2NθNuNv bytes, or for the simplified problem of size N , the total amount
is πN3 bytes. For writing the final data, 2N3 bytes are written. The times for
input and output were empirically measured and incorporated into the model.

4 LogSMP Model for the Parallel Cone-Beam Algorithm

A voxel driven approach is taken where the volume is distributed over the pro-
cessors and each projection is sent to every processor. Each processor sees every
projection, but only a small subset of the reconstructed voxels. The total mem-
ory required for this implementation is approximately equal to the total number
of voxels, which is just the product of the volume dimensions and the bytes
required for each voxel (4), namely 4NxNyNz. The voxel data is not replicated
on each processor, so individual memory requirements are not as demanding.
Another advantage of this method is that the data is acquired in a serial fashion
and processing could be done in concert with acquisition.

The parallel algorithm utilizes a master processor which does all I/O and es-
sentially dictates the tasks performed by the other processors. While parallel I/O
is sometimes available, the algorithm requires the final reconstructed data to be
explicitly sent back to the master processor. The MPI library is initialized using
MPI Init. MPI assigns each processor in the communication group a unique id.
The number of other processes in the group is also available. All processes are
initially only part of the MPI COMM WOLD process group. An MPI communicator
is then created for each SMP containing all processes on that SMP. Another
communicator is created containing the root nodes of each SMP communicator
group.

For the case of N = Nx = Ny = Nz = Nu = Nv, the number of projections
Nθ should be π

2 N , and thus the complexity of the problem is O(N4). N can also
serve as an upper bound when N is the maximum of those parameters. Using
this simple model it becomes easier to study the effects of N , P , and g on the
theoretical speedup.
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In addition to computation requirements, a major nontrivial aspect of the
problem is the data size required. For example, an acquisition of 804 views of
5122 images with 16 bit integer pixels is needed to create a 5123 volumetric data
set with 32 bit floating point voxels. The use of 32 bit floating point voxels is
required to provide sufficient accuracy in the result. The memory requirement
to store the entire volume is 512MB, which is currently feasible on SMPs, but
even more so on a collection of SMPs.

The time required to perform a reconstruction can be expressed as

T = T0 + Ti + Tr + Tf + Tc + Tb + Tg + Tw (1)

where T0 is the MPI startup time, Ti is the initialization time, Tr is the time to
read a projection from disk, Tf is the time to filter a projection, Tc is the time
to communicate the filtered projection from the root processor to the others
for backprojection, Tb is the time to backproject a filtered projection, Tg is
the time required to gather the reconstructed volume to the root processor for
subsequent scaling and writing. and Tw is the time to write the reconstructed
volume to disk. In general, these times are functions of processor speed, network
bandwidth and latency, and the number of processors used. T0, Tr, and Tw are
measured empirically as a function of P as described below.

The algorithm consists of repeated asynchronous sends of the filtered pro-
jections from the root node a single node in each SMP, and synchronous broad-
casts occur from that node to all others in that SMP. The root node also
accounts for the filtering time and reduces the number of voxels to backpro-
ject by the corresponding amount. In this algorithm times can be modeled as
follows. Ti = 7NuNv is the initialization time and consists of memory alloca-
tion, and precomputation of values required for weighting the projectional data.
Tf = Nθ(NuNv(3 + 18 log2(2Nu))) is the time required to filter a projection on
the root processor. Tb = Nθ(NyNx(13 + 12Nz))/P is the time required to back-
project on P processors. Tg = (P1 − 1)4Ny(NxNzg1 + L1)(1 + o1)/P + (P −
P1)4Ny(NxNzg0 +L0)(1+ o0)/P where the first expression is gathering on root
SMP, and second expression is gathering from remote (non-root) SMPs.

Tc = Nθ(4(P0−1)(NuNvg0+L0)(1+o0)+
P0max
i=1

4(Pi−1)(NuNvgi+Li)(1+oi)) (2)

where the first expression corresponds to inter-SMP communication and the
second corresponds to intra-SMP communication. Where it is assumed that Pi,
Li, oi, and gi are the LogP parameters for ith SMP and P0, L0, o0, and g0 are
the LogP parameters corresponding to communications between SMPs.
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5 Results and Discussion

Data sets of size N = 32, 64, 128, 256, and 512 were simulated and reconstructed
using both systems described above. The number of processors varied from one
to the maximum available, 18. Each run was repeated three times to average any
deviations and to help identify any outliers. The time to complete the execution
was measured using the UNIX time command. While time is precise to the
nearest tenth of a second, that is sufficient precision when total times ranges
from several minutes to several hours. Speedups were modeled for each value of
N based on the measured LogSMP parameters.
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Fig. 4. 155Mbps ATM

The cluster of SMPs was connected via 10Mbps ethernet, 100Mbps ether-
net, and then ATM. For each case the reconstruction algorithm was timed and
speedup as a function of the number of processors was computed. The speedups
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corresponding to the model are plotted along with the empirical data in Fig. 6–8.
Recall that the first SMP has six processors and the other three each have four
processors. Using 10Mbps ethernet, a maximal speedup of 7.89 was achieved
for a problem size of 512 and using 14 processors. Using 100Mbps ethernet, a
speedup of 14.8 was achieved for a problem size of 512 and using 18 processors.
Using ATM, a speedup of 15.2 was achieved for a problem size of 512 and using
18 processors.

The speedup is nearly linear when P < 6, since g ≈ 1. As P increases to force
inter-SMP communication, a piecewise continuous behavior is observed and well
modeled. By properly accounting for the parameters for each communications
channel, an accurate prediction of speedup was obtained. We found the LogSMP
model can take into account differences in communication costs and can be easily
used to model performance when using clusters of SMPs. This methodology can
be applied to similar problems involving large multi-dimensional data sets.
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Abstract. This paper addresses the issue of parallelizing imperfectly nested loops.
Current parallelizing compilers or transformations would either only parallelize
the inner-most loop (which is more like vectorization than parallelization), or not
parallelize the loops at all. We present an approach that transforms an imperfectly
nested loop into at most three fully parallel perfectly nested loops. The trans-
formed loops can be parallelized by any parallelizing compiler. The advantage of
our technique is the simplicity of the transformed loops and low synchronization
overhead. The feasibility of this approach was tested using several types of loops
including those from the Eispack math library and from Linpack benchmark on
different multi-processor platforms and performance was compared with Sun’s
MP C and Cray’s autotasking. The results show that our method is very effective.

1 Introduction

Most scientific/engineering problems spend a majority of their computing time in loops.
Loops are classified either as perfectly nested or imperfectly nested based on their struc-
ture. Loops can also be classified based on the patterns of the dependences. One is
uniform dependence and the othernon-uniform dependence [1]. The dependences are
uniform when the dependence vectors can be expressed bydistance vectors. Other-
wise, the dependences are non-uniform. The characteristic of non-uniform dependences
is that the array subscripts are coupled (The subscripts are linear combinations of in-
dices). Many standard techniques exist dealing with uniform dependences, such asloop
interchange, reversal, wavefront, tiling, etc. The research in non-uniform dependence
has been limited and most of these techniques assume a perfectly nested loop model.
Current parallelizing compilers can’t handle non-uniform dependence loops effectively,
either leaving them to run sequentially, or giving poor performance even after paralleliz-
ing them. An empirical study [2] showed that sixty-six percent of the array references
have linear or partially linear subscript expressions. It also showed that approximately
forty-five percent of the reference pairs with linear or partially linear subscript expres-
sions havecoupled subscripts. Loops with coupled subscripts may lead to non-uniform
dependences.

This paper focuses on parallelizing imperfectly nested loops, which is the extension
of our previous work in [1] (which handles perfectly nested loops). The technique pro-
posed in this paper can handle both uniform and non-uniform dependence structures.

P. Banerjee, V.K. Prasanna, and B.P. Sinha (Eds.): HiPC’99, LNCS 1745, pp. 87−94, 1999.
 Springer-Verlag Berlin Heidelberg 1999



We use the concept of Complete Dependence Convex Hull, Unique Head and Tail Sets
as described in [1]. This approach transforms an imperfectly nested loop into at most
three fully parallel perfectly nested loops. The transformed loops can be parallelized
by any parallelizing compiler. The advantage of our technique is the simplicity of the
transformed loops. This method is extremely effective in parallelizing loops with non-
uniform dependences.

Most of the techniques proposed for parallelizing loops with non-uniform depen-
dences are based on Dependence Convex Hull theory. These can be classified into two
categories: uniform partitioning and non-uniform partitioning. Uniform partitioning in-
cludes the work by Tzen and Ni[3], Chen and Yew[4], and Punyamurtula and Chaud-
hary[5]. Only Chen and Yew’s scheme can handle imperfectly nested loop. Large syn-
chronization overhead is the common drawback for these techniques. Non-uniform par-
titioning includes technique proposed by Zaafrani and Ito[6], and Ju and Chaudhary
[1]. Zaafrani and Ito’s technique has relatively large sequential region which is a bot-
tleneck for performance. Neither technique can handle imperfectly nested loops. An
integer programming approach has also been suggested by Kelly and Pugh [7], which
is implemented in the Omega project. Recently Lim and Lam proposed an algorithm
[8] which handles loops with non-uniform dependences. The limitation of their work
is that their algorithm uses predefined scheduling. Sass and Mutka [9] proposed a tech-
nique to convert imperfectly nested loops into perfectly nested loops and then applying
unimodular transformations. Not all imperfectly nested loops can be converted into per-
fectly nested loops. When there are recurrence, induction variables, multiple DO’s, or
complex data dependences, the transformation would fail. Our technique, on the other
hand, generates several fully parallelizable loops, leaving the freedom to the compiler
writer to choose the suitable assignment scheme. The transformed code is simple and
has less synchronization overhead.

The rest of this paper is organized as follows. Section 2 presents the unique sets ori-
ented parallelization of imperfectly nested loops. Section 3 shows experimental results.
Finally, we conclude in section 4.

2 Parallelization of Imperfectly Nested Loops

To avoid cumbersome lengthy expressions, we will illustrate our technique using doubly
nested loops. We show how to find unique sets and how to partition the iteration space.

2.1 Finding Unique sets

do
� � � � , 	 �


 � 
 � � � � � � � � � 
 � � � � � � � � � � � � �

do � � � � , 	 �
� � � � 
 � 
 � � � � � # � � � � � � � � � 
 � � � � � # � � � � � � � � �

enddo
enddo

The loop nest shown above is the doubly nested loop model we use. The lower
and upper bounds of the loop can be unknowns. In real programs, the arrays may be
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referenced in different locations. The analyses procedures are the same. Multiple arrays
may also be referenced. In such cases, the union of the unique sets would be used.
Partitioning would depend on the relationships between the unique sets.

The system of Diophantine equations and the system of linear inequalities are' ( � � + , � . / � � 1 ( � � + , � . 5 � � + 8 � . / � �( � � + , � . / � � 1 ( � � + , � . 5 � � + 8 � . / � � (1) ;<=
<>

? � @ , � @ A �8 � 1 ? � D F? � @ , � @ A �? � @ 8 � @ A � (2)

Now we solve for
� � and � � by setting

� � � J
and � � � L

. The solution spaceS is
the set of pointsN J � L O

satisfying the solution given above. Now the set of inequalities
can be written as (3).

;<=
<>

? � @ Q @ A �R 1 ? � D F? � @ T � � Q . U � � @ A �? � @ T � � Q . U � � @ A � (3) ;<=
<>

? � @ T � � Q . Y � � R . U � � @ A �? � @ T � � Q . Y � � R . U � � @ A �? � @ Q @ A �? � @ R @ A � (4)

where T � � 1 \ ( � � 5 � � D ( � � 5 � � ^ _ \ ( � � 5 � � D ( � � 5 � � ^ b U � � 1 \ 5 � � / � � . 5 � � / � � D 5 � � / � � D5 � � / � � ^ _ \ ( � � 5 � � D ( � � 5 � � ^ b T � � 1 \ ( � � ( � � D ( � � 5 � � ^ _ \ ( � � 5 � � D ( � � 5 � � ^ b U � � 1 \ ( � � / � � .( � � / � � D ( � � / � � D ( � � / � � ^ _ \ ( � � 5 � � D ( � � 5 � � ^ l
We denote the region defined by the above set of inequalities asDCH1. We can

further calculate the dependence vectors to be asm n N J � � L � O � � � p � � � N q � � p r O J � �s � � and m t N J � � L � O � � � p � � � q � � J � � s � � p � � � r .
Another approach is to solve for

� � and � � by setting
� � � J � and � � � L � . The so-

lution spaceS is the set of pointsN J � L O
satisfying the solution given above. Now the set

of inequalities can be written as (4), whereT � � 1 ( � � _ ( � � b Y � � 1 5 � � _ ( � � b U � � 1 \ / � � D/ � � ^ _ ( � � b T � � 1 ( � � _ ( � � b Y � � 1 5 � � _ ( � � b U � � 1 \ / � � D / � � ^ _ ( � � b We denote the region
defined by the above inequalities asDCH2. The dependence vectors arem n N J � � L � O �� � p � � � N r p q � � O J � p y � � L � p s � � � m n N J � � L � O � � � p � � � N r p q � � O J � p y � � L � p s � � ,
and m t N J � � L � O � � � p � � � L � p � � � r .

Unique Sets [1] can be derived with the two sets of solution given above. For lack
of space, please refer to [10] for details.

2.2 Unique Sets Oriented Partitioning

Sometimes the loop nest may contain only one kind of dependence. If that were the
case, the partitioning process would be much simplified. In addition, we would also
get very simple parallelized code. Hence, we categorize the loop nests into three cases,
one in which there are only flow dependences, another in which there are only anti-
dependences, and finally the case in which there are both flow and anti dependences.

The following theorems are developed to distinguish the three cases. Proofs are
omitted for lack of space. Please refer to [10].

Theorem 1. If m n N J � � L � O � {
does not pass through DCH1, then m n N J � � L � O � {

does
not pass through DCH2. If m n N J � � L � O � {

passes through DCH1, then m n N J � � L � O � {
must pass through DCH2.
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Theorem 2. If m n N J � � L � O � {
does not pass through any DCH, then there is only one

kind of dependence, either flow or anti dependence,

1. if m n N J � � L � O | {
in DCH1,

(a) DCH1 is flow dependence unique tail set.
(b) DCH2 is flow dependence unique head set.

2. if m n N J � � L � O } {
in DCH1,

(a) DCH1 is anti dependence unique head set.
(b) DCH2 is anti dependence unique tail set.

Theorem 3. When m n N J � � L � O � {
passes through DCH1, then

1. DCH1 is the union of the flow dependence unique tail set and the anti-dependence
unique head set.

2. DCH2 is the union of the flow dependence unique head set and the anti-dependence
unique tail set.

Case 1. There is only one kind of dependence which is flow dependence.

DCH1 is the flow dependence unique tail set and DCH2 is the flow dependence
unique head set, as shown in Figure 1. Clearly the flow dependence unique head set
should be executed after flow dependence unique tail set. Therefore, the doubly imper-
fectly nested loop in the beginning of this section can be transformed to two perfectly
nested parallelizable loops as shown in Figure 4.

Case 2. There is only one kind of dependence which is anti-dependence.

In this case, DCH1 is the anti dependence unique head set and DCH2 is the anti depen-
dence unique tail set, as shown in figure 2. Clearly the anti dependence unique head set
should be run after anti dependence unique tail set. Therefore, the doubly imperfectly
nested loop in the beginning of this section can be transformed to two perfectly nested
parallelizable loops as shown in Figure 5.

Case 3. There are both flow and anti dependences.

In this case, we can divide the DCH inside the iteration space (in this program
model, it is DCH2) and run in the following order:anti dependence unique tail set ~
DCH1 ~ flow dependence unique head set. m n N J � � L � O � {

(There are twom n N J � � L � O
;

the one which leads to a simpler partition can be used) will be used as the dividing
line. For the purpose of illustration, we use the firstm n N J � � L � O

which is N r p q � � O J � p
y � � L � p s � � . The converted parallel code of our doubly imperfectly nested loop is shown
in Figure 6 (Note that it has three perfectly nested parallel loops).

For general nested loops (have nesting more than two), the same procedure applies.
Again, there are three cases to consider. If the anti-dependence unique tail set is empty,
then there is only one kind of dependence (which is flow dependence) and DCH2 is
the same as the flow dependence unique head set. If the flow dependence unique tail
set is empty, then there are only anti-dependences and DCH2. For these two cases, we
just make two loops with each loop containing one statement as we did in case 1 and
case 2 for two dimensional loops. The two loops are fully parallelizable. If neither anti-
dependence unique tail set nor flow dependence unique head set is empty, it must be
case three that there are both flow and anti dependences. This case is more complicated
than the other two. We can run in the order ofanti-dependence unique tail set ~ DCH1

~ flow dependence unique head set.
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Flow Dep. Head Set

i

j

DCH2

DCH1

Fig. 1. Case 1: There are only
flow dependences

Anti Dep. Tail Set

i

j

DCH2

DCH1

Fig. 2. Case 2: There are only
anti dependences

Head Set

i

j

DCH1

d(i, j) = 0

Anti Dep.
Tail Set

Flow Dep.

Fig. 3. Case 3: There are both
flow and anti Dependences

doparallel, 1 ? � , A �
� � ( � � + , . / � � b ( � � + , . / � � � 1 � � �

enddo
doparallel, 1 ? � , A �

doparallel8 1 ? � , A �
� � � 1 � � ( � � + , . 5 � � + 8 . / � � b ( � � + , . 5 � � + 8 . / � � �

enddo
enddo

Fig. 4. Transformed loop of Case 1

doparallel, 1 ? � , A �
doparallel8 1 ? � , A �

� � � 1 � � ( � � + , . 5 � � + 8 . / � � b ( � � + , . 5 � � + 8 . / � � �
enddo

enddo
doparallel, 1 ? � , A �

� � ( � � + , . / � � b ( � � + , . / � � � 1 � � �
enddo

Fig. 5. Transformed Loop of Case 2

doparallel, 1 ? � , A �
doparallel8 1 ? � , A �

if \ \ F D T � � ^ , D Y � � 8 D U � � ^ @ � ( � � if� � \ Q � b R � ^ 1 �
belongs to anti dependence tail set)

� � � 1 � � ( � � + , . 5 � � + 8 . / � � b ( � � + , . 5 � � + 8 . / � � �
endif

enddo
enddo
doparallel, 1 ? � , A �

� � ( � � + , . / � � b ( � � + , . / � � � 1 � � �
enddo
doparallel, 1 ? � , A �

doparallel8 1 ? � , A �
if \ \ F D T � � ^ , D Y � � 8 D U � � ^ � � ( � � if� � \ Q � b R � ^ 1 �

belongs to flow dependence head set)
� � � 1 � � ( � � + , . 5 � � + 8 . / � � b ( � � + , . 5 � � + 8 . / � � �

endif
enddo

enddo

Fig. 6. Transformed Loop of Case 3
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3 Experimental Results

do i = 1, SIZE do i = 1, SIZE
A(2i + 4, i+5) = ... ... = A(i, N * i + b)
do j = 1, SIZE do j = i+1, SIZE

... = A(i + 2j +2, i + j) A(i, j) = ...
enddo enddo

enddo enddo
Loop 1 Loop 2

do i = 1, SIZE do i = 1, SIZE
do j = 1, SIZE A(i, j) = 1.0 / A(i, i)

do k = i, SIZE do j = i+1, SIZE
... = A(N-j, k) A(j, i) = A(j,i) * A(i, i)

enddo do k = i+1, SIZE
A(N-j+1, i) = ... A(j,k) = A(j,k) - A(j,i)

enddo * A(i,k)
enddo enddo

enddo
enddo

Loop 3 Loop 4

We present the results for four loops. Loop 1 is a two dimensional loop with non-
uniform dependences. The loop size (� � � � ) used in the experiments is 1500. Loop
2 is taken fromLinpack benchmark and Loop 3 is taken from� � � � � � � of Eispack.
Many statements have been removed from the original loops in order to simplify the
loop. Only one pair of array is considered. The second array subscript of the first array
reference in Loop 2 was a function call in the original array. Here we assume that the
result of the function returns� � � � #

and we assume� � �
and

# � �
. The loop size

( � � � � ) used in the experiments is 1500 for Loop 2 and 500 for Loop 3. The last loop
is the standard Gauss Elimination code. The loop size (� � � � ) used in the experiments
is 1500.

We present the results on two multi-processor architectures. One is a Ultra Enter-
prise 4000 with four 248MHz Ultra Sparc processors and 512 MB memory. The other
is a Cray J916 with 16 processors and 4 GBytes of RAM.

Sun MP C is an extended ANSI C compiler that can compile code to run on SPARC
shared memory multiprocessor machines. The MP Compiler is able to perform ex-
tensive automatic restructuring of user code. These automatic transformations include:
loop interchange, loop fusion, loop distribution, and software pipelining.

Figure 7 (a) - (d) shows the performance for Loop 1 to Loop 4 on Sun MP. Loop1 has
both flow and anti dependences. Our transformation yields three fully parallel perfectly
nested loops. The program synchronizes only three times. This is a major advantage
of our technique. Loop 2 has uniform dependences. The Sun compiler performs well
with this loop and our technique is marginally better. Loop 3 is a loop with non-uniform
dependences. Our method obtained a super linear speedup of 6.4 with 4 threads running
on 4 processors. Even when using one thread, our method ran faster than the sequential
version of the program. This is because our transformation makes the code amenable to
instruction level parallelism and the native compiler can exploit this. For this loop, our
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transformed loop synchronizes twice. Loop 4 gave a speedup of 3.80 with 4 processors
and outperformed the Sun compiler which had a speedup of 3.15 with 4 processors.

On Cray J916, we use theAutotasking Expert System(atexpert) to analyze the pro-
gram. Figure 7 (e) - (h) show the speedup comparison of our technique and Cray’s auto-
tasking for Loop 1 to Loop 4. Cray’s autotasking could not parallelize Loop 1 at all. The
transformed loop by our technique shows excellent scaling in speedup with a maximum
of 12.28 using sixteen processors. For Loop 2, the speedup of our method and that of
Cray’s Autotasking are very similar. The speedup is rather low due to the memory orga-
nization of J916. For Loop 3, Our technique shows “near” linear speedup. Our technique
only synchronizes twice for this program. Cray’s native compiler failed to parallelize
this loop. For the last loop, Loop 4, our method scales very well and achieved a speedup
of 9.41 for 16 processors whereas Cray’s autotasking achieved speedup of 4.64 for the
same number of processors.

It is clear from the results that our transformation generates code that is parallelized
by parallelizable compilers for RISC as well as vector supercomputers. The speedup
also scales well. The transformation is especially effective if the loop has non-uniform
dependences. The differences of the performance of Loop 1 and Loop 3 when compiled
with native compilers on Sun MP and Cray are because the Sun compiler parallelized
only the inner-most loop, while Cray run the loops sequentially.

4 Conclusion

This paper presented a transformation technique that splits an imperfectly nested loop
into several fully parallelizable loops. The proposed technique is mathematically sound
and has at most three synchronizations in the transformed code. Another major advan-
tage of this technique is that the transformed code has a very simple structure which
is shown to be amenable to instruction level optimizations. The proposed technique
handles imperfectly nested loops with uniform as well as non-uniform dependences.
The performance gains for non-uniform dependences is especially remarkable (at times
achieving super-linear speedups). Experiments with commercial compilers for different
architectures on loops from real programs confirm the efficacy of this approach.

This research was supported in part by NSF grants MIP-9309489, EIA-9729828,
US Army Contract DAEA 32-93D004, and Ford Motor Company grants 96-136R and
96-628R.
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(c) Loop 3 on Sun
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(d) Loop 4 on Sun
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(e) Loop 1 on Cray
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(f) Loop 2 on Cray
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Abstract. Conventional debuggers do not allow users to go back and 
examine the program states at statements which have already been ex- 
ecuted. In case the user wants to examine the program state at  a state- 
ment which way executed sometime back, he is forced to restart the entire 
debugging process. To overcome this problem, we examine the issue of 
bidirectional execution of programs. To this end, we introduce the con- 
cepts of in-verse of u statemrent and inverse of a pro.qrum. We describe our 
implementation of a debugger which can execute distributed programs 
in either forward or backward direction depending upon an option dy- 
namically set by the user. 

1 Introduction 

Debugging tools play a vital role in any software development effort. Appropriate 
debugging tools are especially indispensable to the development of distributed 
programs. Not oiily are distributed applications iiihereiitly complex, but they 
possess several other intrinsic properties which make them difficult to debug. 
Some of these features of distributed programs are: 

- Inherent non-determinism of programs due to concurrent executions at mul- 

- Lack of global states. 
- Multiple threads of control. 

tiple sites. 

While debugging, often one realizes that an error had probably occurred 
at some earlier program statements. But, coiiventioiial debuggers have no way 
to restore execution state to a previous point. It is especially frustrating to 
find that after it long and tedious debugging session, we have over-stepped the 
defective statement. The oiily possibility in such a situation is to restart the 
entire debugging process. Even restarting the program execution often does not 
help due to the inherent nondeterminism of the distributed programs. Therefore, 
for distributed programs it would be better if the debugger could reverse-execute 
statements to reach the desired point of execution quickly. 

This brings us tto an interesting questi6n, "can we compute the inverse of 
different, statements ill a program and go back to a state that existed before 

P. Banerjee, V.K. Prasanna, and B.P. Sinha (Eds.): HiPC’99, LNCS 1745, pp. 95−102, 1999.
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some stat,einent was executed?'' We have examined this question in the context 
of  C programs[l]. We extend this concept to handle reverse execution of dis- 
tributed programs. We have used the ideas developed in this paper to design 
aad implement a debugger called BDD(Bi-directional Distributed Debugger). 
BDD allows users to dyiiamically set an option called "direction of execution" 
to indicate executioii of a program either in forward or backward direction and 
the subsequent execution proceeds based on the value set for this option. 

1.1 Related Work 

The issue of reversibility of computation has been addressed by researchers 
a t  various levels. Issues involved in reverse computations at  the level of logic 
gates and tlie feasibility of reversible Turing machines have been discussed by 
Beiiiiett et a1 [7]. An interesting work exploring reverse execution of machine 
language programs is reported by Cezzar [ 5 ] .  Cezzar focussed on designing an 
instruction set, for reversible execution. He also proposed a mechanism to save 
the overwritten values on an internal stack associated with instruction decodings. 
The values stacked during forward execution are later retrieved during reverse 
execution to restore the corresponding variables to their prior values. 

Briggs [a] examined reverse execution of high-level languages. He describes 
the design of a system to control the operation of an electronic cricket score- 
board. The main feature implemented in his system is the ability of the cricket 
score board operator to 'uiido' operations that he had already pkrformed, in or- 
der to correct iiiadverteiitly errors macle. Reverse execution of the cricket score 
board program is performed to achieve the uudo operations. Reverse execution 
of assignment statements, coiidit ional statements and iterative statements of 
Pasc-a1 programs have been discussed in this context. The primitive operation 
iiecessasy to allow an operator to change events is 'undo' -- return the program 
to the state it was in prior to the event taking place. Many existing systems 
provide an undo operation by Leeman [9] lists many of them. However, none 
of these work lias investigated reverse execution of programs in tlie context of 
program debugging. We have recently reported our preliminary results of reverse 
execution of programs in [l]. We further extend the concept of reverse execution 
to distributed programs. 

The rest of'this paper is organized as follows. In section 2, the computation of' 
inverse for various categories of program statements is examined. In section 3, 
we discuss the overall schema of our debugger BDD. section 4 concludes this 
paper . 

2 Inverse of a Program 

We define tlie inverse of a statement S to be another statement S' which when 
executed restores the state of the progra,m to that which existed before S was 
executed. By extending this definition, we cai; define the inverse of a program P 
to be another program P' which when executed restores every execution step of 
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the original program. Thus, if we can define the inverse of a program, we would 
have an elegant means of reverse execution. 

A naive way of achieving reverse execution of a program is to keep track 
of the entire execution trace, i.e. recording the program state after execution of 
each statement. The term program state as used here means the values of all 
the variables active at  a point in a program. The volume of the information one 
needs to store in such a naive approach would be enormous for large programs. 
However, if we can roll back to the previous states by executing the inverse 
statements, the volume of the execution trace to be recorded can be reduced 
several folds. We will see later that we cannot entirely do away with maintaining 
a. trace file, since some types of statements would need recording execution trace 
for reverse execution. An important objective of our approach is to minimize the 
size of the trace information to be maintained. 

As we have already mentioned, we shall be considering reverse execution 
of only C programs augmented with message-passing library calls. In order to 
compute t,he inverse of a statement) we classify C programming constructs [3] 
into the following types : 

1. Sequence statements, e.g. assignment statements. 

2. Selection statements, e.g. “if-else?’ statement, “case” statement, 

3. Iterative statements, e.g. “while” statement, “for” statement, etc. 
etc. 

4. Unstructured statements, e.g. “goto?’ statement, “break)’ state- 

5. Function call statements. 

ment, etc. 

The issues relating to computation of inverses of these different categories of 
program statements have been discussed in [I]. To support distributed execution, 
we should be able to liandle reverse execution of the message passing statements. 
In the next subsection we describe how we extend this technique to handle 
dis tributecl programs, 

2.1 Handling Distributed Programs 

A distributed program consists of a number of processes executing at different 
sites. The processes may interact with each other through message passing. The 
salient features through which reverse execution of distributed programs are 
supported are the following: 

- The execution trace for each process is collected in a separate file and is 

- The user is provided with a control panel in an independent window to set 

- The state of each process and the relevant program code is displayed in a 

maint,ainecl a t  the local sites (see Fig. 2). 

the direction of execution (see fig. 1). 

different, window in the control panel. 
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Fig. 1. Schematic Representation of Distributed Execution 

- The windows for different processes are decorated with menu options for 
single-stepping, setting break points, setting watch points, and running the 

- It, may not always be possible to single step through a process in the for- 
ward direction? especially if a process is waiting at  a synchronization point. 
For example, consider the case where processes i and j synchronize at  some 
point. In such a situation, any attempt to forward execute process i past 
the synchronization point without satisfying the synchronization condition 
generates a message: "waitiiig for a message from process j", where j is the 
number of the processes from which the message is expected. Therefore, one 
would have to execute process j past the synchronization point before process 
i can be executed forward. 
However? for reverse execution, trying to reverse execute one process past 
the synchronization point reverse executes both the processes involved in 
syncliroiiization. Note that this niay lead to a cascade of reverse execution 
steps in different processes. 
The inverse statement of a iiiessage passing statement depends on the se- 
ina.iit,ir:s of message passing. The coininoiily used synchroiiizat ioii semaiit ics 
are the following: 

a Partially Blocking : In this case, the sending process sends the message 
with other computation. But the receiving process 

ives the required message from the sending process. 
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Fully Blocking : In this case, both sending and receiving processes 
block. That is? tlie sending process and the receiving process block until 
h t , h  are ready for communication. 

USCl 

I 

Fig. 2. High-level Schema of BDD 

In the rest of the paper we will assume a partially blocking semantics of mes- 
sage communication. However, our results can be easily extended to other 
types of synchronization semantics. When a recvmsg is executed iii the for- 
ward direction, tlie recent values of the variables that  are overwritten during 
tlie message receive operation are recorded in the trace file. During reverse 
execution of the recv-msg t,lw trace file is read to reset the variable values. 
For send-msg, 110 special handling is required either during the forward or 
reverse execution. During reverse execution of the sendmsg, a ” null” in- 
struc tion is executed. 
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3 Overview of Design of BDD 

Using BDD, the user caii forward execute his program, aiid a t  any time during 
forward execution he can start reverse execution of his program, lie can set break 
points, check program state, etc. An overview of our design of BDD is schemat- 
ically shown in Figure 2. Copies of the debugger executives reside a t  every node 
i~~.rt , i( : i i~~~t, i i ig i n  the debugging process. A coordinator process resides a t  the iiode 
wliere tlie BDD is involced. The coordinator interacts with the executives a t  tlie 
local nodes to carry out tlie debugging process. At every iiode local copies of tlie 
code of the program aiid correspoiiding to the process executing at  the node and 
the c:c)rresponding iiiverse program exist. Local copies of the trace files are cre- 
ated its the debugging session proceeds (see Fig. 2) .  In fig. 2, the inverse Program 
contains the inverse statemelits of tlie original program. The trace file contains 
the information needed to reverse execute statements for which pure inverses 
do not exist, are kept, in tlie trace file. Several other information such as symbol 
tables corresponding to the function calls, goto statemelits denoting repeated 
execution of loop constructs, a.iid information relating to message passing are 
also recorded in the trace file. 

- GUI - The GUI reads the user command such as the direction of execution, 
C:ominiCiids for single stepping, commands to inypect variable values, the 
C:omin:tiid t o  execute difkreiit processes, etc. The relevant information for 
the user is displayed in  proper formaz. 

- Inverse Program Generator - This module compiles the source code to 
generate the inverse program. 

- Executive - This module controls the direction of program execution. Fig7~7-e 
3 shows the functional components of the executive module. Some of the 
important8 informatioii maintained by an executive are : 
Program State - The program state, a t  any point during executioii 
is the value of all variables active at that point. 
Statement Pointer - The statement pointer maintains the state- 
ment number of tlie next instruction to be executed. The exact iin- 
plementation of this pointer is a bit more complicated since it should 
point. to the next, instruction in both the forward and the reverse 
program aiid the actual instruction to be fetched depends on the 
”direction of execution” option set. 
Trace Pointer - The tract! pointer points to the relevant location in 
the t,rac:e file. Wlieii some information is to be recorded, it is written 
in t,he trace file a t  the position pointed to by che trace pointer. When 
we need to read information from the trace file, the required position 
is t,he inst,ruction preceding the one pointed to by the trace pointer. 

100 R. Mall



Original program Inverse program 
Instruction instruction 

direction of 
execution 

Current 
Statemen I instruction Reader I Dlr:...+Ar 

inctri totinn Commands 

Fig. 3. Schematic design of the Executive 

Tlie main role of the different functional components of the executive are as 
outlined below: 
Instruction Reader - Depending on the direction of execution, the 
next statement to be executed is selected. As shown in Figure 3 the 
statement pointer keeps track of the next, statement to be executed. 
This niodule instructs the trrace file manager to write the information 
to be remembered into t,he trace file. 
Trace File Manager - This module writes the program state into 
the tmce file a t  the appropriate point. I t  also retrieves the relevant 
information from the trace file whenever required during reverse ex- 
ecu t ion. 
Interpreter - The selected statement is executed by the interpreter 
sub-module which also maintains the program execution state. 

- Coordinator: The coordinator interfaces with the GUI and depending 011 

the direction of execution set by the user and depending upon the other de- 
bugging commands selected by tlie user, tlie coordinator module coordinates 
the actions of the appropriate executive modules to perform the debugging 
coiiiinaiid issued I3y tlie user. 

4 Conclusion 

We have exa.minec1 the problem of reverse execution of distributed programs a,s 
ineaiis to facilitate program clebugging. We liave shown that meaningful inverse 
for only a, subset, of program stateinents can,be defined. For other statements, 
we must, iiiaiiitain the value transformations achieved by those statements in 
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order to clo a. reverse transformation during backward execution. We have de- 
signed aiid iniplemeiitecl a debugging tool which can execute a program in either 
the forward or reverse direction in a Unix Network environment. In our imple- 
meiitatioii for distributed execution, trace files are maintained at  different sites. 
Also, copies of thc debugger executives execute at local sites. The GUI of the 
impleiiieiited debugger interacts with the user aiid a coordinator module which 
coordinates the actions of different process debugging executives. We find this 
tool to be very useful during our initial experimentation. 

Acknowledgements: The author acknowledges the help of MI-. Bitan Biswas 
in implementing the debugger BDD. 

References 

1. Bitari Biswas and R. Mall: “Reverse Execution of Progranis,” ACM SIGPLAN 
Notices, 34(4), pp. 61-69? April, 1999. 
ACM SIGPLAN Notices, 

2. R. Mall, F’wi,clam.en.taZ.s of Software Engin,eerin.g, Prentice Hall of India, New Delhi, 
1998. 

3. B. Kerninghan ant1 D. Ritchie, The C Progranrm.ing Lan,guage, Prentice Hall of 
India, New Delhi, 1988. 

4. .Jolin D. Johnson and Gary W. Kenney, Im.plem.entation. Is.s.ues for  a Source Level 
S?jrn,bolic Debugger(E~te7rcle.$ Abstruct), ACM SIGPLAN Notices, 18(8), pp. 149- 
151, Aug, 1983. 

5. R. Cemar, The Design of a Processor Architecture Cupable of Forward and Reverse 
Execiition., Proceedings of IEEE SOUTHEASTCON ‘91, pp. 885-890, Vol. 2, Apr, 
1991. 

6 .  B. Biswas, Reverse Execution of Programs, Master’s Thesis, CSE Department, IIT, 
Kharagpur, India: December: 1998. 

7. C. H. Bennett and R. Lanclauer, The Ftindam,ental Physical Limits of Computation, 
Sci. A4merican, Vol. 253, July 1985. 

S. J .  S. Briggs, Genmatin.g Reversible Programs, Software - Practice and Experience, 

9. G. B. Leerriari J r ,  A formpal Approach to i m l o  Operation-s in Program.m.in.g Lan- 
g1iuqe.9, ACM Transactions on Programming Languages and Systems, 8, (1): pp. 
50-87. 1986. 

Vol. 17(7): 439-453: J ~ l y  1987. 

102  R. Mall



Memory-Optimal Evaluation of Expression Trees
Involving Large Objects �

Chi-Chung Lam1, Daniel Cociorva2, Gerald Baumgartner1, and P. Sadayappan1

1 Department of Computer and Information Science
The Ohio State University, Columbus, OH 43210

{clam,gb,saday}@cis.ohio-state.edu
2 Department of Physics

The Ohio State University, Columbus, OH 43210
cociorva@pacific.mps.ohio-state.edu

Abstract. The need to evaluate expression trees involving large objects arises in
scientific computing applications such as electronic structure calculations. Often,
the tree node objects are very large that only a subset of them can fit in memory at
a time. This paper addresses the problem of finding an evaluation order of nodes
in a given expression tree that uses the least memory. We develop an efficient
algorithm that finds an optimal evaluation order in O(n2) time for an n-node
expression tree.

1 Introduction

This paper addresses the problem of finding an evaluation order of the nodes in a given
expression tree that minimizes memory usage. The expression tree must be evaluated in
some bottom-up order, i.e., the evaluation of a node cannot precede the evaluation of any
of its children. The nodes of the expression tree are large data objects whose sizes are
given. If the total size of the data objects is so large that they cannot all fit into memory at
the same time, space for the data objects has to be allocated and deallocated dynamically.
Due to the parent-child dependence relation, a data object cannot be deallocated until its
parent node data object has been evaluated. The objective is to minimize the maximum
memory usage during the evaluation of the entire expression tree.

This problem arises, for example, in optimizing a class of loop calculations imple-
menting multi-dimensional integrals of the products of several large input arrays that
computes the electronic properties of semiconductors and metals [2,3,9]. The multi-
dimensional integral can be represented as an expression tree in which the leaf nodes are
input arrays, the internal nodes are intermediate arrays, and the root is the final integral.
In previous work, we have addressed the problems of 1) finding an expression tree with
the minimal number of arithmetic operations and 2) the mapping of the computation
on parallel computers to minimize the amount of inter-processor communication [4,5,
6]. However, in practice, the input arrays and the intermediate arrays are often so large
that they cannot all fit into available memory. There is a need to allocate array space
dynamically and to evaluate the arrays in an order that uses the least memory. Solving
� Supported in part by the National Science Foundation under grant DMR-9520319.
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◗
◗◗

I : 16

Fig. 1. An example expression tree

this problem would help the automatic generation of code that computes the electronic
properties. We believe that the solution we develop here may have potential applicability
to other areas such as database query optimization and data mining.

As an example of the memory usage optimization problem, consider the expression
tree shown in Fig. 1. The size of each data object is shown alongside the correspon-
ding node label. Before evaluating a data object, space for it must be allocated. That
space can be deallocated only after the evaluation of its parent is complete. There are
many allowable evaluation orders of the nodes. One of them is the post-order traversal
〈A, B, C, D, E, F, G, H, I〉 of the expression tree. It has a maximum memory usage of
45 units. This occurs during the evaluation of H , when F , G, and H are in memory.
Other evaluation orders may use more memory or less memory. Finding the optimal
order 〈C, D, G, H, A, B, E, F, I〉, which uses 39 units of memory, is not trivial.

A simpler problem related to the memory usage minimization problem is the register
allocation problem in which the sizes of all nodes are unity. It has been addressed in [8,10]
and can be solved in O(n) time, where n is the number of nodes in the expression tree. But
if the expression tree is replaced by a directed acyclic graph (in which all nodes are still of
unit size), the problem becomes NP-complete [11]. The algorithm in [10] for expression
trees of unit-sized nodes does not extend directly to expression trees having nodes of
different sizes. Appel and Supowit [1] generalized the register allocation problem to
higher degree expression trees of arbitrarily-sized nodes. However, the problem they
addressed is slightly different from ours in that, in their problem, space for a node is
not allocated during its evaluation. Also, they restricted their attention to solutions that
evaluate subtrees contiguously, which is sub-optimal in some cases. We are not aware
of any existing algorithm to the memory usage optimization problem considered in this
paper.

The rest of this paper is organized as follows. In Section 2, we formally define the
memory usage optimization problem and make some observations about it. Section 3
presents an efficient algorithm that solves the problem in O(n2) time for an n-node
expression tree. Section 4 provides conclusions. Due to space constraints, the correctness
proof of the algorithm is omitted from this paper but can be found in [7].
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2 Problem Statement

The problem addressed is the optimization of memory usage in the evaluation of a given
expression tree, whose nodes correspond to large data objects of various sizes. Each
data object depends on all its children (if any), and thus can be evaluated only after all
its children have been evaluated. The goal is to find an evaluation order of the nodes
that uses the least amount of memory. Since an evaluation order is also a traversal of the
nodes, we will use these two terms interchangeably. Space for data objects is dynamically
allocated or deallocated under the following assumptions:

1. Each object is allocated or deallocated in its entirety.
2. Leaf node objects are created or read in as needed.
3. Internal node objects must be allocated before their evaluation begins.
4. Each object must remain in memory until the evaluation of its parent is completed.

We define the problem formally as follows:

Given a tree T and a size v.size for each node v ∈ T , find a computation of T
that uses the least memory, i.e., an ordering P = 〈v1, v2, . . . , vn〉 of the nodes
in T , where n is the number of nodes in T , such that
1. for all vi, vj , if vi is the parent of vj , then i > j; and
2. maxvi∈P {himem(vi, P )} is minimized, where

himem(vi, P ) = lomem(vi−1, P ) + vi.size

lomem(vi, P ) =
{

himem(vi, P ) − ∑
{child vj of vi} vj .size if i > 0

0 if i = 0

Here, himem(vi, P ) is the memory usage during the evaluation of vi in the tra-
versal P , and lomem(vi, P ) is the memory usage upon completion of the same eva-
luation. In general, we need to allocate space for vi before its evaluation. After vi

is evaluated, the space allocated to all its children may be released. For instance,
consider the post-order traversal P = 〈A, B, C, D, E, F, G, H, I〉 of the expression
tree shown in Fig. 1. During and after the evaluation of A, A is in memory. So,
himem(A, P ) = lomem(A, P ) = A.size = 20. To evaluate B, we need to allocate
space for B, thus himem(B, P ) = lomem(A, P )+B.size = 23. After B is obtained, A
can be deallocated, giving lomem(B, P ) = himem(B, P ) − A.size = 3. The memory
usage for the rest of the nodes is determined similarly and shown in Fig. 2(a).

However, the post-order traversal of the given expression tree is not optimal in
memory usage. For this example, none of the traversals that visit all nodes in one sub-
tree before visiting another subtree is optimal. For the given expression tree, there are
four such traversals. They are 〈A, B, C, D, E, F, G, H, I〉, 〈C, D, E, A, B, F, G, H, I〉,
〈G, H, A, B, C, D, E, F, I〉, and 〈G, H, C, D, E, A, B, F, I〉. If we follow the traditio-
nal wisdom of visiting the subtree that uses more memory first, we obtain the best of
the four traversals, which is 〈G, H, C, D, E, A, B, F, I〉. Its overall memory usage is 44
units, as shown in Fig. 2(b), and is not optimal. The optimal traversal is 〈C, D, G, H, A,
B, E, F, I〉, which uses 39 units of memory (see Fig. 2(c)). Notice that it ‘jumps’ back
and forth between the subtrees. Therefore, any algorithm that only considers traversals
that visit subtrees contiguously may not produce an optimal solution.
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Node himem lomem

A 20 20
B 23 3
C 33 33
D 42 12
E 28 19
F 34 15
G 40 40
H 45 20
I 36 16

max 45

Node himem lomem

G 25 25
H 30 5
C 35 35
D 44 14
E 30 21
A 41 41
B 44 24
F 39 20
I 36 16

max 44

Node himem lomem

C 30 30
D 39 9
G 34 34
H 39 14
A 34 34
B 37 17
E 33 24
F 39 20
I 36 16

max 39

(a) Post-order traversal (b) A better traversal (c) The optimal traversal

Fig. 2. Memory usage of three different traversals of the expression tree in Fig. 1

One possible approach to the memory usage optimization problem is to apply dy-
namic programming on an expression tree as follows. Each traversal can be viewed as
going through a sequence of configurations, each configuration being a set of nodes that
have been evaluated (which can be represented more compactly as a smaller set of nodes
in which none is an ancestor or descendant of another). In other words, the set of nodes
in a prefix of a traversal forms a configuration. Common configurations in different tra-
versals form overlapping subproblems. A configuration can be formed in many ways,
corresponding to different orderings of the nodes. The optimal way to form a configura-
tion Z containing k nodes can be obtained by minimizing over all valid configurations
that are k − 1-subsets of Z. By finding the optimal costs for all configurations in the
order of increasing number of nodes, we get an optimal traversal of the expression tree.
However, this approach is inefficient in that the number of configurations is exponential
in the number of nodes.

The memory usage optimization problem has an interesting property: an expression
tree or a subtree may have more than one optimal traversal. For example, for the subtree
rooted at F , the traversals 〈C, D, E, A, B, F 〉 and 〈C, D, A, B, E, F 〉 both use the least
memory space of 39 units. One might attempt to take two optimal subtree traversals,
one from each child of a node X , merge them together optimally, and then append X to
form a traversal for X . But, this resulting traversal may not be optimal for X . Continuing
with the above example, if we merge together 〈C, D, E, A, B, F 〉 and 〈G, H〉 (which
are optimal for the subtrees rooted at F and H , respectively) and then append I , the
best we can get is a sub-optimal traversal 〈G, H, C, D, E, A, B, F, I〉 that uses 44 units
of memory (see Fig. 2(b)). However, the other optimal traversal 〈C, D, A, B, E, F 〉 for
the subtree rooted at F can be merged with 〈G, H〉 to form 〈C, D, G, H, A, B, E, F, I〉
(with I appended), which is an optimal traversal of the entire expression tree. Thus,
locally optimal traversals may not be globally optimal. In the next section, we present
an efficient algorithm that finds traversals which are not only locally optimal but also
globally optimal.
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3 An Efficient Algorithm

We now present an efficient divide-and-conquer algorithm that, given an expression tree
whose nodes are large data objects, finds an evaluation order of the tree that minimizes
the memory usage. For each node in the expression tree, it computes an optimal traversal
for the subtree rooted at that node. The optimal subtree traversal that it computes has a
special property: it is not only locally optimal for the subtree, but also globally optimal
in the sense that it can be merged together with globally optimal traversals for other
subtrees to form an optimal traversal for a larger subtree which is also globally optimal.
As we have seen in Section 2, not all locally optimal traversals for a subtree can be used
to form an optimal traversal for a larger tree.

The algorithm stores a traversal not as an ordered list of nodes, but as an ordered list
of indivisible units called elements. Each element contains an ordered list of nodes with
the property that there necessarily exists some globally optimal traversal of the entire tree
wherein this sequence appears undivided. Therefore, as we show later, inserting any node
in between the nodes of an element does not lower the total memory usage. An element
initially contains a single node. But as the algorithm goes up the tree merging traversals
together and appending new nodes to them, elements may be appended together to form
new elements containing a larger number of nodes. Moreover, the order of indivisible
units in a traversal stays invariant, i.e., the indivisible units must appear in the same order
in some optimal traversal of the entire expression tree. This means that indivisible units
can be treated as a whole and we only need to consider the relative order of indivisible
units from different subtrees.

Each element (or indivisible unit) in a traversal is a (nodelist, hi, lo) triple, where
nodelist is an ordered list of nodes, hi is the maximum memory usage during the evalua-
tion of the nodes in nodelist, and lo is the memory usage after those nodes are evaluated.
Using the terminology from Section 2, hi is the highest himem among the nodes in node-
list, and lo is the lomem of the last node in nodelist. The algorithm always maintains the
elements of a traversal in decreasing hi and increasing lo order, which implies in order
of decreasing hi-lo difference.

Fig. 3 shows the algorithm. The input to the algorithm (the MinMemTraversal
procedure) is an expression tree T , in which each node v has a field v.size denoting the
size of its data object. The procedure performs a bottom-up traversal of the tree and,
for each node v, computes an optimal traversal v.seq for the subtree rooted at v. The
optimal traversal v.seq is obtained by optimally merging together the optimal traversals
u.seq from each child u of v, and then appending v. At the end, the procedure returns
a concatenation of all the nodelists in T.root.seq as the optimal traversal for the given
expression tree. The memory usage of the optimal traversal is T.root.seq[1].hi.

The MergeSeq procedure merges two given traversals S1 and S2 optimally and
returns the merged result S. S1 and S2 are subtree traversals of two children nodes of
the same parent. The optimal merge is performed in a fashion similar to merge-sort.
Elements from S1 and S2 are scanned sequentially and appended into S in the order of
decreasing hi-lo difference. This order guarantees that the indivisible units are arranged
to minimize memory usage. Since S1 and S2 are formed independently, the hi-lo values
in the elements from S1 and S2 must be adjusted before they can be appended to S.
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MinMemTraversal (T ):
foreach node v in some bottom-up traversal of T

v.seq = 〈〉 // an empty list
foreach child u of v

v.seq = MergeSeq(v.seq, u.seq)
if |v.seq| > 0 then // |x| is the length of x

base = v.seq[|v.seq|].lo
else

base = 0
AppendSeq (v.seq, 〈v〉, v.size + base, v.size)

nodelist = 〈〉
for i = 1 to |T.root.seq|

nodelist = nodelist + T.root.seq[i].nodelist // + is the concatenation operator
return nodelist // memory usage is T.root.seq[1].hi

MergeSeq (S1, S2):
S = 〈〉
i = j = 1
base1 = base2 = 0
while i ≤ |S1| or j ≤ |S2|

if j > |S2| or (i ≤ |S1| and S1[i].hi − S1[i].lo > S2[j].hi − S2[j].lo) then
AppendSeq (S, S1[i].nodelist, S1[i].hi + base1, S1[i].lo + base1)
base2 = S1[i].lo
i++

else
AppendSeq (S, S2[j].nodelist, S2[j].hi + base2, S2[j].lo + base2)
base1 = S1[j].lo
j++

end while
return S

AppendSeq (S, nodelist, hi, lo):
E = (nodelist, hi, lo) // new element to append to S
i = |S|
while i ≥ 1 and (E.hi ≥ S[i].hi or E.lo ≤ S[i].lo)

E = (S[i].nodelist + E.nodelist, max(S[i].hi, E.hi), E.lo) // S[i] is combined into E
remove S[i] from S
i – –

end while
S = S + E // |S| is now i + 1

Fig. 3. Procedure for finding an memory-optimal traversal of an expression tree
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C : 30

A : 20 D : 9

B : 3 E : 16 G : 25
�� ❅❅

F : 15 H : 5

✑
✑✑

◗
◗◗

I : 16
Node v Optimal traversal v.seq

A 〈(A, 20, 20)〉
B 〈(AB, 23, 3)〉
C 〈(C, 30, 30)〉
D 〈(CD, 39, 9)〉
E 〈(CD, 39, 9), (E, 25, 16)〉
F 〈(CD, 39, 9), (ABEF, 34, 15)〉
G 〈(G, 25, 25)〉
H 〈(GH, 30, 5)〉
I 〈(CDGHABEFI, 39, 16)〉

(a) The expression tree in Fig. 1 (b) Optimal traversals for subtrees

Fig. 4. Optimal traversals for the subtrees in the expression tree in Fig. 1

The amount of adjustment for an element from S1 (S2) equals the lo value of the last
merged element from S2 (S1), which is kept in base1 (base2).

The AppendSeq procedure appends a new element specified by nodelist, hi, and lo
to the given traversal S. Before the new element E is appended to S, it is combined
with elements at the end of S whose hi is not higher than E.hi or whose lo is not lower
than E.lo. The combined element has the concatenated nodelist and the highest hi but
the original E.lo. Elements are combined to form larger indivisible units.

To illustrate how the algorithm works, consider the expression tree shown in Fig. 1
and reproduced in Fig. 4(a). We visit the nodes in a bottom-up order. Since A has
no children, A.seq = 〈(A, 20, 20)〉 (for clarity, we write nodelists in a sequence as
strings). To form B.seq, we take A.seq and append a new element (B, 3 + 20, 3) to
it. The AppendSeq procedure combines the two elements into one, leaving B.seq =
〈(AB, 23, 3)〉. Here, A and B form an indivisible unit, implying that B must follow
A in some optimal traversal of the entire expression tree. Similarly, we get E.seq =
〈(CD, 39, 9), (E, 25, 16)〉. For node F , which has two children B and E, we merge
B.seq and E.seq by the order of decreasing hi-lo difference. So, the elements merged
are first (CD, 39, 9), then (AB, 23 + 9, 3 + 9), and finally (E, 25 + 3, 16 + 3) with the
adjustments shown. They are the three elements in F.seq after the merge as no elements
are combined so far. Then, we append to F.seq a new element (F, 15 + 19, 15) for the
root of the subtree. The new element is combined with the last two elements in F.seq.
Hence, the final content of F.seq is 〈(CD, 39, 9), (ABEF, 34, 15)〉, which consists of
two indivisible units. The optimal traversals for the other nodes are computed in the same
way and are shown in Fig. 4(b). At the end, the algorithm returns the optimal traversal
〈C, D, G, H, A, B, E, F, I〉 for the entire expression tree (see Fig. 2(c)).

The time complexity of this algorithm is O(n2) for an n-node expression tree because
the processing for each node v takes O(m) time, where m is the number of nodes in
the subtree rooted at v. Another feature of this algorithm is that the traversal it finds for
a subtree T ′ is not only optimal for T ′ but must also appear as a subsequence in some
optimal traversal for any larger tree that contains T ′ as a subtree. For example, E.seq is
a subsequence in F.seq, which is in turn a subsequence in I.seq (see Fig. 4(b)).
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4 Conclusion

In this paper, we have considered the memory usage optimization problem in the eva-
luation of expression trees involving large objects of different sizes. This problem can
be found in many practical applications such as scientific calculations, database query,
and data mining, for which the data objects can be so large that it is impossible to keep
all of them in memory at the same time. Hence, it is necessary to allocate and deallocate
space for the data objects dynamically and to find an evaluation order that uses the least
memory. We have proposed an efficient algorithm that finds an optimal evaluation in
O(n2) time for an expression tree containing n nodes. Also, we have described some
interesting properties of the problem and the algorithm.
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Abstract. In this paper we propose two optimization techniques for resource mo-
delling in software pipelining. The first technique is the extension of our grouping
technique to reduce the space overhead in automaton based software pipelining
methods. This technique exploits the symmetry in the states of the automaton to
produce the Group Automaton (GA) with reduced number of states. Our second
technique is the Conjugate Offset method which eliminates the “symmetric" off-
set sets from the set of offset sets produced by the Reduce MS-State Diagram
approach. Our experimental results reveal that the proposed optimizations result
in significant reduction in the space requirements.

1 Introduction

Instruction scheduling is an important phase in compiling for modern processors
to exploit higher instruction level parallelism (ILP) [4].The schedule constructed
by an instruction scheduler must obey both data dependency constraints imposed
by the program semantics and resource constraints imposed by the target archi-
tecture. The resource constraints of the target architecture include the resource
usage patterns of various instruction classes. A resource usage model helps to
answer the question: “Given a target machine and a partial schedule, can a new
instruction be placed in the partial schedule in the time slot t without causing any
resource conflict?” Thus in order to speed up the instruction scheduling method
the resource usage models also need to be very efficient.

In this paper, we examine the resource models in the context of Software
Pipelining [7,12,13].Software pipelining is an aggressive instruction scheduling
technique to exploit parallelism in loops. Many of the resource modelling techni-
ques developed for basic instruction scheduling such as reservation table based
methods [2,3] have been extended to software pipelining. Modulo Scheduled
State Diagram (MS-SD) [5] is one such approach which relies on automaton
based techniques. Two distinct approaches can be followed in using the state
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diagrams for modulo scheduling. In one approach, the state diagram is represen-
ted in the form of a transition table, and scheduling an instruction and updating
the machine state involves a state transition. Whereas, in the second approach,
legal initiation sequences are modelled as offset sets [6]. An offset set specifies
the set of time steps in the repetitive kernel in which instructions can be scheduled
without causing any resource conflict.

This paper deals with the above two approaches followed in state diagram
based resource modelling. The space-time trade-off of state-diagram based and
reservation table based approaches for basic instruction scheduling is discussed
in [11]. However, in the context of software pipelining, we focus only on space
reductions and leave the compile time considerations for future work. The first
part of the paper deals with the FSA based resource models for software pipeli-
ning. Here we extend the grouping technique proposed in [11] for constructing
the group automaton for modulo scheduling. This technique results in considera-
ble reduction in the space required to store the automaton. The second part of the
paper deals with the Offset set based approaches for software pipelining. These
approaches use offset sets to reason about the schedulability of instructions at
various time steps in the partial schedule. In this context we propose the Conju-
gate Offset method which eliminates the “symmetric” offset sets from the set of
offset sets and thus reduces the space requirements to store the offset sets.

The paper is organized as follows. Section 2 describes finite state automaton
based technique to construct the automaton. Section 3 extends the grouping
technique for constructing the automaton for software pipelining. Experimental
results comparing the performance of the various automaton based approaches
are reported in Section 4. In Section 5 we discuss the Offset set based software
pipelining technique. Finally, concluding remarks are provided in Section 6.

2 FSA Based Technique for Software Pipelining

FSA approach was used for resource modelling in the context of basic instruction
scheduling in [8,9,1]. In this section, we extend this FSA approach for software
pipelining. Before proceeding with this technique, we provide the necessary
background.

Definition 1. A Collision Matrix CI for the instruction class I is a bit matrix
of size n × �′, where n is the number of instruction classes and �′ is the longest
repeat latency of an instruction class. The entry CI[J,t] = 1 implies that if an
instruction of class I is scheduled in the current cycle then an instruction of class
J cannot be scheduled t cycles from the current cycle.
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The notation CMI [J] is used to denote the Jth row in the collision matrix of
instruction class I . This bit-vector, determines the cross-collision behaviour of
J with respect to I . The construction of the FSA proceeds as in [9,1]:

1. The initial state is associated with a n× �′ state matrix whose entries are all
zeros.

2. For each instruction class I such that the [I, 0]th entry in a state matrix is 0,
the initiation of an instruction belonging to class i is legal and causes a state
transition to a new state whose state matrix is obtained by bitwise OR-ing the
current state matrix with the CMI .

3. A cycle advancing (CA) transition can be made from any state, and the state
matrix of the new state is obtained by left-shifting the current state
matrix by one position.

The automaton is laid down in the form of a transition table which is used by
the scheduler at the time of scheduling the instructions. The transition table is a
two dimensional matrix where the rows correspond to the distinct states of the
automaton while the columns correspond to the instructions classes.

A state diagram based approach for resource modelling has been proposed
for modulo scheduling (MS-SD) [5,6] using the cyclic collision matrix (CCM)
instead of CM. A CCM is similar to a CM except that these represent the self and
the cross-collision behaviour of instruction in a schedule window of length II .
In the construction of the MS-SD developed in [5,6] initiations corresponding
to all latencies from 0 to (II - 1) are examined from a given state. The new
state matrix corresponding to an initiation of class I instruction after k cycles is
obtained by left-rotating the current state matrix by k positions and bitwise
OR-ing CMI with it. The MS-SD construction does not require any explicit cycle
advancing instructions.

Consider a machine model comprising of 4 instruction classes viz., the Add,
Shift, Mult and the Divide class. The CCM for these instruction classes for
II = 4 are given in Figure 1. We use this as a motivating example to explain
the various automaton based techniques. The partial MS-SD for the motivating
example is shown in Figure 2(a). Contrast this with the traditional FSA approach
discussed above, for simple basic block scheduling, where only column 0 is
examined. Intuitively, it seems that extending the FSA approach to software
pipelining would result in reduced space requirement to store the automaton,
since only column 0 is examined and therefore the number of transitions would
be less when compared to the MS-SD.

Next, we extend the traditional FSA approach to software pipelining. We call
this alternative approach as MS-FSA (Modulo Scheduled-Finite State Automa-
ton). The construction of MS-FSA is very similar to the traditional FSA except
for the following fact:
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– MS-FSA makes use of cyclic collision matrices, CCM , for the construction
of the automaton while FSA approach uses the simple collision matrices.

– The pseudo operation ms-CA is used in MS-FSA to advance the machine
state by one cycle. This pseudo instruction ms-CA, causes the current state
matrix to be left-rotated (rather than left-shifted) once.

The partial MS-FSA for the motivating example is shown in Figure 2(b). Due to
lack of space, the reader is referred to [10] for details of an efficient implemen-
tation of the transition table for the MS-SD approach.

3 Group Automaton for Software Pipelining

In the case of FSA, the space required to store the transition table was found to
be a few kilobytes of memory [1,11]. However, in the case of MS-FSA, the size
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Fig. 1. Collision matrices for Add, Shift, Mult and Div classes for II = 4

of automaton is much larger and it increases drastically with the increase in II .
In this section, we extend the grouping technique developed in [11] to software
pipelining to reduce the size of the automaton while retaining its benefits. Before
we proceed, we briefly explain the idea behind grouping technique. It is observed
from the MS-FSA shown in Figure 2(b) that the states F1 and F2 are symmetric
in the sense that their state matrices are similar except for fact that the row 1 and
row 2 in F1 are interchanged in the state matrix of F2. Further, the successor
states of the symmetric states are also symmetric (in this case successor states
are the same). In the construction of group automaton, these symmetric states
are not generated. This symmetry of states in the automaton can be exploited by
grouping of instruction classes Add and Shift. It has been formally established
that if the criteria for grouping are satisfied by the collision matrices, then the
corresponding criteria for the CCMs are also satisfied. Refer to [10] for details
on these criteria.

Construction of group automaton for software pipelining, henceforth referred
to as, MS-GA (Modulo Scheduled Group Automaton), is very much similar to
the GA. The differences between GA and MS-GA constructions are same as that
between FSA and MS-FSA, namely (i) the use of CCMs instead of CMs and



Resource Usage Modelling for Software Pipelining 115

(ii) the left rotation in ms-CA transition. The partial group automaton for the
motivating example is shown in Figure 2(c).

Finally, we integrated the grouping technique with the MS-SD approach to
obtain the modulo-scheduled group state-diagram (MS-GSD). In this technique
we used the grouping criteria to group the instruction classes and used state-
diagram based construction procedure [5] to construct the state diagram for the
grouped classes.
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Fig. 2. Different Automatons/State Diagrams for the Motivating Example

4 Performance Comparison

In this section, we report the performance of the various automaton and state
diagram based approaches in terms of the space required to store the transition
tables for the motivating example discussed in Section 2. From Table 1, we
observe that MS-GA achieves significant reduction (factor of 2 to 3 for II values
between 6 to 10) in terms of both number of states and the space requirements
when compared to MS-FSA. This is due to the fact that large number of states
are produced in MS-FSA out of which many are suppressed in MS-GA1. There
is a significant reduction in the number of states in the MS-SD compared to

1 It is to be noted that for IIs > 12, the number of states in MS-FSA were quite large. Hence,
for the sake of comparision, we restricted the range of II to 12.
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MS-FSA. The reduction in the number of states is more than 50% in most of the
cases. However, for higher values of II , the space requirements of MS-SD is
more (around 22%) than that of MS-FSA. This is because of the fact that there
are more number of legal transitions from each state in MS-SD than in MS-
FSA. Compared to MS-SD and MS-FSA, the number of states and the space
requirements in MS-GSD is significantly low. The reduction in the number of
states is roughly by a factor of 7 for value of II in the range 10 to 12. The
reduction achieved in space is by a factor of 3. Though the space requirement for
MS-GSD is increasing with II , the requirement is not as high as in MS-FSA and
MS-SD. Thus, we conclude that the MS-GSD performs better than both MS-FSA
and MS-SD.

Table 1. Performance Comparison of Different Approaches

MS-SD MS-FSA MS-GA MS-GSD
Period No. of Space No. of Space No. of Space No. of Space

(II) States (in KB) States (in KB) States (in KB) States (in KB)
4 22 0.38 39 0.76 30 0.586 14 0.23
5 72 1.54 146 2.85 86 1.679 38 0.78
6 168 4.59 348 6.79 200 3.906 83 2.16
7 541 16.60 1170 22.85 617 12.051 235 6.98
8 1463 552.39 3175 62.01 1558 30.429 605 20.74
9 4180 169.23 9109 177.91 3904 76.251 1539 60.35
10 11331 514.38 24638 481.21 9637 188.223 3809 167.48
11 30987 15550.38 67057 1309.71 24069 470.098 9484 460.50
12 84992 4649.93 184104 3595.78 60300 1177.738 23739 1258.69

5 Offset Set Based Software Pipelining Techniques

In this section, we discuss the Offset set based techniques which can be used in
high performance schedulers which perform some form of backtracking [12] to
reverse the scheduling decisions made at an earlier point of time.The optimization
proposed here is for pipelines where instruction classes do not share resources.
An extension of this for such cases is left for future work. Hence we consider a
pipeline which supports a single function or an instruction class. A path S0

p1−→
S1

p2−→ S2 · · · pk−→ Sk in the MS-State diagram corresponds to a permissible or
legal latency sequence {p1, p2, · · · , pk}. The latency sequence represents k + 1
initiations that are made at time steps 0, p1, (p1 + p2), · · ·, (p1 + p2 + · · · + pk).
In modulo scheduling, these time steps correspond to the offset values 0, p1,
(p1 ⊕ p2), · · ·, (p1 ⊕ p2 ⊕ · · · ⊕ pk) in a repetitive kernel, where ⊕ refers to
addition modulo II [6]. A set comprising of these offset values is referred to as
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an Offset set. Lastly, in [6], a software pipelining method which uses the set of
offset sets as a resource usage model has been proposed. Further, as only distinct
offset sets need to be considered, redundant paths which result in duplicate offset
sets can be eliminated in the reduced MS-State Diagram method [6].

5.1 Conjugate Offset Set Method

Consider the collision vector for an instruction class I as shown below:

CMI =
[
1 0 1 0 1 1 0 1 0

]
;

Let the initiation interval II = 9. The offset sets for this instruction class are:
{0, 3, 6}, {0, 1}, and {0, 8}.Although the offset sets {0, 1} and {0, 8} are distinct,
one can be used to derive the other. Thus only one of the the two offset sets (known
as conjugate pairs) need to be stored. This idea is formalized below.

Definition 2. The conjugate Ωc of an offset set Ω = {o0, o1, o2, · · ·, ok} is defined
as, Ωc = {(II � o0), (II � o1), (II � o2), · · ·, (II � ok) }, where � represent
subtraction modulo II .

Lemma 1. If Ω = {o0, o1, o2, · · · , ok}. is the offset set corresponding to a path
P, then the conjugate of this offset set Ωc is also an offset set and there exists a
path corresponding to Ωc in the Reduced MS-State Diagram.

For proof of this lemma, refer to [10]. From this lemma we have established
that for every offset set Ω in the Reduced MS-State diagram, there also exists a
conjugate offset set Ωc. Hence, it suffices to store only one of them and infer the
other at the time of scheduling.

5.2 Performance of Conjugate Offset Set Method

In this section we compare the space requirements in terms of number of offset
sets, for our Conjugate offset set method and the Reduced MS-State Diagram.
We evaluated the two approaches for the function unit model shown in Table 2(a).
Table 2(b) shows the results for the two approaches. It can be seen from Table 2(b),
that the Conjugate Offset set Method eliminates almost 50% of the offset sets
for the range of II values. This is because of the fact that, for every offset set
there exists a conjugate offset set in the Reduced MS-State Diagram (refer to
Lemma 1). It is observed that, certain offset sets are conjugates of themselves.
Such offset sets are not eliminated in our approach. As a result of this, reduction
in the number of offset sets is slightly less than 50%. It is to be noted that
this efficiency in space is achieved at the expense of additional computational
requirements at time of scheduling.
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Resources Time Steps
0 1 2 3 4

r′
1 1 0 0 0 1

r′
2 0 1 0 0 0

r′
3 0 1 0 1 0

(a) Example FU

Period # Offset Sets %age
(II) Red. MS-SD COM Reduction
30 1224 616 49.7
31 1601 812 49.3
32 2208 1112 49.6
33 2809 1420 49.4
34 3689 1852 49.8
35 4930 2486 49.6
36 6396 3208 49.8
37 8651 4353 49.7
38 11495 5765 49.8
39 15182 7627 49.8
40 20367 10201 49.9
41 26642 13369 49.8

(b) Space Requirements

Table 2. Performance of Conjugate Offset Method

6 Conclusions

In this paper, we compare various automaton based resource modelling techni-
ques for software pipelining. We extended the grouping technique to software
pipelining and compared its performance, in terms of space required to store the
state transition table, with the existing approaches. We observe that:

1. MS-GA performs better than MS-FSA in terms of space requirements for all
the values of II .

2. The space requirements for MS-SD is lower than MS-FSA for small values of
II and for a particular implementation of the transition table. But for higher
values of II , MS-FSA performs better even though the number of states in
MS-FSA is higher than in MS-SD.

3. The MS-GSD model, the combined technique, performs significantly better
in terms of both space and the number of states when compared with MS-
FSA, MS-SD or MS-FSA.

4. Finally, our Conjugate Offset set method for the case of single function unit
reduces the space requirements for Reduced MS-SD by 50% by eliminating
conjugate offset sets. However, the space efficiency achieved in this method
is at the expense of additional computational requirements incurred at the
time of scheduling.
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Abstract. This paper presents a compiler algorithm for the distributed memory
machines that automatically finds an optimal partitioning for the arrays and
loops in a whole program at the presence of procedural calls. In this framework,
the whole program is formulated as interprocedural iterations and data graph
(IDG), and the interprocedural search space propagation and synthesis
technique is proposed to determine an optimal search space of the loops and
data partitioning. Based on the performance estimation model, the
interprocedural candidate selection algorithm using dynamic programming
technique is proposed to determine an optimal partitioning of the loops and data
in the program. These ideas are adopted into the design and implementation of a
parallelizing compiler targeted on the SIMD machines. We demonstrate the
efficiency of this framework with encouraging experimental results.

1 Introduction

Memory subsystem efficiency is critical to achieving high performance on parallel
machines. A key issue in programming these machines is selecting the loops and data
partitioning across the processors of the machines.

Our work focus on the data partitioning analysis for a SIMD machine with a large
global memory (GM) and a set of small local memory (LM), where each corresponds
to a processor element (PE). The objective of our framework is to determine the array
and loops partitioning in a whole program having multiple procedures, so that the
resultant performance gains contributed by these distributions is maximum.

Many researchers have addressed the problem of automatically selecting the
optimal data layout. Li, Chen [1] use the Component Affinity Graph (CAG) to
represent alignment preference, and use a heuristic algorithm to solve it. Kremer [2]
use the 0-1 integer programming to solve the data layout problem, which is
implemented in the D programming tools. However, these algorithms focus on
intraprocedural analysis. Recently, there are some works on the interprocedural
distribution analysis. Gupta and Krishnamurthy [3] propose the data distribution
selection algorithm for global arrays using interprocedural analysis and dynamic
programming techniques. However, they don’t consider the array reshaping
translation between the formal arrays and actual arrays.
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Our work complements the work of Anderson [4]. The work of Anderson does a
global analysis across procedures using affine transformations. However, it has the
following difference. It first tries to find a communication free partitioning for each
procedure in bottom up manner, and will lead to a less optimal solution in some case.
Our method is to use search space propagation and synthesis technique to produce an
optimal partitioning search space based on the detection of structure communication,
and use dynamic programming method under a cost model to find a communication
minimal partitioning for the entire program. The proposed strategy has been
incorporated in a paralleling C compiler to determine the distributed code generated
in the program.

The outline of the rest of the paper is as follows. Section 2 introduces the basic
concepts required to understand the framework. Section 3 provides an interprocedural
framework for determining the optimal partitioning for the data and loops
partitioning. Section 4 presents the results obtained by testing the proposal algorithm
on several classic DSP applications, and followed by the conclusions.

2 Preliminaries

This section introduces some basic concepts about the memory layout and loop
partitioning theory. The iteration space τ for a statement S of depth d in a non-

perfect loop nest consists of the values )( 1 dii ... of surrounding loop variables. An

array of dimension m defines an array space α , an m dimensional rectangle.
Similarly, the one dimensional processor element array in the SIMD machine defines
a processor space ρ .

In our discussion, the affine mapping of statement space τ onto ρ  is

φτ += iTiIMAP
��

)( , where i
�

is the iteration vector in the statement space τ ,
τT  is

an elementary basis vector andφ  is a constant. Similarly, the mapping of array space

α  onto ρ  is ϕα += )()( aTaDMAP
�� , where 

αT is an elementary basis vector and

ϕ  is a constant.

3 Interprocedural Framework of Data and Loops Partitioning

In this section, we present an interprocedural framework, which automatically
determine an optimal partitioning for the loops and arrays in a whole program with
multiple procedural calls. It can also be employed as part of a unified technique for
optimizing the communication and parallelism in distributed memory machines.

3.1 Graph Formulation

In our interprocedural framework, a program consisting a set of procedures is
represented using a directed graph Gc, called call multi graph (CMG), where
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>=< EVGc , . Each edge e: 
qp VV →  in E represents a call site in procedure P

where procedure Q is invoked. The edge e is associated with the binding relations
among the array parameters and global arrays.

For each procedure in the program, we propose another graph data structure called
iterations and data graph (IDG) to determine the resultant mapping functions for the
loops and data arrays accessed in the procedure. The IDG for a procedure P is a
weighted, undirected graph >=< EVVG p ,, ατ

, where a vertex in 
τV  represents a loop

nest in procedure P, and a vertex in αV represents an array in procedure P. Each

vertex in τV  and αV is associated with a set of mapping functions. The edges in E

connect the arrays and the loop nests where the arrays are accessed.

3.2 Mapping Functions Search Space Construction

In this section, we propose an iterative search technique to derive an optimal set of
mapping functions for the loops and arrays in the program based on the detection of
structured communication.

The conditions for detecting structured communication are in the following, and
they can be deduced from [5]. Given a statement S of depth d and an array with array

expression δ
��

+iG , let φτ +iT
�

, ϕα +aT
�

 be the mapping function of the iteration

space and array space separately. The broadcast communication occurs if the
following condition is satisfied:
















=
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TGT τ

, where the matrix 


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M

 is a 1�d matrix,

And the shift communication occurs if the following conditions are satisfied:

(1) GTT ′= ατ
,where 
















=′

00

00 1

......
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......

dk

k

g

g

G
,

τT  is the kth elementary basis vector.

(2) GTT ατ ≠ .

The following is the method in more detail. The mapping functions for the loops
and arrays in the IDG are initiated according to the number of the array dimensions
and the number of parallel loops in the loop nest. The parallelism we exploit can be
forall or pipelining parallelism. Then an iterative improvement is followed.

The intraprocedural search space construction phase process the vertex in the IDG
in the order of the weights. For each vertex, we first perform local search space
synthesis to reserve the mapping function in its search space so that the
communication between the vertex and its neighboring vertices are of structured
communication or the communication cost is the minimum value. Then the local
search space propagation follows, that is, for each neighboring vertex, we only
reserve the mapping functions in its search space so that the communication between
the vertices is of structured communication. This will continue until the search space
of all the vertices in the IDG don’t change.
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After the mapping functions of the formal array parameters and global arrays
accessed in a procedure are calculated in the intraprocedural phase, this information is
made available to each of the call sites in the CMG.

The IDG of a procedure in a program can be extended to an interprocedural IDG
>=< EVVVG pp ,,, ατ

, where the vertices 
pV represent the array parameters and global

arrays. And the edges between the formals and the actuals are added into the set E to
map the access matrix and mapping functions of the formals to actuals for array
reshaping, and vice versa. The array reshaping we handle is one or more complete
dimensions of an array are passed as a parameter. Similarly, the edges between the
global arrays accessed in the caller and callee procedures are added into E.

The interprocedural search space construction phase processes each procedure
vertex in the CMG in the order of the weights. For each vertex procedure in the CMG,
we construct the corresponding interprocedural IDG, and perform global search space
synthesis. The global synthesis is to update the mapping functions of all the vertices
using the iterative method of intraprocedural phase according to the change of search
space of array parameters and global array in the callee procedures and caller
procedures. Then the global search space propagation follows. It propagates the
change of the search space of the array parameters and the global arrays to the caller
and callee procedures. That is, for each neighboring procedure in the CMG, the
mapping functions search space for all the vertices are updated using the iterative
method of intraprocedural phase. The algorithm terminates after the mapping
functions of the vertices in each interprocedural IDG won’t change.

3.3 Mapping Functions Candidate Selection

After the search space construction phase is finished, the number of the mapping
function candidates in the search space may be more than one. In order to determine
an optimal mapping function from the set of candidates, it is necessary to evaluate
each candidate by providing a relative measure of the benefits ensuing from using the
corresponding mapping functions. These merit values are used to select the final
mapping functions across the procedures. For instance, given an interprocedural IDG
for procedure main, the mapping functions selection problem is cast as selecting an
optimal mapping function for each loop nest and array such that the objective function

∑
=

n

i
iT

1

 is minimized, where n is the number of loop nests in procedure main.

Our strategy to solve the interprocedural mapping functions selection problem is to
solve the mapping selection problem for each procedure and propagate the effects to
all of the its call sites along valid execution path. The solution to the global problem is
finally obtained by combining the solutions of each local problem.

The interprocedural candidate selection phase involves a bottom up traversal of the
procedures in the CMG. For each procedure in the program, we first generate all the
combinations of the mapping functions for the array formal parameters and global
arrays. For each combination, we perform the iterative method on the IDG to select an
optimal mapping function for each vertex, and calculate the corresponding
performance merits. This information is made available to the call sites by the depth
first traversal of the CMG. The summary information from the callee procedure is
used at the related call sites to perform the intraprocedural candidate selection for the
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caller procedure. The algorithm terminates after the mapping functions selection
determines the mapping functions for the loops and arrays for the procedure main in
the program. At the time of code generation, the mapping functions of the arrays and
loop nests can be obtained by starting with the candidate mapping functions that has
the minimum execution time at the start node of main procedure. After each
procedure in the CMG is processed in top down order, we get the final mapping
function for the arrays and loop nests for each procedure in the program.

4 Experimental Results and Conclusions

We have implemented a parallelizing C compiler VCC for the SIMD machine. The
proposal algorithm has been integrated in the part of the compiler to understand the
extent to which our algorithm impacts the performance of the DSP applications
running on the simulator (16 PEs). We select the five DSP benchmarks: MM(Matrix
Multiply), Fir Filter, EC(Echo Cancellation), VD(Veterbi Decoder) and RR(Rake
Receiver) and give some experimental results to show the effectiveness of the
algorithm using.

MM FIR EC Viterbi Rake
Serial Version 334962 137443 1399862 2351313 1071962
Global Analysis 5125 3465 35004 42756 23257
Hand Code 4576 2407 24016 42188 18266

Table 1.  Running time in cycles for different application using different compiling methods

In summary, the approach can determine an optimal arrays and loops partitioning
in a whole program with multiple procedural calls. This framework has been
implemented in a parallelizing C compiler targeted on the SIMD machine. The
working of this algorithm has been demonstrated for some DSP applications.
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Abstract. We study in this paper the optimal tiling and processors allo-
cation for loops of depth three defined in parallelepiped shaped iteration
space. The particularity of the considered class is that the associated
dependencies allow orthogonal tiling. We compare ring vs. grid architec-
ture and provide exhaustive numerical experiments on distributed mem-
ory machine (Intel Paragon). We also apply the obtained results to solve
huge instances of the Bidimensional Knapsack Problem (BKP), which is
characterized by 2D non-uniform recurrences.

1 Introduction

Tiling the iteration space is a common method for improving the performance
of parallel loops programs executed on distributed memory machines (DMM)
(see [1, 2]). A tile is a collection of iterations to be executed as a single unit.
Processors communication and synchronization occur only once per tile. Optimal
tiling consists in determining the optimal parameters of the tile (shape and size)
which minimize the execution time. The problem has been largely studied [2,
3, 5] in the case of 2D-iteration space and also, but weaker, in the case of 3D-
iteration space. The main purpose of this paper is to reconsider the existing in
the literature models [4, 5], to provide convincing experimental answers for some
arguable theoretical points and above all, to give the programmer some useful
hints in order to provide an efficient parallel code. The problem that we address
can be formulated as follows: computing for all j = [j1, j2, j3]

T ∈ Dom ⊂ Z3+
a function, Y [j], given by: Y [j] = f(Y [j − d1], Y [j − d2], . . . , Y [j − dh]) with
appropriate boundary conditions in a domain Dom = {j : 0 < j1 ≤ m1, 0 < j2 ≤
m2, 0 < j3 ≤ m3}, also called iteration space. f is a function computed at point
j in a single unit time, and Y [j] is its value at this point. The iteration space is a
parallelepiped and the dependencies vectors di have non-negative components.
In this case orthogonal tiling is possible, (i.e. tiles whose boundaries are parallel
to the domain boundary are valid). The remainder of this paper is organized as
follows: at first we summarize the main outlines of our model to determining
the optimal tile size in 3D space. Then we review this model in order to study
different processors mappings. Finally, we extend our study in a particular case
of dynamic dependencies and apply our technique for solving the BKP problem.

P. Banerjee, V.K. Prasanna, and B.P. Sinha (Eds.): HiPC’99, LNCS 1745, pp. 125−129, 1999.
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2 Tiling 3-dimensional iteration space

This section describes tiling techniques for 3D iteration space. More details about
the theoretical basis of this section can be found in [7]. The iteration space is
partioned into orthogonal tiles (rectangular parallelepipeds) of size x1×x2×x3,

where x1, x2, x3 are considered as free variables. The tile graph of
⌈
m1

x1

⌉
×
⌈
m2

x2

⌉
×⌈

m3

x3

⌉
nodes is mapped over a grid of P = p1 × p2 processors by performing

multiple passes if necessary. The total running time is expressed as a function
of the tile size whose optimal value is obtained by minimizing this function.

2.1 Execution time formulae

Our model introduces the notions of period Pt and the latency L, which are
defined respectively as the time elapsed between corresponding instructions of
two successive tiles mapped to the same processor (resp. adjacent processors)
(see [5, 7]). The tile graph dependencies are given by the identity matrix I .

Mapping tile graph onto a grid of processors : We distribute the tiles on
p1×p2 processors arranged in a grid. We choose the axis j3 (parallel to edge m3)
as direction of projection; a tile (i, j, k) is distributed on Pimodp1,jmodp2 (because
multiple passes are allowed). We use Li to denote the latency in the i-th axis.
Along the axis of the projection, we have L3 = Pt. The total execution time is
given by the following formula (see [7]):

T (x) =
Pt(x)

P

3∏
i=1

mi

xi
+ (p1 − 1)L1(x) + (p2 − 1)L2(x) (1)

where x ∈ X = {x ∈ R3 : 1 ≤ xi ≤ mi
pi

, i = 1, 2 ; 1 ≤ x3 ≤ m3} and xi are integer.

Mapping tile graph onto a ring of processors : Because we consider the
class of orthogonal dependencies it is possible to map the tile graph on a ring
of processors, by performing two projections along two different dimensions.
Consider the axes which are parallel to the edges m2 and m3; the tile (i, j, k) is
mapped on processor PimodP . The parameters which give the optimal tile size are
the values of x1 and x2x3. Hence, a tile can be viewed as a rectangle whose size
is x1× (x2x3) ( we set x3 = 1 and leave x2 as free variable). To find the optimal
tile size, we simply apply the results from the 2D-case [5, 6]. The execution time
in this case is given by :

T (x1, x2) =
m1

x1

m2m3

x2

1

P
Pt + (P − 1)L1 (2)

2.2 Execution time on DMM

For the grid version, each processor Pi,j executes the loop : receive two mes-
sages from the processors Pi−1,j and Pi,j−1, compute a tile and send result to
processors Pi,j+1 and Pi+1,j . On the ring the code is similar, except the com-
munications which are simply pipelined. In the DMM communication model [8],
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the time to transmit message of l words between two processors is β+ lτt, where
the β is the startup latency and τt is the transmission rate. Let τa the time to
compute function f at any point. The period and latency can be instancieted as
follows :
Pt

grid(x) = 4β + x1x2x3τa Pt
ring(x) = 2β + x1x2τa

Li
grid(x) = Pt

grid(x) + x1x2x3

xi
τt − 2β L1ring(x) = Pt

ring(x) + x2τt − β
2β and β are subtracted in the latency functions because we consider that the
sender and the receiver are properly synchronized, the calls are overlapped. Sub-
stituting and simplifying in (1) and (2), we obtain :

T (x)
grid

=
m1m2m3

x1x2x3

(
4β

P
+

τax1x2x3

P

)
+

2∑
k=1

(pk − 1)

(
2β + τt

x1x2x3

xk
+ τax1x2x3

)
(3)

T (x)ring =
m1

x1

m2m3

x2P
(2β + x1x2τa) + (P − 1)(β + x1x2τa + x2τt) (4)

The tile size problem consists in minimizing the functions (3) and (4) in the
associated domain. For the grid we have [7].

(x∗
1 , x

∗
2, x

∗
3)

grid =

{
(
m1
p1

,
m2
p2

, x∗
3) if λ1 > 0 ( non cyclic solution)

(x∗
1, x

∗
2 , 1) otherwise (cyclic solution )

(5)

where λ1 = 4βm3p1p2− [τam1m2(p1+p2−2)+τt(m2p1(p1−1)+m1p2(p2−1))].
Let v be the tile volume. The optimal values x∗3, x

∗
1, x

∗
2 and v∗ are given by :

x
∗
3 =

√
4βm3p1p2

τam1m2(p1 + p2 − 2) + τt(m2p1p̃1 +m1p2p̃2)
(6)

x∗
1 =

√
p1 − 1

p2 − 1
v∗, x∗

2 =

√
p2 − 1

p1 − 1
v∗ v∗ =

√
4βm1m2m3

τap1p2(p1 + p2 − 2)
(7)

Let us set λ2 = 2Pm2m3β − (P − 1)m1τa. For the ring we have [5, 6]:

(x∗
2, x

∗
1)

ring =




[√
2Pm2m3β

(P−1)m1τa
,
m1
P

]
if λ2 > 0 (non cyclic solution)[

1,

√
2m1m2m3β

(P−1)Pτa

]
otherwise( cyclic solution)

(8)

3 Cyclic vs. non cyclic solution

The above results show that when λi(i = 1, 2) are not positive the optimal
behavior is given by the block cyclic distribution. For the ring, λ2 can be negative
in the particular case when m1 is very large comparing to the value m2 × m3.
The results obtained in case of a grid are summarized in table (1). To confirm the
theoretical results, we have carried out exhaustive computational experiments on
Intel Paragon for which we have τa = 1µsec;β = 37µsec; τt = 0.01µsec. We have
chosen different instances of m1,m2 and m3 in order to obtain various forms of
iteration space and to generate in this way the both cases (λ1 ≥ 0 and λ1 < 0).
The column 4 shows the theoretical optimal execution time obtained by the non-
cyclic solution. We compute x∗3 according to the formula (6). If (x∗3 ≥ 1), this
solution is kept; otherwise x∗3 is fixed to one (col 5). In fact, this column gives the
best time that can be obtain by one pass. The column 8 shows the theoretical
optimal execution time obtained by the cyclic solution (to be considered only in
the case λ1 < 0). The column 9 gives the required number of passes. We note
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that the predicated and the measured total execution time are very close to each
other. We observe that for the instances I1 and I2 the best time is given by the
non-cyclic solution. In all other cases, the cyclic solution is more efficient (note
how significant is the gain in the case of I3 and I4). By analyzing the sign of λ1,
we note that even in case of a cube (m1 = m2 = m3), the optimal behavior is
given by the block cyclic distribution. Thus, it is worth having the code for the
block cyclic distribution but let us also note that this code is more complicated:
the data communicated by the last processor in each pass have to be buffered.

1 2 3 4 5 6 7 8 9 1 0
Non−Cyclic Cyclic

Theoretical Exp Theoretical Exp

Inst λ1 x∗
3 T (

m1
p1

,
m2
p2

, x∗
3) T (

m1
p1

,
m2
p2

, 1) x∗
1 T (x∗

1 ,
m2
p2

, 1) NbPasses

I1 1437.95 14.15 640.044 / 647.123 516 1073.53 / /
I2 1150.98 17.96 256.60 / 267.68 410 259.534 / /

I3 -10199.7 0.05 640.03/ 1083.76 / 516.02 656.01 24 664.23

I4 -244.23 0.02 31.15/ 41.31 / 241.53 31.16 31 32.17

I5 -609.13 0.03 384.64/ 409.313 / 554.15 384.46 49 389.75

Table 1. [p1 = 5,p2 = 4] [I1:m1 = m3 = 5× 104,m2 = 10][I2:m1 = m2 = 5× 104,m3 = 4× 104]

[I3:m1 = m2 = 5 × 104,m3 = 10] [I4:m1 = 3 × 104,m2 = 2 × 103,m3] [I5:m1 = 5 × 104,m2 =

3× 103,m3 = 100]

4 Grid vs. Ring
In the previous section, we have shown that the same tile graph can be mapped
on grid or ring of processors. The interesting question is what is the best ar-
chitecture? This is a hard problem in the general case and some theoretical
results have been recently given in [9]. Experimentally, we did not observe sig-
nificant difference between the two architectures on the Intel Paragon (only 50
processors were available). However, the ring version is more interesting for some
non-uniform dependencies. We applied for example dynamic programming ap-
proach for solving huge instances of the bidimensional knapsack problem [10]
(BKP). This reduces to compute the following recurrence

f(i, j, k) =
{
max(f(i− 1, j, k), pi + f(i− 1, j − wi, k − ui)) (9)

in the iteration domain D = {(i, j, k) : 0 ≤ i ≤ m ; 0 ≤ j ≤ c1 ; 0 ≤ k ≤ c2}.
The peculiarity of these dependencies is that the values wi and ui vary in large
interval with any index i and any instance of the problem. For these reasons,
it is not possible to guaranty local memory access and constant communication
volume on a grid of processors. This can be done only on a ring when the
mapping follows the axes of the non uniform dependencies (j and k). Applying
the tiling technique we solved huge instances of BKP. For the lack of space we
provide bellow the experimental result for only one instance Fig. 3 (a). It comes
from the literature [10] and have real life application. Figure 3 (b) illustrates the
obtained linear speedup for another instance.

5 Conclusion

This paper describes some applications of the tiling techniques in the case of 3D
iteration space. We consider two aspects of this problem. First we compare the
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cyclic vs. non-cyclic block distribution of the iteration space. We confirm recent
theoretical results and experimentally illustrate the importance of the cyclic
solution, which is often ignored in related works. We also study the performance
of grid vs. ring architectures. We observe that the both architectures provide the
similar performance on Intel Paragon. As application of the ring architectures
we solve bidimensional knapsack problem. To the best of our knowledge, the
parallelisation of this problem has been not addressed before in the literature.
The obtained experimental results confirm the effectiveness of our approach.
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Abstract. In this work we put into evidence how the memory performance of a Web-
Server machine may depend on the sharing induced by process migration. We considered
a shared-bus shared-memory multiprocessor as the simplest multiprocessor architecture to
be used for accelerating Web-based and commercial applications. It is well known that, in
this kind of system, the bus is the critical element that may limit the scalability of the
machine. Nevertheless, many factors that influence bus utilization, when process
migration is permitted, have not been thoroughly investigated yet. We analyze a basic
four-processor and a high-performance sixteen-processor machine. We show that, even in
the four-processor case, the overhead induced by the sharing of private data as a
consequence of process migration, namely passive sharing, cannot be neglected. Then, we
consider the sixteen-processor case, where the effects on performance are more massive.
The results show that even though the performance may take advantage of larger caches
or from cache affinity scheduling, there is still a great amount of passive sharing, besides
false sharing and active sharing. In order to limit false sharing overhead, we can adopt an
accurate design of kernel data structures. Passive sharing can be reduced, or even
eliminated, by using appropriate coherence protocols. The evaluation of two of such
protocols (AMSD and PSCR) shows that we can achieve better processor utilization
compared to the MESI case.

1 Introduction

Multiprocessor systems are becoming more and more widespread due to both the
cheaper cost of necessary components and the advances of technology. In their
simplest implementation, multiprocessors are built by using commodity processors,
shared memory, and shared bus, in order to achieve high performance at minimum
cost [10]. Their relatively high diffusion made it common to find these machines
running not only traditional scientific applications, but also commercial ones, as is the
case for Web-Server systems [2],[3].

The design of such systems is object of an increasing interest. Nevertheless, we are
not aware of papers that thoroughly investigate some factors that can heavily
influence their performance, e.g. the effect of process migration, and the consequent
passive-sharing [16]. If those aspects were considered correctly, different architectural
choices would be dictated to tune the performance of Web-Server multiprocessors.

Web-Server performance is influenced by network features, I/O subsystem
performance (to access database information or HTML pages) and by hardware and
software architecture both from client and server side. In the following, we shall
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consider a server based on shared-bus shared-memory multiprocessor, and in
particular, we shall focus on the core architecture related problems, and the effects of
process migration.

The design issues of a multiprocessor system are scalability and speedup. These
goals can be achieved by using cache memories, in order to hide the memory latency,
and reduce the bus traffic (the main causes that limit speed up and scalability).
Multiple cache memories introduce the coherence problem and the need of a certain
number of bus transactions (known as coherence overhead) that add to the basic bus
traffic of cache-based uniprocessors. Thus, a design issue is also the minimization of
such coherence overhead. The industry-standard MESI protocol may not be enough
effective to minimize that overhead, in the case of Web-Servers.

The scheduling algorithm plays an essential role in operating systems for
multiprocessors because it has to obtain the load balancing among processors. The
consequent process migration generates passive sharing: private data blocks of a
process can become resident in multiple caches and generate useless coherence-
related overhead, which in turn may limit system performance [16].

In this paper, we shall analyze the memory hierarchy behavior and the bus
coherence overhead of a multiprocessor Web-Server. The simulation methodology
relies on trace-driven technique, by means of Trace Factory environment [8], [15].

The analysis starts from a reference case, and explores different architectural
choices for cache and number of processors. The scheduling algorithm has also been
varied, considering both a random and a cache affinity policy [18]. The results we
obtained show that, in these systems, large caches and cache affinity improve the
performance. Anyway, due to both false sharing and passive sharing, MESI does not
allow achieving the best performance for Web-Server applications. Whilst a re-design
of operating system kernel structures is suggested to reduce false sharing, passive
sharing can be eliminated by using new coherence protocol schemes. We evaluated
two different solutions for the coherence protocol (AMSD [19], [4] and PSCR [9]).
The results show a sensible performance increase, especially for high performance
architectures.

2 Coherence Overhead

In a shared-bus, shared-memory multiprocessors, speed-up and scalability are the
design issues. It is well known that the shared bus is the performance bottleneck, in
this kind of systems. To overcome the bus limitations, and achieving the design goals,
we need to carefully design the memory subsystem. These systems usually include
large cache memories that contribute in both hiding memory latency, and reducing the
bus traffic [10], but they generate the need for a coherence protocol [14], [22], [23].
The protocol activity involves a certain number of bus transactions, which adds to the
basic bus traffic of cache-based uniprocessors, thus limiting the system scalability.

In our evaluations, we have considered the MESI protocol. MESI is a Write-
Invalidate protocol [21], and it is used in most of the actual high-performance
microprocessors, like the AMD K5 and K6, the PowerPC series, the SUN UltraSparc
II, the SGI R10000, the Intel Pentium, Pentium Pro, Pentium II and Merced. The
remote invalidation used by MESI (write-for-invalidate) to obtain coherency has as a
drawback the need to reload the copy, if it is used again by the remote processor, thus
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generating a miss (Invalidation Miss). Therefore, MESI coherence overhead (that is
the transactions needed to enforce coherence) is due to Invalidation Misses and write-
for-invalidate transactions.

We wish to relate that overhead with the kinds of data sharing that can be observed
in the system, in order to detect the causes for the coherence overhead, and thus
finding out the appropriate hardware/software solutions. Three different types of data
sharing can be observed: i) active sharing, which occurs when the same cached data
item is referenced by processes running on different processors; ii) false sharing [25],
which occurs when several processors reference different data items belonging to the
same memory block; iii) passive [23], [16] or process-migration [1] sharing, which
occurs when a memory block, though belonging to a private area of a process, is
replicated in more than one cache as a consequence of the migration of the owner
process. Whilst active sharing is unavoidable, the other two forms of sharing are
useless. The relevant overhead they produce can be minimized [24], [19], [13], and
possibly avoided [9].

3 Workload Description

The Web-Server activity is reproduced by means of the Apache daemon [17], which
handles HTTP requests, an SQL server, namely PostgreSQL [29], which handles
TPC-D [26] queries, and several Unix utilities, which interface the various programs.

Table 1. Statistics of source traces for some UNIX utilities (64-byte block size and 5,000,000 references
per application)

APPLICATION Distinct blocks Code (%) Data Read Data Write
AWK (BEG) 4963 76.76 14.76 8.47
AWK (MID) 3832 76.59 14.48 8.93

CP 2615 77.53 13.87 8.60
GZIP 3518 82.84 14.88 2.28
RM 1314 86.39 11.51 2.10

LS -AR 2911 80.62 13.84 5.54
LS -LTR (BEG) 2798 78.77 14.58 6.64
LS -LTR (MID) 2436 78.42 14.07 7.51

Web-Server software relies on server-client paradigm. The client usually requests
HTML files or Java Applets by means of a Web browser. The requested file is
provided and sent back to the client side. We used the Apache daemon [5]. We
configured the daemon, so that it can spawn a minimum of 2 idle processes and a
maximum of 10 idle processes. A child processes up to 100 requests before dying.

Besides this file transferring activity, Web-Servers might need to browse their
internal database [3]. The workload thus includes a search engine, namely
PostgreSQL DBMS [29]. We instructed our Web-Server to generate some queries,
upon incoming calls, as specified by the TPC-D benchmark for Decision Support
Systems (DSS). PostgreSQL consists of a front-end process that accepts SQL queries,
and a backend that forks processes, which manage the queries. A description of
PostgreSQL memory and synchronization management can be found in [27]. TPC-D
simulates an application for a wholesale supplier that manages, sells, and distributes a
product worldwide. It includes 17 read-only queries, and 2 update queries. Most of
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the queries involves a high number of records, and perform different operations on
database tables.

For completing our Web-Server workload, we considered some glue-processes that
can be generated by shell scripts (ls, awk, cp, gzip, and rm). In a typical
situation, various requests may be running, thus requiring the support of different
system commands and ordinary applications.

Table 2. Statistics of multiprocess application source traces (Apache and TPC-D) and our target trace
(SWEB), in case of 64-byte block size and 5,000,000 references per process.

Data (%) Shared data (%)Workload Number of
processes

Distinct
Blocks

Code
(%) Read Write

Shared
blocks Accesses Write

APACHE 13 95343 75.14 18.24 6.61 666 1.52 0.49
TPC-D 5 8821 71.94 18.17 9.88 2573 2.7 0.79
SWEB 26 239848 75.49 17.12 7.39 3982 1.68 0.54

4 Performance Analysis

4.1 Methodology

The methodology used in our analysis is based on trace-driven simulation [20], [15],
[28], and on the simulation of the three kernel activities that most affect performance:
system calls, process scheduling, and virtual-to-physical address translation [7]. In
the first phase, we produce a source trace (a sequence of user memory references,
system-call positions, and synchronization events in case of multithreaded programs)
for each application belonging to the workload, by means of a tracing tool. In the
second phase, Trace Factory simulates the execution of complex workloads by
combining multiple source traces, generating the references of system calls, and by
simulating process scheduling and virtual-to-physical translation. Trace Factory
furnishes the references (target trace) to a memory-hierarchy simulator [15], by using
an on-demand policy. Indeed, Trace Factory produces a new reference whenever the
simulator requests one, so that the timing behavior imposed by the memory subsystem
conditions the reference production [8].

To detect sharing patterns, and evaluate the source of overhead, we have extended
an existing classification algorithm [11] to the case of passive sharing, and the case of
finite-size caches.

The Web-Server workload is constituted by 26 processes, 13 of which are spawned
by the Apache daemon, 5 by PostgreSQL (corresponding to the first 5 queries of the
TPC-D benchmark), and 8 processes are Unix utilities. Table 1 (for the uniprocess
applications) and 2 (for the multiprocess ones) contain some statistics of the source
traces that we used to generate the workload. To take into account that some requests
may be using the same program at different times, we traced some commands in
shifted execution sections: initial (beg) and middle (mid). Table 2 contains also the
statistics of the target workload that we used in our evaluation (SWEB). Data are
related to 100 requests to the Web-Server, that produce 130 millions of references.
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4.2 Simulation Results

As base case-study, a machine with 128-bit shared bus is considered. As for the
number of processors, two configurations have been studied: a basic machine with 4
processors and a high-performance machine with 16 processors. For the scheduling
policy, two solutions have been considered: random and cache-affinity; scheduler
time slice is 200,000 references. Cache size has been varied between 32K and 2M.
The simulated processors are MIPS-R10000-like; paging relays on 4-KByte-page
size; the bus logic supports transaction splitting, and processor-consistency memory
model [6]. The base case study timings for the simulator are summarized in Table 3.

Table 3. Numerical values of timing parameters for the multiprocessor simulator (times are in
clock cycles) in the case of 64-byte block size.

CLASS PARAMETER TIMINGS

CPU READ/WRITE CYCLE 2
BUS WRITE FOR INVALIDATE TRANSACTION 5

MEMORY-TO-CACHE READ-BLOCK TRANSACTION 72
CACHE-TO-CACHE READ-BLOCK TRANSACTION 16

UPDATE-BLOCK TRANSACTION 10

This paper is mainly concerned in evaluating the effects of process migration on
the performance. The performance is affected by the cache misses (which essentially
contribute to determine the mean memory access time) and the bus-traffic (which
affects the miss cost). In the case of MESI protocol, bus traffic is due to the following
transactions: read-block transactions (essentially due to the misses), write-for-
invalidate transactions and update transactions. Update transactions are only a
neglectable part of the bus-traffic and they do not influence greatly our analysis. The
rest of the traffic is due to classical misses (sum of cold and replacement misses) and
coherence traffic, constituted of Invalidation Misses and write-for-invalidate
transactions.

Process migration affects the miss rate, since a migrating process has to regenerate
its working set on a new processor, while it is destroying the one of the other
processes. Moreover, process migration affects the coherence traffic, since it
generates passive sharing: private data blocks of a process can become resident in
multiple cache and generate useless coherence-related overhead [16]. Thus, our
evaluation includes the analysis of both the miss rate and the coherence traffic.

We first analyze the miss rate (Figure 1) when cache size and number of ways are
varied in the case of four processors. As expected, invalidation miss (i.e. true and
false sharing miss, both due to kernel and user) increases with larger cache sizes.
Nevertheless, the total miss rate decreases significantly as the cache size is increased
up to 2M bytes, and in the case of more ways. For cache sizes above 512K bytes the
difference between 2 and 4 ways becomes neglectable. In Figure 2, we detail the
invalidation misses of Figure 1. Invalidation misses are basically due to the kernel,
and in that case, false sharing is the main source of this overhead.
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Fig. 1. Miss rate versus cache size (32K bytes, 64K
bytes, 128K bytes, 256K bytes, 512K bytes, 1M bytes, 2M
bytes), and number of ways (1, 2, 4). In this experiment,
we had a 4-processors configuration, and random
scheduling policy. "Other Miss" includes cold miss,
capacity miss and replacement miss. Miss rate decreases
while invalidation miss (i.e. the sum of false sharing miss
and true sharing miss) increases with large cache size and
more associativity.

Fig. 2. Detail of the invalidation miss versus cache size
(32K bytes, 64K bytes, 128K bytes, 256K bytes, 512K
bytes, 1M bytes, 2M bytes), and number of ways (1, 2, 4),
for a 4-processor configuration with a random scheduling
policy. Invalidation misses are basically due to the kernel
and false sharing is the main source of overhead.

False sharing occurs when data are used in exclusive way by different processes,
and those data become physically shared. This happens when data are improperly
aligned, i.e. when different data objects are placed into the same block. False sharing
can be eliminated either by using special coherence protocols [24], or properly
allocating the involved shared data structures [12]. This latter solution seems more
suitable for our case study, since the detected false sharing is mainly due to kernel,
which is a completely known part of the system at design time. Invalidation miss rate
is significant for large cache sizes, whilst is neglectable for small cache sizes.
Therefore, for cache sizes above 256K bytes, our results indicate that the kernel of
Web-Server should be designed according to the above techniques, in order to avoid
false sharing effects.
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Fig. 3. Breakdown of miss rate versus cache sizes (256K
bytes, 512K bytes, 1M bytes), number of ways (1, 2, 4),
and scheduling policy (random, affinity), for a 4-processor
configuration. Invalidation misses, and in particular, false
sharing misses, increase in the 16-processor configuration.

Fig. 4. Breakdown of miss rate versus cache sizes (256K
bytes, 512K bytes, 1M bytes), number of ways (1, 2, 4), and
scheduling policy (random, affinity), for the 16-processor
configuration.
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To highlight the effects of process migration on miss rate we varied the scheduling
policy (random and cache affinity). Figures 3 and 4 investigate the effects in the case
of 4 processor and 16 processors, respectively. Cache affinity mainly causes a
reduction of the "other misses". In the 4-processor case the benefit is higher than in
the 16-processor case, due to a larger number of processes compared to the number of
processors. Indeed, in this condition, there is a larger number of ready-to-execute
processes, so that we have a high probability that a process can execute its time-slice
on the last-assigned processor. Thus, cache affinity seems to be not so effective for
high-end machines. Comparing Figures 3 and 4, we also notice that in the case of 16
processors the miss rate is higher, as we expected, due to the presence of more copies
of the same block. This is caused by the larger number of processors (and caches).
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Fig. 5. Number of coherence transactions of MESI versus
cache size (32K bytes, 64K bytes, 128K bytes, 256K bytes,
512K bytes, 1M bytes, 2M bytes) and number of ways (1,
2, 4), for 4-processor configuration and a random
scheduling policy. The decrease of passive sharing
transactions with the associativity is due to the reduction of
passively shared copies produced by the write-for-
invalidate transactions. That effect is more evident for
small cache sizes.

Fig. 6. Number of coherence transactions (write-for-
invalidate transactions) versus cache size (256K bytes,
512K bytes, 1M bytes), number of processors (4, 16), and
number of ways (1, 2, 4), for a random scheduling policy.
There is an increase in each component of this overhead in
the high-end (16 processor) configuration.

As observed above, cache misses produce a relevant traffic of read-block
transactions on the bus. Thus, the graphs in Figures 1, 3, 4, can be read as the number
of read-block transactions per 100 memory references. The most significant part of
the rest of transactions is due to coherence transactions (e.g. write-for-invalidate
transactions, in the case of MESI). Figure 5 and 6 show such coherence transactions
when cache size, ways, and number of processors is varied. In order to allow the
comparison between read-block and write-for-invalidate traffic, we used the same
metric for the two quantities: number of bus transactions generated by 100
references.

As for the overhead produced by shared data accesses, the behavior seen in the
previous figures is confirmed: kernel related overhead is more consistent than user-
related overhead and false sharing dominates it. However, user accesses also exhibit a
noticeable amount of passive sharing, produced by private data as a consequence of
process migration. Passive sharing overhead decreases with larger cache sizes and
with a higher number of ways. This non-intuitive result is more evident in the case of
small caches, and is a consequence of two competing factors. On one hand, there is an
increase of passive shared copies due to their longer lifetime. This is produced by the
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increase of cache size, or set-associativity. On the other, MESI invalidates remote
copies on every write-miss, thus reducing the passively shared copies.

Passive sharing increases when switching from the 4- to the 16-processor
configuration (Figure 6). As it happens for false sharing, also passive sharing is a
"useless" sharing, since it is consequence of migration and it is not caused by accesses
to active shared data.

We considered three different techniques that could reduce passive sharing: two are
based on coherence protocol (PSCR [9], and AMSD [19], [4]), and one is based on an
affinity scheduling algorithm [18]. AMSD is our acronym, which stands for Adaptive
Migratory Sharing Detection. Migratory sharing is characterized by the exclusive use
of data for a long time interval. Typically, the control over these data migrates from
one process to another. The protocol identifies migratory-shared data dynamically in
order to reduce the cost of moving them. The implementation relies on an extension
of a common MESI protocol. Coherence traffic is again due to write-for-invalidate
transactions and invalidation transactions.
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Fig. 7. Number of coherence transactions of versus cache
size (256K bytes, 512K bytes, 1M bytes), scheduling
algorithm (random, affinity), coherence protocol (MESI,
PSCR, AMSD). Data assume 4 processors and a two-way
set associative cache. Both AMSD and PSCR are effective
in reducing or eliminating passive sharing overhead.

Fig. 8. Number of coherence transactions versus cache
size (256K bytes, 512K bytes, 1M bytes), scheduling
algorithm (random, affinity), and coherence protocol
(AMSD, PSCR, MESI). Data assume 16 processors and a
two-way set associative cache. The affinity scheduling
produces only a slightly reduction of passive sharing.

PSCR (Passive Shared Copy Removal) adopts a selective invalidation for the
private data, and uses the write-update scheme for the actively shared data. A cached
copy belonging to a process private area is invalidated locally as soon as another
processor fetches the same block.

In the case of four processors (Figure 7), the adoption of AMSD causes a reduction
of passive, true, and false sharing transactions compared to the MESI case. PSCR
eliminates the transactions due to passive sharing, but causes a higher number of them
in the other kinds of sharing, due to the broadcast nature of the protocol. Cache
affinity technique also reduces passive sharing transactions, so it does not improve
PSCR performance. In the case of 16 processors (Figure 8), we have the same effects
for the number of transactions, except in the case of affinity. Indeed, since the number
of processors is getting closer to the number of processes, the affinity scheduling is
not always applicable. The scheduler is forced to allocate a ready process on a
different available processor.
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Figure 9 also considers the cost of transactions combining the effects on
performance in a single figure, the Global System Power (i.e. the sum of processor
utilization [9]). Again, we varied the cache size, the protocol, the scheduling policy,
and the number of processors. In the case of four processors, all the three techniques
do not produce a sensible effect on performance. The situation is very different in the
case of sixteen processors. In that case PSCR and AMSD allow much better
performance than MESI. As shown in Figure 10 (and 8) this is due to a reduction of
the miss rate for PSCR and to a reduction of coherence transactions for AMSD.
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Fig. 9. Global System Power versus cache size (256K
bytes, 512K bytes, 1M bytes), coherence protocol (AMSD,
PSCR, MESI), and number of processors (4, 16) for two
scheduling policy (random, affinity). Data assume a two
way set associative cache. Global System Power is the sum
of processor utilizations. In all cases PSCR and AMSD
show better processor utilization than MESI.

Fig. 10. Miss Rate versus cache size (256K bytes, 512K
bytes, 1M bytes), scheduling policy (random, affinity), and
coherence protocol (AMSD, PSCR, MESI). Data assume a
4-processor configuration, and a two way set associative
cache. The miss rate is almost the same for MESI and
AMSD, even if their miss component actually varies. PSCR
allows a much lower miss rate compared to the other
protocols’ due to the absence of the invalidation miss.

5 Conclusions

In this paper we characterized the number and type of transactions induced on the
shared-bus of a shared-memory multiprocessors used as a Web-Server machine. Our
workload has been set up by tracing a combined workload made of an HTTP server
(Apache), PostgreSQL DB-server resolving TPC-D benchmark queries, and typical
UNIX shell commands. The analysis has been carried out with trace-driven
simulation, and by considering not only user references, but also the most influencing
kernel activities. The low usage of shared memory in the user space causes most of
the data sharing to happen in the kernel space. The larger part of this sharing has
resulted to be due to false sharing, and secondly to passive sharing. To eliminate false
sharing, we suggest the redesign of kernel structures. We put into evidence how the
MESI protocol is not capable of treating passive sharing, that is the sharing generated
on private data as a consequence of process migration. These facts indicate that
margins to improve MESI protocol still exist. The use of affinity scheduling
algorithms determines only a partial reduction of passive sharing and this technique
does not adapt to all load conditions. Ad hoc protocols, like PSCR and AMSD, better
reduce the main causes of overhead and allow better performance than MESI.
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Abstract. In this paper we consider the problem of scheduling a given 
task graph on a dynamic network, where processors may become avail- 
able or unavailable during the lifetime of the computation. We show that 
known list scheduling algorithms which use task cloning can be extended 
to develop efficient algorithms in this model. We also present a different 
approach where in anticipation of processor failures and recoveries, a set 
of schedules are precomputed and schedule switching is done whenever 
a failure or recovery takes place. 

1 Introduction 

Recent research on task scheduling with cloning has shown that cloning or dupli- 
cating tasks can significantly reduce the length of the overall schedule [2, 3 ,4 ,  51. 
While the task of finding an optimal schedule using cloning has been shown to be 
NP-hard, efficient polynomial time algorithms for task scheduling with cloning 
have been developed which give a good approximation of the optimal schedule 
[3, 41. However, these algorithms assume that there is no bound on the number 
of processors. It has been shown that determining the processor requirement for 
optimally task scheduling with cloning is NP-hard [I]. Efficient heuristic based 
list scheduling algorithms have also been developed for task scheduling (with 
cloning) on a g iven  set of processors [2, 51. 

In this paper we address the following problem. We are given a directed 
acyclic task graph with known task execution times (represented as weights of 
the nodes of the task graph) and known data transfer times between pairs of tasks 
(represented as edge weights) if scheduled in different processors. The initial set 
of available processors is also given. With time, the set of available processors 
may change, that is, some processors may fai l  (become unavailable) and some 
processors may recover (become available). The set of available processors at a 
given instant of time becomes known only at that instant of time. We require 
fault tolerant strategies which reschedule and reallocate tasks dynamically and 
attempt to  complete the computation represented by the given task graph at 
the earliest. 
The contributions of this paper are as follows: 

1. We extend the known heuristic based scheduling algorithms, ISH and DSH 
[5], to  this model and show that the DSH-extension which uses cloning is 
well suited for this model. 

P. Banerjee, V.K. Prasanna, and B.P. Sinha (Eds.): HiPC’99, LNCS 1745, pp. 143−150, 1999.
 Springer-Verlag Berlin Heidelberg 1999



2. We propose two strategies which pre-compute a set of non-dominated sched- 
ules, and perform a dynamic schedule mapping at runtime whenever a failure 
or recovery takes place. Experimental results show that the schedule lengths 
compare well with the DSH-extension, and therefore runs faster, since the 
scheduling overhead is minimized. 

2 Problem Definition and Preliminaries 

The algorithms presented in this paper are based on the following model. At a 
given instance of time, r ,  the distributed system consists of a set of homogeneous 
processors, S' = {PT,. . . , PL}. It is assumed that the distributed system is 
fully connected, that  is, there is a communication channel between every pair of 
processors. Throughout this paper we ignore the contention on communication 
channels. The task scheduling problem in this model is defined as follows: 

Given: A directed acyclic task graph consisting of the following: 

1. A set of nodes representing a set of tasks T = { t l ,  . . . , tn} to be executed. 
2. A partial order, 4, defined on T which specifies precedence between tasks. 

ti 4 t j  signifies that ti must be completed before t j  can begin, that is, t j  

requires some data from t i .  The given task graph has an edge ( t i ,  t j )  iff ti 4 t j .  

3. For each task t i ,  we are given it's execution time, wi. Since the system consists 
of similar processors, wi is independent of the processor in which it is executed. 

4. For each edge ( t i ,  t j )  in the task graph, we are given an edge weight, cij , which 
represents the time required to transfer data from ti to t j  provided they are 
scheduled in different processors. cij is proportional to the volume of data 
transferred from ti to t j .  

To find: The shortest length schedule for the set of tasks T on the set, S', of 
available processors at time r. 

The model for communication delays is as follows. We assume the existence of 
an independent communication interface for each pair of processors, that  is, a 
processor can execute a task and communicate with one or more processors at 
the same time. In such a model, for any two tasks ti and t j ,  if ti + t j  and 
ti has been scheduled in processor P at time r ,  then t j  should be scheduled 
either on processor P at time r/ > r + wi or on some other processor at time 
r/ > r + wi + cij .  We make a few simplifying assumptions about the system: 

As soon as the set of available processors change, it becomes universally 
known and the rescheduling process can start without any delay. 
Each failure and each recovery occur in distinct instances of time. 
Each task, on completion, writes the data required by it's successors on a 
shared (broadcast) medium. This is quite reasonable, since a shared filesys- 
tem (which acts as the broadcast medium) is common in clusters. 

Based on these assumptions, we introduce the definitions of edge dropping and 
node dropping. 

144 P. Das, D. Das, and P. Dasgupta



Definition 1. [Edge Dropping: ] 
An edge ( t i , t j )  in a task graph is said to be dropped iff either of the following hold: 
1. The processor where ti is scheduled remains available up to a time, r + wi + ci j ,  

2. The node representing the task t j  is “dropped” as per Definition 2. 0 
from the time r when ti starts executing in that processor. 

Definition 2. [Node Dropping: ] 
A node in the task graph representing a task, t i ,  is said to be dropped at time r if all 

it’s outgoing edges in the task graph are dropped by time r .  0 

The assumptions made in our model lead to  the following lemma. 

Lemma3. T h e  task represented by a dropped node i s  globally completed, tha t  is ,  
it never  needs t o  be rescheduled even if the  processor where it executed becomes 
unavailable. 
Proof: Consider an outgoing edge ( t i , t j )  of a node ti dropped at time r .  The edge 
may be dropped due to the satisfaction of either of the two conditions specified in 
Definition 1. If the edge is dropped by the first condition, then all processors have 
access to the data required from ti for executing t j ,  and therefore it will never be 
necessary to re-execute ti for this data. If the edge is dropped by the second condition, 
then by induction, if we are given that the task t j  never needs to be re-executed then 
it follows that the task ti nevers needs to be re-executed for the data required by t j .  

It follows that if all edges of a task are dropped, then the task never needs to be 
re-executed. 0 

P1 P2 

Task Graph (IsH) 

l2 M (DSH-EXT) 

Failure of processor P1 occurs at time 6 . 

15 
(ISH-EXT) 

Fig. 1. Example showing the benefit of task cloning 

The following example, illustrates the benefits of task cloning. 

Example I .  Figure 1 shows a simple task graph with 3 nodes. The task numbers and 
their execution times are indicated on the upper and lower halves of the nodes respec- 
tively. The data transfer times are shown on the edges. Figure 1 also shows the task 
schedules (as GANT charts) using ISH (no cloning) and DSH (with cloning), as well 
as ISH-extension and DSH-extension after processor p l  fails at time step 6. By virtue 
of cloning task 1, not only is the DSH schedule shorter than the ISH schedule, but the 
DSH extension is also able to complete earlier than the ISH extension. 0 
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2.1 Heuristics for scheduling 

In this subsection, we describe in brief two very well known heuristics [5] for list 
scheduling which have been used in this work. As in all list scheduling algorithms, 
both these methods select tasks one by one, based on the partial order, +, that  
is, a task ti is selected only when all it’s predecessors have been scheduled. A 
selected task is scheduled in the processor where it can start at the earliest. The 
following heuristics differ in their strategies for finding the appropriate processor 
for each selected task. 

Insertion Scheduling Heuristic (ISH): In this method, the earliest start- 
ing time at each processor for the selected task is compared and the task 
is scheduled in the processor which offers the minimum start time. No task 
cloning is considered. 

time of the selected task at a given processor is determined by considering 
the possibilities of cloning it’s predecessors into that processor. The selected 
task is scheduled in the processor which offers the minimum start time. 

Duplication Scheduling Heuristic (DSH): In this method, the earliest start 

3 Extensions of DSH and ISH 

In this section, we describe in brief the extensions of ISH and DSH to  our model 
and present results which show that the DSH-extension is more useful than the 
ISH-extension in our model. 

The extensions of ISH and DSH start by computing a schedule of the given 
task graph on the initial set of processors. Whenever a processor failure or recov- 
ery occurs, a rescheduling operation is carried out taking into account the tasks 
which have already completed. Figure 2 shows the steps in reconstructing the 
partial task graph, creating the intermediate set of ready tasks, and the modifi- 
cation of the GANT chart. After this construction, the ISH extension uses ISH 
while the DSH extension uses DSH for rescheduling. 

The ISH and DSH extensions were executed on the randomly generated sam- 
ple graphs of Table 1. For the graphs with 15 nodes, we took the initial number 
of available processors as 4, and for all the other graphs (namely, 50 and 100 node 
graphs), we took the initial number of available processors as 10. We executed 
the algorithms subject to  single and multiple failures, as well as recovery. 

in terms of the percentage performance degradation with respect to  the DSH 
schedule lengths. By percentage degradation we mean 100 times the difference 
in the overall schedule length with the DSH schedule length, divided by the DSH 
schedule length. Figure 3, Figure 4 and Figure 5 show the comparison when a 
failure occurs respectively at the lo%, 50% and 90% time of the initial DSH 
schedules. The processor whose failure causes maximum degradation is assumed 
to  fail. Figure 6 shows the comparisons when two failures occur, respectively at 
the 10% and 50% times. Figure 7 shows the comparison when failures occur at 
the 10% and 50% times and a recovery occurs at the 60% time. The results 

Figure 3-7 show the comparisons between the ISH-extension and DSH-extension 
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Re-constructing the partial task graph at time r: 
1. Compute the set of dropped nodes and edges at  time r .  
2. Remove from the original task graph the set of dropped nodes and edges. 
3. In the new task graph, mark the tasks which have completed or are 

executing at  time r in the remaining available processors as DONE. 

G # Nodes Graph Type 
g l  15 BH-LD-N 

Creating the list of ready tasks at time r: 
Create a list of ready tasks comprising of the following nodes: 

1. Unmarked nodes which have no predecessor 
2. Unmarked nodes all of whose predecessors are marked DONE. 

G # Nodes Graph Type G # Nodes Graph Typc 
g2 15 BH-LD-E g3 50 BH-LD-N 

Creating the modified GANT chart: 
1. In the GANT chart of each processor, fill up all holes upto time 

r by dummy tasks to  prevent DSH/ISH from scheduling anything there 
2. Remove from the GANT charts all tasks scheduled after time r 

except those tasks which were being executed at  time r. 

g4 50 BH-LDE 
g7 15 BH-SD-N 

50 BH-SDE 
glo 15 TH-LD-N 
g13 50 TH-LD-E 
g16 g19 15 TH-SD-N 
,522 50 TH-SD-E 

Fig. 2. Reconstruction steps for failure/recovery at  time r 

g5 100 BH-LD-N 
g8 15 BH-SD-E 
g l l  100 BH-SD-N 
g14 15 TH-LD-E 
g17 100 TH-LD-N 
,520 15 TH-SD-E 
g23 100 TH-SD-N 

g6 100 BHLD-E 
g9 50 BHSD-N 
,512 100 BH-SDE 

50 TH-LD-N 
‘15 100 TH-LDE 
,521 50 TH-SD-N 
g24 100 T H S D E  

g18 

BH: Bottom Heavy graph 
TH: Top Heavy graph 

LD: Long edges 
SD: Short edges 

N: Node weights > edge weights 
E: Edge weights > node weights 

Table 1. Table for test graphs 

clearly show that in general the DSH-extension works much better than the 
ISH-extension in our model. 

4 Fast schedule switching using pre-computed schedules 

In this section, we present two strategies which pre-compute a set of schedules 
requiring different number of processors. Consider a situation where the current 
schedule is executing on a set of p processors, and a failure occurs. Instead 
of recomputing a new schedule with p - 1 processors, we now already have a 
precomputed schedule with p -  1 processors. What we need to  determine at this 
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time is the mapping between the p -  1 clusters in the pre-computed schedule and 
the currently available p - 1 processors, that  is, to  determine which cluster will 
execute in which processor. This is clearly an instance of a weighted bipartite 
matching problem. However, strategies may differ in terms of computing the 
weights of the matchings. We present two simple strategies to  compute the weight 
of the matching between cluster i in the pre-computed schedule with processor 
Q at time r. 
Completion based matching (CBM): Determine the set of tasks, S,, which are 

not dropped, but have completed or are currently executing in processor j at  time 
r .  Compute the sum of the execution times of the tasks in the intersection of S, 
and the cluster i. This sum is taken as the weight of the matching between cluster 
i and processor j. We do not consider the dropped tasks because the data required 
from these are globally available. A maximum weight bipartite matching algorithm 
is used to  determine the best mapping of clusters to  processors. 

We try to  schedule the remaining tasks in cluster 
i in the processor j as early as possible ignoring the timing requirements with 
respect to  the tasks scheduled in other processors. As in CBM, we ignore the 
dropped tasks. While constructing this schedule, some of the tasks in cluster i may 
start late as compared to  their start time in the original p - 1 processor schedule. 
We compute the maximum of these delays among the tasks in cluster i, and take 
that as the weight of the matching between cluster i and processor j. A minimum 
weight bipartite matching algorithm is used to  determine the best mapping of 
clusters to  processors. 

The CBM and DBM algorithms were executed on the graphs of Table 1. As 
before the initial number of available processors for 15 node graphs was 4 and 
for the rest it was 10. Figure 8, Figure 9 and Figure 10 show the comparisons 
between DSH-extension, CBM and DBM in terms of percentage performance 
degradation with respect to  the DSH schedules. Figure 8, Figure 9 and Figure 10 
show the comparison when a failure occurs respectively at the lo%, 50% and 90% 
time of the initial DSH schedules. The graphs illustrate that  the schedule lengths 
produced by CBM and DBM are comparable to  re-scheduling using DSH, but 
we gain, since the re-scheduling overhead is smaller. 

Delay based matching (DBM): 
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Abstract. Multiple processes may contend for shared resources such

as variables stored in the shared memory of a multiprocessor system.

Mechanisms required to preserve data consistency on such systems of-

ten lead to a decrease in system performance. This research focuses on

scheduling policies that control shared resource contention and achieve

high capacity and scalability in multiprocessor-based applications that

include telephone switches and real-time databases. Based on analytic

models three di�erent scheduling approaches are analyzed.

1 Introduction

Contention for shared resources such as memory, database records, and various
other types of computing resources is a well-known problem in the context of
concurrent applications running on a multiprocessor. Locks and semaphores are
used for serializing access to shared variables and preseriving data consistency.
For example, a transaction on the telephone switch locks a shared memory ad-
dress before using it [2]. The locking protocol [8] is very similar to that on a
database system. All the addresses locked by a transaction are released when
the transaction commits. Whenever a transaction attempts to access a shared
memory address which is already locked by a di�erent transaction it rolls back
and releases all the addresses that were locked by it. The transaction restarts
from the beginning at a future point in time after the completion of the trans-
action that held the desired memory locations. Locks are used for controlling
access to shared resources on general purpose computing systems as well. If a
lock request fails because the resource is used by another process the request-
ing process is rolled back. For example, a database transaction needs to lock a
record before using it. Many systems that include databases and the telphone
switch discussed earlier roll back a process with a failed lock request for avoid-
ing deadlocks. Various strategies exist for choosing a process for rollback (see [9]
for example). Rollbacks can impede system capacity and need to be e�ectively
controlled. Rollbacks due to shared memory contention on a multiprocessor-
based call control module, for example, can limit the capcity of a telephone
switch [7]. The techniques discussed in this papers are primarily concerned with

P. Banerjee, V.K. Prasanna, and B.P. Sinha (Eds.): HiPC’99, LNCS 1745, pp. 151−157, 1999.
 Springer-Verlag Berlin Heidelberg 1999



improving throughput or capacity of a telephone switch, a database, or other
multiprocessor-based applications discussed in the previous paragraph.

The workload processed by the multiprocessor system varies from applica-
tion to application. This research is based on the assumption that the workload
consists of two broad classes of processes: primary and secondary. The primary
workload component corresponds to the main functionality of the application
whereas the secondary component corresponds to subsidiary activities. It is pos-
sible to extend the analytic model to more process classes but the the two-class
system is appropriate for characterizing many systems and is apt for answering
the high level questions analyzed in this paper. In a database system, for exam-
ple, the primary class of processes correspond to database transactions whereas
the secondary processes may correspond to backups and other maintenance re-
lated activities (such as checkpointing). On a telephone switch the primary class
consists of processes that perform call processing and billing whereas the sec-
ondary process class performs support activities such as switch maintenance. A
call processing process executes several transactions each of which corresponds
to a particular call processing phase. In the following discussion we will be re-
ferring to computational units in the primary processes as transactions irrespec-
tive of whether they occur on a telephone switch, a database system, or some
other multiprocessor-based application characterized by a set of primary and
secondary processes.

This paper focuses mainly on two types of process contentions: secondary-
primary and secondary-secondary. The scheduling methods discussed in the pa-
per are most e�ective for controlling such interactions. Since primary processes
receive a large proportion of the CPU power reducing interaction among such
processes often require re-engineering of code. Extension of the scheduling tech-
niques to control the remaining primary-primary contention are discussed in [6].

A considerable amount of work exists in the area of resource contention con-
trol (see [1] for example). Management of processing resources on multiprocessor
systems has spanned two di�erent domains: the allocation of processors to the
threads in a given parallel computation [10] and the scheduling of processors to
multiple parallel applications running simultaneously on the system (see [3] for
a survey). None of these works has used process scheduling for reducing resource
contention that this research focuses on. Based on an analytic model this paper is
concerned with the understanding of the relative performances of three schedul-
ing strategies that generate process schedules for reducing resource contention
on a telephone switch and other miltiprocessor-based systems. The paper is or-
ganized as follows. The system model and the scheduling policies are described
in the next section. Expressions for system capacity under di�erent schedul-
ing strategies are presented in Section 3. Numerical results obtained from the
analytic model are discussed in Section 4. Section 5 presents our conclusions.
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2 System Model and Scheduling Policies

The system model is characterized by a number of parameters that include

system attributes as well as contention characteristics of the workload. An im-

portant parameter of the system model is N , the number of processors in the

system. Given N , we are concerned with the e�ect of resource contention on the

useful capacity of the system. The useful capacity E of the system is the average

number of processor seconds per second spent in primary processing:

E = N �Woh �Wsp �Wrb (1)

where Woh, Wsp, and Wrb are processor seconds per second spent on an average

due to various operating system overheads, for running secondary software, and

due to rollbacks respectively. A fair share scheduling approach is used. The

secondary software is given a �xed share of the processing resources as de�ned

by r which is the proportion of CPU time given to the secondary processes.

Contention for shared resources is characterized by three contention parameters

each of which is a conditional probability.

qxy: the conditional probability that a process in class x contends for a re-

source with a process in class y when a class x and a class y process run

simultaneously on the system.

Setting x and y to p (primary) and s (secondary) results in the three contentions

probabilities qpp; qsp; and qss.

Scheduling Policies

The queue for ready processes that are run to completion on the system are

maintained in shared memory. A mix of primary and secondary processes as de-

termined by the ratio r is run. The following scheduling strategies are considered.

Serial: All secondary processes are run serially. That is, at a given point in

time only one secondary process can run on the system. Primary processes are

run in parallel.

Independent: All processes (primary and secondary) are run in parallel. Any

ready process can run at the same time as any other process in the system.

Gang: A gang is de�ned to be a set of secondary processes. All the proces-

sors in the system are to be devoted to running members of the gang and no

other process should run until the execution of the gang is complete. Upon com-

pletion of the gang primary processes are again run in parallel on the system.

Policies similar to Gang scheduling described in this paper are considered in the

context of achieving quick response times for scienti�c computations (see [4] for

example).
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3 Computation of System Capacity

The system capacity achieved with the various scheduling policies is discussed.

Due to limitation of space only the expressions for capacity are presented. A

detailed derivation of these expressions is provided in [6]. The computation of

system capacity is based on the following assumptions that are appropriate for

the high level research presented in this paper.

{ All overheads are ignored and Woh = 0.

{ Whenever a collision occurs between a primary and a secondary process the

primary process rolls back.

A more detailed discussion of these assumptions is provided in [6]. The expres-

sion for system capacity for each scheduling strategy is presented next.

The Serial scheduling Strategy:

E = N�Nr�Nr [(N�1)(N�2)
qpp

4
+(N�1)

qsp

2
] �[1�Nr] N (N�1)

qpp

4
(2)

The Independent Scheduling Strategy:

E = N�Nr�

NX

P=0

r(N�P ) (1�r)P C(N;P )[C(P; 2)
qpp

2
+(N�P )P

qsp

2
+C(N�P; 2)

qss

2
]

(3)

where,

C(J;K) = Number of ways in which K items can be chosen from J items (J

Choose K)

The Gang Scheduling Strategy:

E = [1�
r

1� (qss(N � 1))=4
][N �N (N � 1)

qpp

4
] (4)

4 Performance of the Scheduling Policies

N is varied from 1 to 10 processors in most experiments. Such values of N cor-

respond to a number of commercial-o�-the-shelf multiprocessor systems that

provide an attractive price performance ratio. We have experimented with dif-

ferent combinations of workload parameters and for conservation of space one

representative sample is presented in the paper. In order to gain insight into

secondary-primary interaction which this paper focuses on qpp is �xed at 0.

Non-zero values of qpp are discussed in [6]. The capacity E attained with Serial,

Independent, and Gang for qsp = 0:5 and qss = 0:25 are presented as a function

of the number of processors N in Figure 1. Primary processes correspond to the

main system functionality and give rise to the major proportion of system work-

load. We have varied the proportion of secondary work r from 0:05 to 0:2. When

r = :05 the impact of secondary-primary interaction is small and all the policies
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demonstrate comparable performance (see Figure 1(a)). However at larger values
of r Gang demonstrates a superior performance in comparison to Independent
and Serial (see Figure 1(b)). Note that Serial can not run at N > 1=r because at
higher values of N the rate of secondary work exceeds 1 CPU-sec/sec and cannot
be run purely sequentially. For r = 0:2 and N < 1=5, Serial demonstrates the
worst performance. Gang demonstrates the best performance followed by Inde-
pendent. Note that no secondary-secondary contention occurs in case of Serial
which runs all the secondary processes serially. Similarly no secondary-primary
collision occurs in case of Gang because primary and secondary processes are
run in a mutually exclusive manner. Since qss is small compared to qsp, Gang
demonstrates the best performance. Because with Independent the secondary
processes can run in parallel the overall period of time for which primary and
secondary execute simultaneously on the system is smaller than that in case of
Serial. Although Independent is susceptible to both secondary-primary as well as
secondary-secondary interactions the reduction in the overlap period of primary
and secondary interaction seems to dominate performance and Independent per-
forms better than Serial. Analyses of data points characterized by higher values
of qsp and qss are presented in Table 1. On systems characterized by high qsp

and low qss (Case 1) Gang is observed to exhibit the best performance. On sys-
tems with low qsp and high qss (Case 2) Serial produces the highest capacity
whereas Independent ranks the �rst when both qss and qsp are high (Case 3).

4.1 Sensitivity to Changes in Workload Parameters

The resource contention characteristics of secondary as well as primary soft-
ware can vary during system operation. Changes in workload or in the execution
pattern of secondary software resulting from the occurrence of a fault may be re-
sponsible for such a change. A good scheduling strategy should be robust to such

uctuations in resource contention characteristics and variabilities in system ca-
pacity arising from such 
uctuations should be minimal. The performance of the
three strategies for di�erent values of qsp and qss are presented for N = 5 in Fig-
ure 2. A medium value of r = 0:15 is used. No secondary-secondary interaction is
possible in Serial that is insensitive to changes in qss but is sensitive to changes
in qsp. Since secondary-primary interaction is not possible Gang demonstrates
insularity from changes in qsp but is sensitive to changes in qss. It is interesting
to note that the capacity attained with Independent changes only marginally
when qss is changed from 0 to 0.6 (see Figure 2(b)). Although qsp has a stronger
in
uence on the performance of Independent in comparison to qss, the sensitiv-
ity of Independent to changes in qsp is smaller than that exhibited by the Serial
scheduling strategy (see Figure 2(a)).

5 Conclusions

Accesses to shared resources by multiple processes need to be serialized for main-
taining data consistency on a multiprocessor system. The lock-rollback mecha-
nism used in systems for achieving such serialization in data access can lead to
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serious limitation in system performance on a multiprocessor-based system. Both

reengineering of existing code and scheduling of processes for avoiding resource

contentions are viable methods for achieving scalable power. An investigation

of process scheduling to reduce secondary-primary and secondary-to-secondary

interactions is described in this paper. A comparison of the three scheduling ap-

proaches and insights gained into system behavior are presented in this section.

Both secondary-primary as well as secondary-secondary interactions are pos-

sible with the Independent scheduling strategy. The impact of qsp is observed

to be stronger on the performance of Independent in comparison to qss. No

secondary-secondary interaction is possible in case of the Serial scheduling strat-

egy. The performance of Serial is observed to degrade, however, with an increase

in qsp (see Figure 2(a)). A nice feature of the Gang strategy is its insularity from

the processes outside the gang. The performance of Gang is however sensitive to

qss that results from the interaction among processes within the gang. A hybrid

policy that combines the insensitivity properties of Serial and Gang is described

in [6].

Overheads associated with scheduling were ignored in this preliminary anal-

ysis. The Independent strategy is likely to give rise to the least overhead on a

symmetric multiprocessor in which each processor runs independently. Imple-

menting the Serial and the Gang strategies require some kind of synchronization

among the processors and results in additional overheads. A trace-driven sim-

ulation that captures the synchronization overheads associated with the imple-

mentation of Gang and Serial is underway [5].
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         Figure 1. Performance Comparison (qsp=0.5, qss=0.25) (a) r = 0.05 (b) r = 0.2.

            Figure 2.  The Effect of Contention  (N = 5, r = 0.15) (a) qss=0      (b) q sp=0.

Table 1. Systems with High Contention.

Case E (Independent) E (Serial) E (Gang)
Case 1: qss=0, qsp=0.6 3.4 3.35 4.25
Case 2: qss=0.6, qsp=0 4.182 4.25 3.125

Case 3: qss=0.6, qsp=0.6 3.428 3.35 3.125
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Abstract. Real-time tasks often consist of subtasks with complex interde-
pendencies on which an end-to-end deadline applies. In such cases, in order
to achieve fault-tolerance through scheduling, it becomes necessary to assign
deadlines to the subtasks and schedule them on different processors. In this
paper we examine the effectiveness of different strategies for deriving subtask
deadlines from global deadlines through extensive simulation studies.

1 Introduction
Multiprocessor systems are the popular choices for implementing real-time systems
mainly because of their speed, reliability, and their decreasing costs. Many fault-
tolerant scheduling algorithms have been proposed in the literature for both static
scheduling and dynamic scheduling [1-3],[6,7] in multiprocessor systems. A popular
methodology has been the use of primary–backup model to provide fault-tolerance [1].
In this model, every task that is scheduled in the system has a backup version which
runs on a different processor. The backup version is activated only when the primary
version fails. A task succeeds when either the primary or the backup version completes
successfully. A common assumption in these algorithms has been that tasks are ato-
mic entities. Real-time systems are becoming larger and more complex as computers
advance in speed and sophistication. Many of these systems have fault-tolerance re-
quirements. As tasks become more complex and bigger in size it becomes necessary to
subdivide them into a set of subtasks with an end-to-end deadline [5]. These subtasks
can have complex interdependencies [4]. Most designers handle this situation by first
allocating the overall deadline among the subtasks ad hoc and then iterating several
times through the design procedure. However, this approach is clearly error-prone,
time-consuming, and costly. In this context, we examine the effectiveness of different
deadline allocation schemes for primary-backup fault-tolerant scheduling algorithms.

There are relatively few studies on the problem of deadline allocation to the sub-
tasks of a real-time system. In a recent important work [4], Kao and Garcia-Molina
studied the problem of deadline allocation to subtasks in a soft real-time environment.
However, they do not consider the effect of different deadline allocation schemes on
the fault-tolerant scheduling requirements which is the main focus of our present work.

P. Banerjee, V.K. Prasanna, and B.P. Sinha (Eds.): HiPC’99, LNCS 1745, pp. 158–162, 1999.
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In this paper, we consider this problem of allocating deadlines to the subtasks and
study different strategies for allocating deadlines to the subtasks and their impact on
the overall schedulability of the system. We study in particular fault-tolerant dynamic
scheduling in a shared memory multiprocessor environment.

2 System and Task Model
We consider a shared memory multiprocessor system consisting on N identical pro-
cessors and a global scheduler. Real-time tasks are considered to be directed acyclic
graphs. We also assume that there is a single starting subtask (start node) and a
singleterminating subtask (end node) in the task. This can always be obtained with
the use of dummy subtasks at the beginning and the end of the task. Tasks arrive
at the global scheduler at a fixed arrival rate according to Poisson distribution. The
global scheduler tries to schedule the task in a fault-tolerant manner among the pro-
cessors. If a schedule is found by which the newly arrived task can be accommodated
without affecting the guarantees to the previously scheduled set of tasks, then the
task is accepted. Otherwise, it is rejected. The use of a global scheduler makes it a
single point of failure in the system. This can be avoided by having a scheduler as a
standby such that the standby can take over the scheduling when the global scheduler
fails. We assume that there can at most be one fault at any point of time and a second
fault does not occur in the system until the system has recovered from the first one.
This assumption makes it sufficient for only two versions of a subtask to be schedu-
led on different processors in order to provide fault-tolerance. Also the fault rate is
very low as compared to the task arrival rate. Therefore a subtask may encounter at
most one failure during its execution. So, if the primary version of the subtask fails,
backup version always succeeds. We also assume that the system takes some fixed
time to recover from a fault. Till that time we try and provide fault-tolerance using
the remaining set of processors.

3 Scheduling Algorithm
The algorithm we employ for fault-tolerant scheduling is a variation of the algorithm
that was presented in [3] with fault-tolerant enhancements. In this algorithm a sub-
task in a task graph becomes active only if all its immediate predecessor subtasks
have finished execution. This is required by the precedence constraints. So, at a given
time, only a certain set of subtasks in a task will be active. The order in which these
subtasks are considered for scheduling will determine if we will be successfully able
to schedule the subtasks or not. In our approach we have ordered the tasks according
to their latest start times (LST). If there are ties, we extract the subtasks one by one
from the set of ready subtasks according to the LST/MISF (Latest Start Time/ Ma-
ximum Immediate Successor First) heuristics. We then schedule the primary first by
finding the earliest slot where the primary can be scheduled. This is done by checking
if any processor has a time slot of length Ex(Tj) free between times Ready(Tj) and
Deadline(Tj), where Ex(Tj) is the worst case execution time of the sub task Tj .
Ready(Tj) is the ready time, and Deadline(Tj) is the deadline of the subtask TJ .
The ready time of a subtask is the time when it becomes active for execution. This is
the time when all its predecessors have finished their executions (either their primary
or backup). This implies that the ready time of a subtask will be the maximum of the
scheduled end times of the backup slots of its predecessor subtasks. If no such slot is
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found then the task is rejected. If many such slots are found then we employ first fit
algorithm to find the processor on which to schedule.

In order to schedule the backups we employ two methods. In the first method, if the
primary has been scheduled in slot < T1, T2 >, then we try and schedule the backup as
soon as possible between times T1 and Deadline(Tj) on a different processor. If there
are no slots between this period where the backup can be scheduled, then the task is
rejected. If there are more than one slots, we use the first fit algorithm to choose the
processor on which to schedule the backup. We call this approach as backup as soon as
possible (BASP). Another variation of this scheme will be to schedule the backup as
late as possible within the time interval T1 and Deadline(Tj). This approach is called
backup as late as possible (BALP). After successfully scheduling the primary and the
backup versions, we now add to the set of ready tasks all the subtasks that become ac-
tive now. Then the entire process is repeated till all the subtasks have been scheduled.

4 Deadline Allocation for Subtasks
One of the simplest method of deadline allocation is to assign to each subtasks de-
adlines that is same as their latest finish time (LFT). This is a very natural method
of assigning deadlines to the subtasks. We call this effective deadline policy (ED).
But the main disadvantage of this policy is that all the slack available to the task
will be given to initial subtasks. This leaves the remaining subtasks with no slack.
Another method of assigning the deadlines is to distribute the slack to each subtasks
according to their execution times (EQF). So a larger subtask will have a larger slack.
This policy does not bias the initial tasks as ED policy does. We assign the slacks
to the individual subtasks starting from the end node and proceeding in a reverse
topological order backwards up to the start node.

We have also tried some very interesting deadline allocation strategies like biasing
the smaller subtasks in favour of the larger subtasks (STF). In this strategy we gave
smaller subtasks slack equal to their execution times first. The slack was distributed
to the subtasks starting from the smallest subtask and proceeding toward larger sub-
tasks. For each subtasks a slack equal to its execution time was given, if the required
amount of slack was available or else no slack was given.

5 Performance Studies
We have carried out extensive performance studies of the different deadline assign-
ment strategies we discussed in the earlier section and the fault-tolerant scheduling
algorithms. In our experimentation, we use Acceptance Ratio (AR) defined as the
ratio of tasks scheduled to the total number of tasks that have arrived as the mea-
sure of performance of the scheduling algorithms. A study of slack utilization can be
made with the help of the graph between Acceptance Ratio vs Slack (Fig. 1). This
graph was obtained by fixing the number of processors at 8 and task arrival rate at
0.02 (corresponding to a load of 0.6). It can be observed from this graph that the
BALP algorithms make more efficient use of the slack. As the slack increases the AR
of BALP algorithms increases to 1.0 irrespective of the deadline assignment strategy
used. Since the BASP algorithms try and schedule the backup as soon as possible, the
slack of the task is left unutilized and resource reclaiming is much less than BALP.
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Fig. 1. Acceptance Ratio vs Slack

Consequently the AR of BASP algorithms is low when compared to BALP. But when
the slack of the tasks is low, ED-BASP performs better than all the other algorithms.
This is because the subtask deadline assigned by ED algorithms is always later than
that assigned by the other algorithms. Hence the scheduler has relatively more time
to schedule the subtasks.

From the graph of AR versus the subtask arrival ratio (Fig. 2), it can observed
that BALP algorithms perform better than BASP algorithms for all deadline allo-
cation policies. Among the various deadline allocation policies that we have studied,
STF policy when used with BALP was found to be the best. Since the STF policies
favour smaller subtasks, more subtasks will have their backups scheduled passively.
This leads to more of resource reclaiming and hence, a better AR. Since all our algo-
rithms are based on utilizing slack available to the task efficiently, when the slack is
fixed, (as in the case of the AR vs arrival rate and AR vs number of processors) it can
be observed that there is only a marginal difference between ED and EQF deadline
allocation policies.

6 Conclusion
Most of the reported fault-tolerant scheduling algorithms make a tacit assumption
that all tasks are atomic in nature. They assume that tasks are indivisible and are
characterized by an arrival time, a deadline, and a computation time. In reality, the
system designer is often confronted with real-time tasks which are much bigger and
for better management of temporal properties, it has to be broken up into a set of
events which are detectable.

In this paper, we have examined the scope of various deadline allocation policies
by extending them to fault-tolerant scheduling for real-time systems. We have car-
ried out extensive simulation studies of two fault-tolerant algorithms (BASP, BALP)
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and and three deadline allocation policies (ED,EQF,STF). Our simulation results re-
veal that deadline allocation policy can be important in effectively utilizing the slack
and policies like STF improve the overall schedulability of the system by improving
upon resource reclaiming. Algorithms that schedule the backups as early as possible
(BASP) perform well with scheduling policy like ED for tasks with low slack (of order
of less than 1). But for tasks with slack of greater than 1, we observe that a better
scheduling policy is BALP along with STF and ED.
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Abstract. In this paper, we propose an affinity-based self scheduling 
scheme (ABS) for software shared memory system. In this scheme, the 
static affinity between processor and initial data distribution is con- 
sidered when scheduling, and the synchronization overhead is reduced 
greatly when load imbalance occurs. Comparized with previous schemes, 
ABS performs better in metacomputing environment. 

1 Introduction 
Loop scheduling has been extensively studied in past years, and many schemes 
were proposed, such as Self Scheduling(SS) [7], Block Self Sch eduling (BSS), 
Guided Self Scheduling (GSS) [5], Factoring Scheduling (FS) [2], Trapezoid Self 
Scheduling (TSS) [8], Affinity Scheduling (AFS) [4], Safe Self Scheduling (SSS) 
[3], Adaptive Affinity Scheduling (AAFS) [9], etc.. However, all these previous 
work focused on either shared memory multiprocessors or dedicated hardware 
distributed shared memory systems, i.e., they assumed that the available com- 
puting power of each processor was equal, and neglected the practical computing 
power of underlying hardware. Therefore, results are not applicable under meta- 
computing environment. Take matrix multiplication as an example, the static 
scheduling scheme is demonstrated as the best among all the schemes by previ- 
ous research. However, we will show that static scheduling is the worst scheme 
in metacomputing environment. 

In this paper, we present and evaluate a new affinity-based (ABS) dynamic 
self scheduling algorithm for home-based software DSM system. The unique char- 
acteristic of ABS scheme, the static affinity between processor and initial data 
distribution, is considered when scheduling. The evaluating results show that 
ABS performs better than all previous scheduling schemes in meta-computing 
environment. 

2 Motivation 
All those dynamic scheduling algorithms discussed above fall into two distinct 
classes: central queue based and distributed queue based. In central queue based 
algorithms, such as SS, BSS, GSS, FS, TSS, SSS, iterations of a parallel loop are 
all stored in a shared central queue and each processor exclusively grabs some 
iterations from the central queue to  execution. The major advantage of using 
a central queue is the possibility of optimally balancing the load. However, the 
processor affinity is neglected completely in this kind of schemes, which per- 
forms worse in distributed memory system[9]. Although distributed queue based 
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schemes take the processor affinity into consideration, the extra synchronization 
overhead associated with AFS and AAFS when load imbalance occurs are ne- 
glected in previous work. In distributed systems, this operation requires at least 
2P + 2 messages and P + 1 synchronization operations, where P is the number 
of processors. This operation requires much more time and will affect the final 
execution time greatly. Moreover, the processor affinity exploited in AFS and 
AAFS is limited to iterative scientific applications only. 

3 Design and Implementation of ABS 

In home-based software DSM system, the data must be predistributed, so that 
the affinity between each iteration and it’s corresponding data can be determined 
statically. Therefore, this initial affinity information can be used in the following 
scheduling scheme. 

The basic idea of affinity-based self scheduling (ABS) is to distribute the loop 
iterations to the processor that already has corresponding data while minimizing 
the loop allocation overhead (i.e., synchronization overhead to access exclusive 
shared variables). In traditional central queue based scheduling algorithms, the 
initial data distribution is separated from the scheduling algorithm so that the 
affinity between the initial data distribution and the following computing can 
not be exploited, since the order of each processor visiting the central queue is 
not deterministic. 

ABS includes three steps: static allocation, local dynamic scheduling, and re- 
mote dynamic scheduling. We implement a globally shared central queue, which 
is partitioned into p segments evenly, and the ith segment is assigned to pro- 
cessor i statically according to the initial data distribution. At local dynamic 
scheduling phase, BSS or GSS scheduling algorithms can be employed’. When 
load imbalance occurs, the idle processor obtains the task from the most heavily 
loaded processor. It seems that there is no much difference between ABS and 
AFS at the later scheduling phases. However, the use of central shared queue, 
the lazy memory consistency model adopted by software DSM system, and the 
large granularity inherent in the software DSM system contributes greatly to 
our ABS scheduling algorithm. The large grain (generally one page is larger or 
equal to 4K bytes) causes the whole shared queue to be allocated in one page. 
Therefore there is no difference between local scheduling and remote schedul- 
ing, both of them require only one synchronization operation and one message. 
Table 1 compares the number of messages required and synchronization oper- 
ations of ABS, AFS and AAFS. From the table, we conclude that when load 
imbalance occurs, more messages and synchronizations are required in AFS and 
AAFS to gather other processors’ load information. We can also find that the 
synchronization overhead associated with the loop allocation of AAFS is worse 
than that of AFS, which will be demonstrated by the performance evaluation 
results in the next section. 

Due to space limitation, we present the results of GSS here only, more evaluation 
about different schemes adopted in the local scheduling phase of ABS are presented 
in [6] 
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Table 1. # of messages and synchronization operations associated with loop allocation 

Scheme 

AFS 
AAFS 

Local scheduling Remote scheduling 
# of message sync. # of message sync. 

0 1 2pS2 P S I  
2P P S I  2PS2 P S I  

The main difference between ABS algorithm and traditional central queue 
based scheduling schemes lies in the organization and management of the central 
queue. In our scheme, the queue is partitioned among these processors, and each 
processor first accesses it’s own part. In traditional central queue based schedul- 
ing algorithms, the initial data distribution is separated from the scheduling 
algorithm so that the affinity between the initial data distribution and the fol- 
lowing computing can not be exploited at all. 

Application 
Size 

4 Experiment Results and Analysis 

4.1 Experiment Platform 

The evaluation is done in the Dawning-1000A parallel machine developed by 
the National Center of Intelligent Computing Systems. The machine has eight 
nodes each with a 200MHz PowerPC 604 processor (the peak performance of 
each processor is 0.4Gflops) and 256MB memory. These nodes are connected 
through lOOMbps switched Ethernet. The software DSM system used in our 
evaluation is JIAJIA system[l], which is a home-based software DSM system. 
All the schedulings are implemented in JIAJIA. More information about JIAJIA 
can be found at h t t p :  //www. i c t  . a c .  cn/chpc/dsm. 

We choose five applications which cover the range of all applications used in 
the related literature. The selected applications includes SOR, Jacobi Iteration 
(JI) ,  Transitive Closure (TC), Matrix Multiplication (MM), and Adjoint Con- 
volution (AC). Details of these programs can be found in [9]. Table 2 illustrates 
the basic characteristics of these 5 applications. 

SOR JI T C  MM AC 
4096, 10 iter. 5000, 10 iter. 2048 x 2048 2048 x 2048 256’ 

4.2 Metacomputing Environment 

For comparison, we add several artificial loads to some processors when testing. 
Figure 1 illustrates the execution time of different schemes under metacomputing 
environment. The loop allocation overhead is listed as the number of synchro- 
nization operations in Table 3. The number of remote getpages, which reflects 
the effect of remote data communication, is shown in Table 4. Here, the Syln. 
overhead includes two parts. One is the synchronization overhead associated 
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Table 3. The number of synchronization operations of different scheduling algorithms 
in metacomputing environment 

IApps.IStatic1 SSI BSSl GSSl FSI TSSl SSSl AFSl AAFSllABSl 

with loop allocation operation, the other is the waiting time at synchronization 
point because of load imbalance. 

As analyzed in [6], load imbalance is less important than locality in software 
DSMs. Therefore, for three kernels with fine computation granularity, SOR, JI, 
and TC,  Static scheduling scheme remains well since the processor affinity is 
remained in Static scheme with respect to some dynamic schemes, such as SS, 
GSS etc. However, for coarse grain applications and applications which have 
limited locality, the performance of Static scheme becomes unacceptable because 
of the existence of load imbalance, such as MM and TC. Figure 1 demonstrates 
our analyses. 

Though SS promises the perfect load balance among all the nodes, SS re- 
mains the worst scheme for all applications except MM because of the large 
loop allocation overhead, as shown in Table 3. Furthermore, Table 4 shows the 
inherent drawback of traditional central queue based scheduling algorithm , i.e., 
potential to violate processor affinity, results in large count of remote getpage 
operations. SS performs better than Static for MM because the synchronization 
waiting time dominates the whole synchronization overhead here. The corre- 
sponding Syln value reduces from 157.13 in Static to 8.07 in SS in MM kernel. 

Table 4. The number of getpages of different scheduling algorithms in metacomputing 
environment 

IApps.lStatic1 SSI BSSl GSSl FSI TSSl SSSl AFSIAAFSII ABSl 

BSS, GSS, FS, TSS, and SSS make some progress compared with SS, espe- 
cially for MM kernel. The performance of these 5 scheduling schemes is accept- 
able. However, as discussed in the Section 2,  due to the large extra overhead 
resulting from loop allocation and corresponding potential of violating proces- 
sor affinity associated with BSS, GSS, FS, TSS, and SSS scheduling schemes, 
as listed in Table 3 and Table 4, the performance of these 5 schemes remains 
unacceptable with respect to Static scheduling scheme in metacomputing envi- 
ronment for three fine grain kernels, which is illustrated in Figure 1. Among these 
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five scheduling schemes, SSS is the worst due to the large chunk size allocated in 
the first phase, which results in large amount of waiting time at synchronization 
points. For example, the Syln value of SSS is (SOR,  122.50), ( J I ,  133.71), while 
the corresponding values in FS are (SOR,  32.84), ( J I ,  65.00)3. Therefore, the 
conclusions proposed in [3] are no longer available. However, from the Figure 1, 
we find the FS is prior to GSS in metacomputing environment as claimed in [2]. 

For all five applications but TC,  the performance of AFS is improved sig- 
nificantly compared with the former 6 dynamic scheduling schemes, as shown 
in Figure 1. Though the number of synchronization operations of AFS increases 
about one order of magnitude, as shown in Table 3, the number of remote get- 
page reduces about one order of magnitude, as listed in Table 4, which amortizes 
the effects of loop allocation overhead. Surprisingly, the number of remote get- 
page operations of AFS in TC leads to the contrary conclusion, i.e., it does 
not reduce at all with respect to former scheduling schemes. The main culprit 
here is the relaxed memory consistency model used in state-of-the-art software 
DSM system, where all the data associated with one synchronization object 
will be invalidated when requesting this synchronization object. Therefore, the 
large number of synchronization operations of AFS will lead to large amount of 
invalidation, which in turn leads to large number of remote fetchs. 

As described before, AAFS increases the number of synchronization overhead 
in local scheduling phase in order to collect the states of other nodes. Therefore, 
the corresponding synchronization overhead becomes larger than that of AFS. 
For example, in TC,  the number of synchronizations increases from 56924 of 
AFS to 123529 of AAFS, the corresponding synchronization time increases from 
212.96 seconds in AFS to 541.22 seconds in AAFS. Other results are presented 
in Figure 1, Table 3 and Table 4. Our results give the contrary conclusion to 
that presented in [9] where AAFS was better than AFS for all five applications 
in their two hardware platforms. 

5 Conclusions 
In this paper, we have proposed a new affinity-based self scheduling cheme for 
software shared memory system. Based on the evaluation and analyses, we have 
observed the following results. SS is an inappropriate scheduling scheme for 
software DSM systems. BSS, GSS, FS, SSS and TSS perform better than Static 
and SS schemes. AFS, AAFS, and ABS achieve better performance because 
of the use of processor affinity. However, the advantage of AAFS with respect 
to AFS does not exist at all. ABS achieves the best performance among all 
scheduling schemes in met acomputing environment because of the reduction of 
synchronization overhead and the great improvement of waiting time resulting 
from load imbalance. 
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Abstract. Given a network topology and costs associated with the links, the
problem of generating a minimum cost multicast tree can be modelled as a Steiner
tree problem. However, many real time applications such as video-conferencing
require that data be sent within prespecifieddelay limits in order to avoid prob-
lems such as anachronism and lack of synchronization. This paper deals with
the delay-bounded cost-optimal multicast tree (DBCMT) generation problem. A
closely related problem is to find a delay-bounded cost-optimalpath (DBCP) be-
tween a specified source and destination node. Such a path can be used be used as
a starting point to solve the DBCMT. We present here two heuristics for building
delay constrained multicast trees which have near optimal cost. A comparison of
our heuristics with other proposed heuristics is also presented.

1 Introduction

We consider the problem of obtaining a multicast tree of optimal cost in which the
delay along the path connecting any pair of nodes is bounded from above. This prob-
lem is closely related to the Steiner Tree problem in graphs and must be solved using
heuristics due to its NP-complete nature [2, 3]. Due to lack of space, we omit a survey
of related work and refer the reader to [4]. We use the ”dboc” algorithm [4] to find the
delay bounded minimum cost path between two nodes. We propose the following two
heuristics for DBCMT. Given a graphG, a treeT , and delay tolerance�, let us first
define theresidual delay at a particular node in the tree. Theresidual delay at a node
n in a given treeT is the difference between the delay tolerance� and the maximum
of the delays alongT from n to any other node inT . In Figure 1, the residual delay at
nodec is 4.

1.1 DCBH : Dynamic Center Based Heuristic

This heuristic attempts to find a central node of the given multicast group and then joins
all group members to the center one by one. The procedure determines minimum delays
for all pairs of multicast nodes and finds the pair of nodes that has the maximum value.
The center of the minimum delay path between these two nodes is identified as the
initial centerC. Each multicast nodeA is joined to the center as follows. The cost and
delays of minimum delay path betweenA andC, and delay contrained minimum cost
path (again betweenA andC) are found. A cost factor and a delay factor are computed.
If the cost factor outweighs the delay factor, then we find a minimum cost path bounded
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by delay equal to the average of the delays of the two paths. If cost factor is not high, we
use the minimum delay path. This approach of not consuming the entire residual delay
has two advantages. First, it substantially increases the extensibility of the partial tree
which means that more number of multicast nodes can now join in. Secondly, it makes
the center of the tree more mobile. The new node must now be added to the partial tree
using the path just found.

1.2 BERD : Best Effort Residual Delay

Here, we store the residual delay at each node in the tree. To join an existing multicast
group, a node finds a minimum costresidual delay bounded path to each node in the
tree. This is done by a run of amodified dboc algorithm. A node in the tree to which
the delay bounded path has the minimum cost is taken as the destination in the tree,
the source being the new node. The source node is joined to the destination node in
the tree in a similar way as follows. The cost and delays of minimum delay path and
�-bounded minimum cost path are found. A cost and delay factor are computed. If the
cost factor outweighs the delay factor, then we find a minimum cost path bounded by
the average of the delays of the two paths. Otherwise, if cost factor is not too high, we
use minimum delay path. This algorithm prevents cycles as a new path is being added
and gives the minimum incremental network cost. Thus we call it a best effort heuristic.
Also, the resulting tree formed is guaranteed to have bounded delay between any pair of
multicast nodes. One disadvantage of this algorithm is that the order in which we join
the nodes to the tree matters.

2 Simulation and Testing

Undirected, connected, random graphs were used to simulate networks in the exper-
iments. The experiments were run for different network sizes using a fixed average
node degree of 4. For each network size, the positions of the nodes were fixed as in a
hypercube�type topology. The links (edges in the graph) connecting these nodes were
generated using a random link generator. In terms of distance, the network spanned an
area of3000� 2400km2 (0:015� 0:012seconds2 in terms of propagation delay). The
total maximum link bandwidth was taken to be 155 Mbps. The cost of a link was a
dynamic function of the available link bandwidth. The links (bandwidth) were to be
shared among the traffic streams from all multicast group members.

Figure 5 shows the probability of member success of the different algorithms as a
function of the group size for delay constraint� = 35ms and network size = 32 nodes.

Figure 6 shows the comparison of the cost of the multicast trees generated by the
algorithms against cost of the delay constrainedminimumcost tree for a network size
of 32 nodes and varying multicast group size. The delay tolerance� is taken to be
35ms. For purposes of visual clarity, we present Salaama’s most cost-optimal algorithm
(DCINITIAL) and BERD.

Figure 7 shows the probability of member success as a function of the delay toler-
ance�. We performed this experiment for a network of size 64 nodes, and a multicast
group size of 16 nodes. Amongst Salaama’s algorithms, MinMaxD chooses the node
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with least maximum delay to any group member to be the center and hence increases
the probability thatDCSHARED succeeds. For the network that we have chosen
(15ms2 � 12ms

2 in terms of delay), the range of delays between 15ns and 25ns is the
only meaningful range. The values of delay below this range are too small to support
any significant group sizes. Above this range, the delay values become quite large so
as to no longer act as a major constraint for the formation of a multicast tree. More-
over, typical multimedia applications also require a delay constraint in this range. In
this region, BERD performs better than any other algorithm.

Figure 8 shows the number of admitted multicast sessions as a function of the mul-
ticast group size for a 16 node network. The experiment was run for different delay
constraint settings. The delay constraint� is 25ms for Fig. 8 (A) and 35 ms for Fig. 8
(B). We consider a multicast session to be successful if at least half the members are
able to join and form a shared tree.

3 Conclusions

Both BERD and DCBH avoid star-like topology of the resulting shared tree. BERD
has no concept of a center node. Although DCBH does keep a center, it updates the
center whenever the shared tree changes as a consequence of a new new member join-
ing the group. This frees us from the requirements of a fast switching center node. The
simulation results show that BERD outperforms all the other algorithms. The prob-
ability of member success of BERD or DCBH is very high as compared to existing
algorithms since BERD and DCBH conserve on the delay available for joining to the
existing shared tree, without any significant increase in cost. BERD also gives low cost
of the multicast tree obained. In fact the cost of the tree formed using BERD is only
marginally higher as compared to the cost of the tree formed by the optimal algorithm.
This is so because BERD tries to join at that node which gives the minimal cost delay
bounded path of all the nodes present in the existing shared tree. The two algorithms
distribute the load on the network uniformly. This is because of the structure of trees
formed by these, as described above. In case of DCBH , the center is updated as soon
as a new member joins the tree. This avoids the problems of a static center and hence
distributes the load very well.
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Fig. 1: Illustration of Residual Delay.� = 12.

procedure DCBH(M;�)

T  NULL // Partial Tree
for each (n 2 M) begin
center  findCenter(M )

if ((PathA  dboc(M; center))

6= NULL) begin
PathB  Dijkstra( n; center)

// B has minimum delay fromn to center
if (Delay Factor(PathA; PathB)

outweighs
(Cost Factor(PathA; PathB)

then
AddPath( PathB; T )

else begin
delaynew  DelayFunction(A;B)

// A delay between those ofA,B
PathC  dboc(n; center; delaynew)

AddPath(PathC; T )

end
center  updateCenter(T )

end
else begin
tryAllNodes(n; T;�)

// Refer to Figure 3
center  updateCenter(T )

end
end

Fig. 2: AlgorithmDCBH

procedure tryAllNodes( n; T; �)

PathSet  mdboc( n; T; �)

// Each pathn � � � d; d 2 T , is
bounded by residual delay atd

PathA  SelectBestPath( PathSet)

// The last node in the path is the node
in T to whichn must join

d  PathA:lastNode

PathB  Dijkstra( n; d)

// Minimum delay path fromn to d
if (Delay Factor(PathA; PathB)

outweighs
(Cost Factor(PathA; PathB)

then
AddPath( PathB; T )

else begin
delaynew  DelayFunction(A;B)

PathC  dboc( n; d; delaynew)

AddPath( PathC ; T )

end

Fig. 3: ProceduretryAllNodes()

procedure BERD(M; �)

T  NULL

for each (n 2 M) begin
PathSet  mdboc( n; T; �)

PathA  SelectBestPath(PathSet)

d  PathA:lastNode

PathB  Dijkstra( n; d)

if (Delay Factor(PathA; PathB)

outweighs

(Cost Factor(PathA; PathB)

then
AddPath( PathB; T )

else begin
delaynew  DelayFunction(A;B)

PathC  dboc( n; d; delaynew)

AddPath( PathC ; T )

end
end

Fig. 4: AlgorithmBERD
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Abstract. We present a simple and efficient self-stabilizing protocol for 
the network partitioning problem. Given a graph with k2 nodes, our 
decomposition scheme partitions the network into connected and disjoint 
partitions, with k nodes per partition. The proposed algorithm starts 
with a spanning tree of the graph, but uses some links which do not 
belong to the tree, if necessary. The protocol stabilizes in (3h + 1) steps, 
where h is the height of the tree, and adapts to the dynamic configuration 
of the network. 

1 Introduction 

As networks grow larger, the control and communication protocols become more 
complex and inefficient. The motivation for decomposing (large) networks is to  
improve the performance of the protocols, i.e., avoid the performance degra- 
dation due to the excessive growth of the network. We propose the first self- 
stabilizing network partitioning protocol. In the following, we will discuss the 
related work in the area of network decomposition and then present our contri- 
butions. 

1.1 Related Work 

The concept of network decomposition was introduced in [2]. A fast algorithm 
is proposed to  partition a network with O ( n e )  diameter clusters, where E = 
O ( d m / d F ) .  This algorithm requires O(n') time. The algorithms in [3] 
and [6] are improved versions of the scheme proposed in [2] in terms of the qual- 
itly of the decomposition. However, these algorithms are inherently sequential 
and their distributed implementation requires O( n.logn) time. Another method, 
called block decomposition, is introduced in [7]. In this algorithm, the nodes of 
the graph are partitioned into blocks which may not create connected subgraphs. 
The algorithm requires both the number of blocks and the diameter of the con- 
nected blocks to  be small. Some randomized distributed partitioning algorithms 
exist in the literature. The algorithm in [6] achieves a high quality network de- 
composition with a high probability by introducing randomization, and is very 
efficient in time. An asynchronous randomized algorithm with O(log2n) time and 
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O( IEI .log'n) communication complexity is presented in [?I. A deterministic sub- 
linear time distributed algorithm for network decomposition has been presented 
recently in [l]. The algorithm takes O(n')  time, where c = O ( l / d G - ) .  This 
paper also includes a randomized algorithm for a high quality network decom- 
position in polylogarithmic expected time. The protocol is based on a restricted 
model, the static synchronous network. In such a model, the communication is 
assumed to  be completely synchronous and reliable, there is no limit on the size 
of the messages, and all operations within a subgraph of diameter t are per- 
formed centrally by collecting all the information at the leader. Then the leader 
computes the partition locally. Therefore the time for running the algorithm 
increases by a factor of t .  This method will also need a leader election algo- 
rithm. In summary, all previous approaches fell short of designing a distributed, 
deterministic, and fault- tolerant network partitioning scheme. 

1.2 Contributions 

We present a simple. efficient, distributed, deterministic, and self-stabilizing pro- 
tocol for constructing network partitions. An important application (described 
later) of our method is the construction of quorum systems. The key contribution 
of our work is in designing a computationally inexpensive self-stabilizing parti- 
tioning protocol which ensures a high quality of quorums in terms of response 
time and site load in the system. We combine the basic network partitioning 
protocol with a Propagation of Information With Feedback scheme [5] to design 
a self-stabilizing partitioning protocol which stabilizes in (3h + 1) time. Since 
our algorithm is self-stabilizing, the protocol will re-compute the partitions in 
the event of topological changes. 

1.3 Outline of the Paper 

In Section 2, we describe the distributed systems and model we consider in the 
paper. In Section 3,  we specify the problem of network partitioning. In Section 4, 
we present the basic idea of the network partitioning strategy and then, present 
the partitioning algorithm. The idea of the self-stabilizing partitioning scheme 
and its correctness is given in Section 5 .  In Section 6, we explain how to maintain 
the properties of the partitions in spite of a dynamic change in the network and 
prensent the quorum application. 

2 Preliminaries 

In this section, we define the distributed systems and programs considered in 
this paper, and state what it means for a protocol to be self-stabilizing. 
System. A distributed system is an undirected connected graph, S = (V, E ) ,  
where V is a set of nodes (IVl = n)  and E is the set of edges. Nodes repre- 
sent processors (denoted by p )  and edges represent bidirectional communication 
links. We consider arbitrary rooted asynchronous networks. We then assume an 
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underlying BFS spanning tree prot,ocol. Each processor p maintains its set of 
neighbors, denoted as K P .  
Programs. Every processor, except the leaf processors, executes the same pro- 
gram. This type of programs is known as a semi-uniform dzstributed algorithm. 
The program consists of a set of shared variables and a finite set of actions. A 
processor can only write to its own variables and can only read its own variables 
and variables owned by the neighboring processors. Each action is identified b: 
a label and has the following form: < label >:: < guard > + < statement > 
The guard of an action in the program of p is a boolean expression involving the 
variables of p and its neighbors. The statement of an action of p updates one or 
more variables of p .  An action can be executed only if its guard evaluates to true. 
We assume that  the actions are atomically executed : the evaluation of a guard 
and the execution of the corresponding statement of an action, if executed, are 
done in one atomic step. The atomic execution of an action of p is called a step 
of p. In the sequel, we refer to the state of a processor and system as a (local) 
state and configuration, respectively. Let a distributed protocol P be a collection 
of binary transition relations denoted by e, on C,  the set of all possible config- 
urations of the system. A computation of a protocol P is a maximal sequence 
of configurations e = ( y o , y l ,  ..., ~ ~ , y , + ~ ,  ...), such that for i 2 O,yi e yi+l (a 
single computation step) if yi+l exists, or yi is a terminal configuration. During 
a computation step, one or more processors execute a step and a processor may 
take at  most one step. This execution model is known as the distributed daemon. 
We use the notation Enable ( A , p ,  y) to indicate that the guard of the action A is 
true at  processor p in the configuration y ,  and p is said t o  be enabled. We assume 
a weakly fair daemon, meaning that if a processor p is continuously enabled, p 
will be eventually chosen by the daemon to execute an action. The set of com- 
putations of a protocol P in system S starting with a particular configuration 
ct E C is denoted by Ca. The set of all possible computations of P in system S 
is denoted as C. 
A configuration /3 is reachable from a ,  denoted as CL - ,8, if there exists a com- 
putation e = ( 7 0  7 71 * - - yi 7 yi+ly * * .) e &(a = yo) such that p = y j ( i  2 0).  
Predicates. Let X be a set. x I- P means that an element x E X satisfies the 
predicate P defined on the set X .  A predicate is non-empty if there exists a t  
least one element that satisfies the predicate. We define a special predicate true 
as follows: for any x E X ,  x F true. 
Self-Stabilization. We use the following term, attractor in the definition of 
self-stabilization. 

Definition 1 (Attractor). Let X and Y be two predicates of a protocol P 
defined on C of system S .  Y is an attractor for X if and only i f :  Vct I- X : Ve E 
Ca : e = (yo, y l ,  ...) :: 3i 2 0, V j  2 i, yj  t- Y .  We denote this relation as X D Y .  

Definition 2 (Self-Stabilization). The protocol P is self-stabilizing for the 
specification S P p  on C if and only if there exists a predicate L p  (called the 
legitimacy predicate) defined on C such that the following conditions hold: 
1 .  V a  I- L p  : Ve E C, :: e t- S P p  (correctness). 
2 .  true D L p  (closure and convergence). 
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3 Network Partitioning 

The network partitioning problem deals with the grouping of I,’ into k connected 
and disjoint partitions, each partition consisting of A: nodes. We use G[S] to 
denote the subgraph induced by the subset S c V in G. A partitioned network, 
denoted as P = {B1, B?, ..., Bk}, is a collection of k partitions such that the 
following conditions are true: 
V i , j  E { l . . k }  :: 1) G[Bi] is connected, 2) lBil = k, 

3) UjBi = V ,  4) Bi n Bj = 8, i # j 
A partition Bi is called a complete partition if IBiI = Jn. If IBiI < ,/Z7 then 
the partition is considered as a non-complete partition. Connected and disjoint 
partitions are called correct partitions. A partition Bi , constructed at processor 
p ,  is characterized by Node-list the list of nodes in Bi and External Links,  a 
set of edges defined by L = { (x, y) E Gi 1. E Bi, y 9 Bi, y is a descendant of p }  

Specification of the Partitioning problem. The problem solved in this pa- 
per is to design a deterministic self-stabilizing algorithm for decomposing a 
graph G(V,E)  (IVl = n = k’) into k connected and disjoint partitions, P = 
{ B1, B’, . . . , B k } ,  each partition consisting of 12 nodes. The resulting partitions 
must be known to all processors in the network.The algorithm we propose in 
this paper computes partitions which satisfy the above properties, only if such 
a decomposition exists for the input graph. The characteristics of a graph that 
can be decomposed into this kind of partitions is still an open question. 

4 Network Partitioning Algorithm MF 

The algorithm uses a spanning tree of the underlying network as the input. 
The basic scheme is as follows: The decomposition process starts from the leaf 
processors. Every leaf processor forms a non-complete partition. In each step, 
some nocles participate in the algorithm to create larger partitions until we obtain 
a set of complete partitions which cover the whole network. Eventually, this 
process reaches the root. The root now knows the partitions and so, broadcasts 
the information about the partitions to all processors in the network. 
Each processor p uses two variables: LD, and GD, to implement the local and 
global decomposition, respectively. LD, contains the set of partitions that covers 
the subtree Tp rooted at p .  GD, consists of the set of partitions created at the 
root, PO, and is broadcast to other processors. GD, covers the whole graph, 
and is the final and correct decomposition. The partitioning algorithm shown 
in Algorithm 1 contains some macros, predicates, and actions. The macros are 
not variables and they are dynamically evaluated. The predicates are used to 
describe the guards of the actions in Algorithm 1. 
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Alrzorithni 1 ( " P I  Distributed Algorithm for Network Partitioning at p 
Va r ia b I es 
LD, = {B f ' ,  B,P, ..., BE} /*  Local Decomposition */ 
Gb, = {BP, L?:, ..., @} /* Global Decomposition */ 
Mncro 
/ ' t t w t i t 1 3  = p's p n r c o ~  in thc spnitiiiiig ttcc 

Chi, = { q  E Np,Parentq = p }  p's children 
Number of nodes in the partition Sp 

Set of complete partitions of all children of p 
Set of nodes in NCP, 

lBpl = IBP.Nodeslistl 

CPP = ( U q G C h , ,  L D , )  \ NCPP 
NCP, = (B E UqEChtp  LD,, 1B1 < fi Set of non-complete partitions of all children of p 

NCP: = {s : 3B E NCP, s t .  x E B }  
Predicates 

Leaf, 3 ( Chi, = 0 ) 
Path( i , j ,S )  3 ( 3k f S :  ( i , k )  E G ( S )  A P a t h ( k , j , S )  ) V ( i  = j) 

Connected( S) 

Reconstructp 

( Vi f S, V j  E S : Path( i, j ,  S) ) 
Combine, z ( INCP2I = fi A (Connec ted (NCP$)  ) 

(( INCpz I > fi)) V ( I N C P z  I = fi A -connected( NCf:)) 
Actions 

/* Leaf processors */ 
A1 :: 

/* Other processors */ 
( I N C P ~ I  < J.') --t LD,  := C P , ~  NCP; u { p } }  ; GD, := GDparentp 

NCP; = 0 --t LD, :=CP~U 
Combine, -+ LD,  :=CPpU 

{PI} ; CD,  := GDporentp 

NCP:} U{ { p } }  ; GDp := GDparentp 

A2 :: 
A3 :: 
A4 :: 
A5 :: Reconstruct, -+ Combine - Partitions(UChlp LD,, An,, A,)  

if (Connected(Anc U { p } ) )  and (IAncl < fi 

else LD, := uqEChlp LD, u { {p)} /* Notable  */ 
then LD, := A ,  U {Anc U { p } }  

GDp := GDporent. 

Completing the Non-Complete Partitions : We can easily see from Algorithm 
N P  that the basic scheme to construct partitions, without any composition of 
partitions, produces correct partitions (as per Conditions 1 - 4 in Section 3).  
So, we now need to show that Procedure Combine-Partitions (Action A5)  also 
combines the non-complete partitions and creates correct complete partitions. 
It uses two Procedures called Complete and More-Links: 

Input to Procedure Combine-Partitions: A set of correct partitions 
D = {Blo1  &', . . . , BiO,. . . , B k ' } .  The subset {BLO, B2', . . , Bi'} consists of 
the non-complete partitions (NCP), and the subset {&+lo, . . ., Bk'} is 
the set of complete partitions (CP). 

Output of Procedure Combine-Partitions: It returns a set, A,,  of the 
largest set of complete partitions that can be constructed at this processor, and 
a set, An,,  of the rest of nodes. 
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Algoritlini 2 ( P C )  Procedure Coniplete 
1. Predicate 
2. FozrndLink(lk, Pt , t jr)  3 ( l k  = ( e k , f k )  E E )  A ( e k  E P t )  A (fk E U r )  

3. N e w ( i ,  D,,,, &,j) 
A (/k # P I )  A (IPt u {{fk} u {Deacenrfanr(fk,trr)))(  = 6) 

F (V k < j , Coiripletc ( i ,  B,,, U,, k )  fi! SauedCalls) 
4 .  Macro 
5 .  Descendnnt(p, 
G. Cur ten t far t z l  
7 SavedCalls 

f t )  
. i on(P t ,  fk) = Pt u ({fk} u {Descendant(fk,  V r ) } } ,  (fk E v r )  

= The set of nodcs that belongs to Tp i ~ i  partiLioti P1 

= The past calls of Procedure Complete 
8. 
9. Procedure Complete (i, Bnc, Bcl j )  
10. 
11. select U, from Bnc 

12. Pt  = u: 
13. if FoundLink(lk, P t ,  u r )  then Pt  = CurrentPartition( P t ,  k) 
14. else More-Links (1, L, Pt) /*  L : External Lank of P1 */ 
15. if (IPtl = 6) then 
16. update Bnc 
17. update B, 
18. if ( N e w (  1, B,,, B,j)) then CompIete(1, B,,, B,, j + +) 
19. else exit /* Cannot be completed using this level*/ 
20. 
21. else 
22. 
23. else exit / * Cannot be completed using this level. */ 
24 * 

Every call is stored as: Complete(;, Bnc, B c ,  j) 

if IBncI > 1 then 

/* A cycle problem. Try a t  a higher level.*/ 

if ( ( 2  < l f?nc l )  and IVew(i + +, Bnc, B, j ) )  then Complete(i,Bnc, Bcl j )  

else /* success i.e. all partitions in NCP are completed */ 

Algorithm 3 (PMLC) Procedure More-Links 
1.Procedure More-Links (i, L, Pt) 
2. 
4. 
5 .  
6. 
I .  

8. 
9. More-Links (1, L, Pt) 
10. else More-Links ( i  + 1, L ,  Pt) 
11. end 

if i _< ILI then take 1, = (en, f:) from L 
if ICurrentPartition(Pt, !,)I = J.' then 

else if ICurrentPartition( P t ,  f,)l < fi then 
Pt = CurtentPart i t ion(Pt ,  f,) exit 

Pt  = Pt u { {I,} u {Descendant(fi ,  u,)}} 
L = Externallink of Pt  

- 

Algorithm 4 (PCP)  Procedure Combine-Partitions 
1. Procedure Combine-Partitions( D, A n , ,  A,) 
2. 
3. 
twice with the same parameters. */ 
4.  

i = 1 
j = 1 /* j is used to detect a cycle which can occur when Complete is called 

Complete(i, B,,, &,j) 

/* Tries to complete the first non-complete partition. */ 

/* D = Bnc u B, */ 
5 .  An, = Bnc A, = Bc 
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Property I .  Procedure Combine-Partitions computes in step m, a set of correct 
partitions {Bl" .  B2". . . . , B k " ' }  such that, 3 J , 1 5 V i 5 A: : 
i) /B,"I = Jn for i < j , ii) lB1"l 5 Jfa for i = J and izz) IBt"I = 0 for i > 3 

5 Partitioning using the .PFC scheme 

First, let us quickly review the well-known PIF scheme on tree structured net- 
works. The PIF scheme is the repetition of a PIF cycle. This one can be infor- 
mally defined as follows: The root initiates the broadcast phase and its descen- 
dants forward the broadcast message to their descendants. This phase terminates 
at the leaf processors by initiating the feedback phase. Once the feedback rnes- 
sage reaches the the root, the current PIF cycle terminates. In the PFC scheme 
[5 ] ,  Propagation of Information With Feedback and Cleaning an extra phase, 
called the cleaning phase [8], is added to clean the trace of the previous PIF 
cycle. In the PFC scheme, the normal PIF cycle is guaranteed to start by 1 step. 
As mentioned in Section 4, the process of partitioning will complete at the root. 
Then this information must be propagated to  all nodes in the network. We use 
the PFC scheme of [5] to implement this. After the root starts a normal PFC 
cycle, the root will propagate the partitions in the broadcast phase. But, since 
the system may start in an incorrect configuration, this information may be in- 
correct. But, now, at the termination of the broadcast phase, the feedback phase 
will collect the correct information at the root. So, the next broadcast phase is 
guaranteed to deliver the correct partitioning information to all the nodes in the 
network. 

Theorem 1. Algorithm n/Q combined with the PFG scheme is a self-stabilizing 
network partitioning scheme. 

Proof. (Correctness) Follows from the construction of the partitions in the algo- 
rithm and also the description of the process in Section 4. 

(Closure) Follows from the same property of the PFC scheme (see Section 4) .  
(Convergence) We need to show that starting from an arbitrary partitioning 

P = { B1 O ,  &', ..., Bjo, ..., E l k o } ,  after a finite number of steps, the partitions will 
be correct. Using the PFC algorithm, we ensure that all processors will receive 
the correct partitioning information in a t  most 1 + h + h + h = 3h + 1 steps. So, 
Algorithm AfP takes 3h + 1 steps to stabilize. 

6 Discussions 

Since the topology of the network may change over time, it is necessary to be 
able to maintain the legal partitions when the network size becomes n # k2. 
Theoretically, to obtain the best decomposition of the network, we distinguish 
two cases where (k2 + 1 5 n 5 k2 + 2k): i) if n = k2 + k-0 and 0 5 ko 5 k, we 
construct ko partitions with k + 1 nodes each and k - Ic0 partitions with k nodes 
each. i i) if n = k2 + k + ko and ko 2 0, we construct ko partitions with (k + 1) 
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nodes and (k - ko + 1) partitions with 12 nodes. Decomposing the network in 
this manner offers is efficient but its implementation is difficult in a distributed 
context. Each process must know the current value of n ,  the number of partitions. 
and the number of nodes it must include in each partition. One trivial strategy 
for handling both the addition and removal of a node is to construct k partitions 
with k nodes in each partition and one partition with ( n  - b') nodes. The non- 
complete partition is constructed by the root and all other nodes maintain the 
same behavior. The worst case of this solution leads to a decomposition with a 
partition of one node (the root). The last method adapts to the dynamic network 
but does not guarantee the quality of the decomposition. 

The decomposition scheme serves for constructing quorums for general large 
networks. This structure provides an important and reliable tool for various 
applications in distributed systems. A quorum set Q = { q 1  , 42, ..., q k }  under a set 
V of elements is a non-empty set where each element is a non-empty subset of 1,' 
and q; q j ,  for all i, j. A complementary quorum set Q" = { q c l ,  qc2 . . . ,  q C k }  is an 
other quorum set under V such that qci n q j  # 0. The pair B = (Q ,  Q") is called 
a bicoterie. We define a quorum q in Q as the set of all nodes in one partition 
and a quorum qc in Q" as a set formed by one node from every partition. This 
construction guarantees a low communication cost and a small and balanced 
load [4]. 
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Abstract. This paper presents an analytical performance study of a
parallel simulation testbed for PCS networks, called Simulator of Wi-
reless Mobile Networks (SWiMNet), and reports experimental results
obtained using a realistic model executed on a cluster of workstations.
SWiMNet achieves linear speedup, thereby significantly reducing the exe-
cution time of a PCS network simulation. Performance results demon-
strate that our simulation model is consistent with the analytical study.

1 Introduction
Rapid development in portable computing platforms and wireless communica-
tion technology has led to significant interest in mobile computing and wire-
less networking. One such technology is called personal communication system
(PCS). Mathematical analysis has brought some insight into the design of PCS
networks, but analytical methods are often not general or sufficiently detailed.
Therefore, it is through simulation that telecommunication system engineers can
obtain crucial performance characteristics.
With increasing use of PCS simulation to design large and complex systems,

PCS systems have brought several challenges to wireless simulation and parallel
discrete event simulation (PDES) communities in general [4]. These challenges
require not only extension and advances in current parallel simulation methodo-
logies, but also innovative techniques to deal with the rapidly expanding features
of PCS systems. Several results have been reported in the literature on parallel
simulation of PCS networks [2,7,8,9,10,12]. To the best of our knowledge, these
approaches do not consider realistic PCS models, the performances of which
strongly depend on both mobile host (MH) profiles and PCS coverage area cha-
racteristics. We believe real PCS models must be considered to make meaningful
recommendations to system designers.
Recently, we designed and implemented a parallel simulator for large scale

PCS networks, called SWiMNet (Simulator of Wireless Mobile Networks, [1]).
It exploits event precomputation made possible by model independence among
realistic PCS model components. Process coordination is based on a hybrid of
� This work is supported by Texas Advanced Research Program under Award
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both conservative [3] and optimistic [5] PDES schemes. In this paper, we present
an analytical performance study of SWiMNet to predict the achievable speed-up.
The paper is organized as follows. Section 2 describes the basics of PCS

networks. Section 3 summarizes our methodology to simulate PCS networks.
An analytical study of the model is presented in Section 4. Section 5 presents
experimental results, while Section 6 concludes the paper.

2 PCS Network Basics
A personal communication system (PCS) is a network that provides low-power
and high-quality wireless communication to mobile hosts (MHs) [6,11]. The co-
verage area is partitioned into cells, each serviced by an antenna or base station
(BS). Cell sizes and shapes depend on signal strengths and obstacles to signal
propagation. Radio channels are allocated by a BS for calls to/from MHs within
its own cell. Channels can be assigned to cells according to a fixed channel as-
signment (FCA) scheme or a dynamic channel assignment (DCA) scheme [6,11],
or a combination thereof. In FCA, each BS is statically assigned a set of chan-
nels, while in DCA, channels are dynamically assigned to cells. In this paper, we
consider simulation of FCA schemes.
When a call attempt is made to/from an MH in a cell where there are no

channels available, the call is blocked. If an MH moves from one cell to another
while a call is in progress, the MH must be connected to the destination BS
(a hand-off ). The original BS releases the channel used by the MH, while the
destination cell tries to allocate a channel for the call to continue. If an ongoing
call cannot be handed-off due to lack of available channels, the call is dropped.
An important performance criteria for a PCS network is call blocking probability,
defined as the ratio of blocked calls to attempted calls. The blocking probability
should be kept small, typically around 1% [2].

3 SWiMNet
In [1], we proposed the Simulator of Wireless Mobile Networks which exploits
event precomputation due to the following assumption: mobility and call arri-
val are independent of the state of the PCS network, and they are independent
of each other. As shown in Fig. 1, processes composing SWiMNet are grou-
ped into two stages: a precomputation stage (Stage 1), and a simulation stage
(Stage 2). Processes in Stage 1 precompute all possible events for all MHs assu-
ming all channel requests are satisfied. Possible events are: (1) call arrival, (2)
call termination, (3) move in, and (4) move out. Events relative to different MHs
can be precomputed independently, therefore Stage 1 processes do not communi-
cate. Precomputed events are sent to Stage 2, where their occurrence is checked
according to the state of the PCS network simulation. Stage 2 processes cancel
events relative to calls which turn out to be blocked or dropped due to chan-
nel unavailability. Since events for the same call can span various cells, Stage 2
processes need to notify other processes of blocked calls.
Process coordination in SWiMNet is based on a hybrid approach, using both

conservative and optimistic techniques. A conservative scheme is used for com-
munication from Stage 1 to Stage 2 such that Stage 1 processes send precomputed
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STAGE 1

STAGE 2

Fig. 1. The SWiMNet structure

events in occurrence time order, and periodically broadcast their local simula-
tion time to Stage 2 processes through null messages. Stage 2 processes can
consequently establish which precomputed events are safe to be simulated. The
low percentage of blocked calls in PCS networks is exploited by an optimistic
scheme for communication within Stage 2. A Stage 2 process optimistically as-
sumes that all handed-off calls to that cell are still allocated in the previous cell.
If this assumption holds, no message must be sent. Otherwise, a notification of
the contrary must be sent. It may trigger a rollback to correct effects of a wrong
assumption if the message is straggler.
In our mobility model, MHs are classified into groups of workers, wanderers,

travelers or static users. MHs of a specific group show similar behavior. The call
model is specified through intervals of different call ratios during the simulation,
to represent congested hours as well as under-loaded hours. The cell topology is
specified by a grid embedded in the PCS coverage area, with fine resolution of
50 meters which allows the representation of arbitrary cell sizes and shapes.

4 Performance Analysis
In this section, we present a performance analysis of SWiMNet. First, we in-
vestigate the execution time of a (hypothetical) sequential simulation based on
SWiMNet, then we examine the execution time and speedup of parallel simula-
tion.
A sequential execution of the simulator requires to produce all precomputed

events and store them into a file, an then scan the file and simulate the events.
The average elaboration time of one precomputed event is given by T event

seq =
tprod + fwrite + fread + tsim, where tprod is the average event production time;
fwrite is the average time to write into a file; fread is the average time to read
from a file; and tsim is the average event simulation time. Let Nmh be the number
of mobile hosts, and E be the average number of precomputed events per MH.
Thus, the total execution time for a sequential simulation run is:

Tseq = Nmh × E × (tprod + fwrite + fread + tsim) . (1)

Let N1 and N2 be the number of processors dedicated to Stage 1 and Stage
2 respectively. We assume there is one process per processor, hence the terms
process and processor will be used equivalently. The system of processors can be
represented as a queueing network as depicted in Fig. 2. In order to compute the



192 A. Boukerche et al.
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Fig. 2. Queueing model of the parallel simulator

execution time for the parallel simulator, we assume that the precomputation
load is evenly distributed among the N1 processes of Stage 1. This is feasible
since MHs of the same group can be evenly distributed among N1 processes, and
MHs of the same group show similar behavior. However, to evenly distribute the
workload among the N2 processes in Stage 2, a careful assessment of loads of
different BSs is necessary. In our analysis, we consider both cases, i.e., when the
load on Stage 2 is evenly distributed, and when it is unbalanced.

4.1 Estimation of Stage 1 Execution Time

Since a total of Nmh × E events are generated by the precomputation, each
Stage 1 process must generate Nmh×E

N1
events on the average. Each precomputed

event requires an average execution time tprod plus an average send time tsend1,2
to Stage 2. Therefore, each Stage 1 processor is a source of jobs at a rate λ1 =

1
tprod+tsend1,2

, and the execution time of Stage 1 processes is given by

T 1
par =

Nmh × E

N1
× (tprod + tsend1,2 ) . (2)

4.2 Estimation of Stage 2 Execution Time

We estimate now the execution time of Stage 2 processes, in a balanced case first
and in an unbalanced case later. Because of the assumption of balancement, on
the average every Stage 2 process is assigned the same number of precomputed
events and the same amount of rollback load. Service times for precomputed
events and for rollback messages are different, therefore we model a Stage 2
processor as composed of two servers, S′ and S′′ (see Fig. 3). The total execution
time of Stage 2 is given by the total execution time of two servers.
The amount of jobs from S′ to S′′ is given by a rollback initiate probabi-

lity, Pinitiate. It can be estimated as half of the call blocking probability, Pblock
(half, because only call-arrival or move-in events can cause rollbacks while call-
termination or move-out events do not), multiplied by the hand-off probability,
Ph.off, because only handed-off blocked calls generate rollback messages. The
average job service time at S′ becomes

t(S′) = tsim + treceive1,2 + tsend2,2 × 1
2

× Pblock × Ph.off
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Fig. 3. Queueing model of a Stage 2 process

where tsim is the time for simulating an event; treceive1,2 is the average receive time
in Stage 2; and tsend2,2 is the average send time in Stage 2.
Rollback jobs have a different service time which is given by

t(S′′) = treceive2,2 + tsim × Nrb + tsend2,2 × (Perr.all + Ph.off)

where Nrb is the average number of jobs involved in a rollback (coasting-forward
phase), Perr.all is the probability of an erroneous channel allocation (i.e., the
probability that a rollback initiates a rollback for another call), and Ph.off is the
probablity that the same rollback must be forwarded to other processors, in the
case that the corresponding erroneous call is still on. The sum of Perr.all and
Ph.off is an estimation of the feedback probability at S′′, which we call rollback
cascade probability, Pcascade.
We estimate Nrb as the average number of events occurring at one base

station while a call is on, assuming that a rollback at one cell involves only one
call. Thus, it does not propagate corrections to further calls in the same cell due
to changes in channel allocation. Therefore, Nrb is given by

Nrb =
D × C × Nmh

B
× 2× (1 + E[Nh.off]) (3)

where D is the average call duration in hours, C is the average number of calls
per MH per hour, B is the number of base stations, and Nh.off is the number
of hand-offs per call. The term 2× (1 +E[Nh.off]) counts the average number of
events concerning one call. It can be derived from the hand-off probability at a
cell, Ph.off, by noting that the expected number of hand-offs per call is

E[Nh.off] = (1− Ph.off)×
∑

i>0

( i × Ph.off
i ) =

Ph.off

1− Ph.off
=

1
1− Ph.off

− 1 .

In the balanced case the arrival rate at a Stage 2 process is λbal2 = λ1 × N1
N2
, and

the service rate µbal2 is given by the average execution time per event:

1
µbal2

= t(S′) + t(S′′)× Pinitiate × 1
1− Pcascade

.

In the worst unbalanced case instead, one Stage 2 process is assigned all the
simulation load. Because of this assignment, no rollback is required since Stage
2 is turned into a sequential simulator. The only executing Stage 2 process is
modeled as a server with arrival rate λunb2 = λ1×N1, and service rate µunb2 given
by 1/µunb2 = tsim + treceive1,2 .
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4.3 Speed-Up Estimation

Since job queue lengths must be bounded not to exhaust system ressources
during the simulation, the condition λ∗

2 < µ∗
2 must be met, whichever estimation

(balanced or unbalanced) of arrival rate λ∗
2 and of service rate µ∗

2 for Stage 2 are
considered. This is a condition of non-saturation for the queueing model. If it
holds, the total execution time becomes the time of Stage 1 processes, since Stage
1 never stops precomputing events whereas Stage 2 can spare some inactivity
time. Thus, from Equations (1) and (2), the speedup is given by

SpeedUp(N1, N2) =
Tseq
T 1
par
= N1 × tprod + fwrite + fread + tsim

tprod + tsend1,2
. (4)

If we assume that fwrite = fread = tsend1,2 = treceive1,2 ; N1 = N2 = N
2 ; and

tprod = tsim, then SpeedUp(N1, N2) = N . This shows that our model leads
to the maximum speedup achievable. This result is particularly meaningful for
the balanced case, since the condition of non-saturation is easier to satisfy.

5 Simulation Study
We simulated a city area serviced by a TDMA based PCS network (the BS map
was acquired from a telecommunication company). The coverage area has size
11 × 11 Km, with 9000 MHs and 54 cells each with 30 channels. Call arrivals
are modeled as a Poisson process with 3 calls/hour/MH. Call durations are
exponentially distributed with a mean of 120 seconds. We implemented and
ran SWiMNet on a cluster of 16 Pentium II (200Mhz) workstations running
Debian/Linux, connected via 100 Megabit Ethernet. Process communication is
based on MPI.
In addition to measuring the execution time, we consider the following me-

trics:

– Finitiate: an experimental assessment of Pinitiate.
– Fcascade: an experimental assessment of Pcascade.
– Mrb: the actual average number of events elaborated during a rollback.
– ρperf.rb: actually performed rollback ratio, i.e., the percentage of straggler
Stage 2 messages.

Parameters, estimations and measured values are listed in Table 1. Under “Source”
we indicate how each value was obtained. “Benchmark” means a direct measu-
rement of values in the computing environment. Blocking and hand-off probabi-
lities were modeled analytically using an Erlang-B model [11].
The estimation of Nrb by means of Equation (3) using parameters from Table

1 does not match Mrb. This difference is due to ρperf.rb. In the analytical model
the estimation of Nrb takes into account all the potential rollbacks, whereas only
straggler ones actually have a contribution. The ratio 0.1 brings Nrb close to
Mrb. Also the analytical expression for Pcascade does not match Fcascade. In fact,
even though Pcascade depends on Perr.all for which we do not have an analytical
expression, Fcascade = 0.1 is not larger than Ph.off = 1/3 as it should. Again,
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Table 1. Parameters assumed in the analytical model

Parameter Value Unit Source
tsend
1−2 0.001 seconds Benchmark

treceive1−2 0.001 seconds Benchmark
tsend
2−2 0.001 seconds Benchmark

treceive2−2 0.001 seconds Benchmark
tprod 0.003 seconds Benchmark
tsim 0.001 seconds Benchmark
D 1/30 hours per call PCS model parameter
C 3 calls per MH per hour PCS model parameter

Nmh 9000 MHs PCS model parameter
B 54 BSs PCS model parameter

Pblock 1/5 probability Erlang-B model
Ph.off 1/3 probability Erlang-B model

Pinitiate 1/30 probability Analytical model
Nrb 50 messages Analytical model
E 7.8 events per MH Experiment

Finitiate 0.036 frequency Experiment
Fcascade 0.010 frequency Experiment

Mrb 4.5 messages Experiment
ρperf.rb 0.1 rollback ratio Experiment

Pcascade needs to be scaled down because of ρperf.rb. An analytical measure which
is fairly matched by experimental results is Pinitiate. According to Pblock and
Ph.off, the expected value is 3.33% where the measured value is around 3.6%.
Figure 4 portrays analytical estimations for each stage, and the measured

execution time (“experimental results”). The number of processors used in each
execution time estimation is half of the corresponding x coordinate. An expected
execution time can be derived for any assignment of processors to stages of our
simulator, SWiMNet. If N1 processors are used in Stage 1 and N2 processors in
Stage 2, the analytical execution time is the maximum between the estimation
for Stage 1 with 2× N1 processors, and the estimation for Stage 2 with 2× N2
processors. However, for reasons of stability, the execution time of Stage 2 shall
not be larger than that of Stage 1. The graphs show a close trend between
experimental and analytical data. This indicates a good predictability of the
simulator’s performance. The linear actual speedup shows a good scalability.

6 Conclusions

We have presented a performance model of a parallel simulator of PCS networks,
called SWiMNet. This simulator is meant to help PCS network designers, by
speeding up the design and testing of realistic PCS network models. SWiMNet
exploits event precomputation which is possible due to independence of PCS
model components. Process coordination in SWiMNet is a hybrid of conservative
and optimistic techniques.
The analytical model is based on queueing models and leads to a linear

speedup on the number of processors used. The performance model has been
compared with actual experiments conducted on a real PCS network model.
The measured performances closely match the analytical estimation.
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Abstract. Two improved list-ranking algorithms are presented. The “peeling-off”
algorithm leads to an optimal PRAM algorithm, but was designed with application
on a real parallel machine in mind. It is simpler than earlier algorithms, and in a
range of problem sizes, where previously several algorithms where required for
the best performance, now this single algorithm suffices. If the problem size is
much larger than the number of available processors, then the “sparse-ruling-sets”
algorithm is even better. In previous versions this algorithm had very restricted
practical application because of the large number of communication rounds it was
performing. This weakness is overcome by adding two new ideas, each of which
reduces the number of communication rounds by a factor of two.

1 Introduction

Problem Definition. The input is a set of lists or trees of total lengthN . Every node
has a pointer to a successor, stored in a fieldsucc. A final nodej can be recognized by a
distinguished value ofsucc(j). The output consists of two arrays: for every0 ≤ j < N ,
the master ofj, mast[j], should give the index of the final node of the list or tree to
whichj belongs, anddist[j] should give the number of links betweenj andmast[j]. The
number of PUs is denotedP , and every PU holds exactlyk = N/P nodes of the lists:
PUi, 0 ≤ i < P , holds the nodes with indicesk · i + j, for all 0 ≤ j < k.

Cost Model. We express the quality of our parallel algorithms by giving theirrouting
volume, the number of integers sent by a PU, and the number of all-to-all routing opera-
tions (informally we call this the number of communication rounds). Our cost measure
is a simplification of BSP or BSP∗ [8,3,1]. In [7] it was shown to be accurate.

Earlier Work. The parallel list-ranking problem has extensively been investigated. The
most relevant recent papers are [5,2,4].

2 Independent-Set Removal
In the independent-set-removal algorithm, reductions are repeated until the problem size
has become sufficiently small to terminate with some other algorithm. Then the excluded
nodes are reinserted in reverse order. At all times, there is a list of active nodes. Initially,
all non-final nodesp are active and setmast(p) = succ(p) anddist(p) = 1. In Phaset
of the reduction we perform

Algorithm reduction(t)

1. Each active node chooses independently a 0 or a 1with probability 1/2. Each node
p that has chosen a 1 sends a packet tomast(p).

P. Banerjee, V.K. Prasanna, and B.P. Sinha (Eds.): HiPC’99, LNCS 1745, pp. 197–201, 1999.
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2. If a nodep which selected a 0 receives a packet, then it is removed from the list of
active nodes and added to the list of nodes excluded during Phaset. It sendsmast(p)
anddist(p) back to the sending node. Otherwise it sends back the number−1.
3. If an active nodep receives−1, then it does nothing. Otherwise it uses the received
data to updatemast(p) anddist(p).

Every phase reduces the problem size to about3/4. The reinsertion is even simpler.

Algorithm reinsertion(t)
1. Each node that was excluded during Phaset sends a packet to its master.
2. Each nodep that received a packet sends backmast(p) anddist(p).
3. Each nodep that was excluded during Phaset uses the received data to update

mast(p) anddist(p).

log2 k P = 4 P = 16 P = 64
12 0.09 0.06 0.04
14 0.18 0.13 0.09
16 0.22 0.19 0.16
18 0.22 0.20 0.17
20 0.21 0.20 0.18

Table 1. Efficiencies of independent-set removal, running on an Intel Paragon for variousP andk.
In all cases we performed ten reduction phases. Byefficiency we meanspeed-up/P = Tseq/(P ·
Tpar). As a basis for the computation of our efficiencies, we assumed thatTseq= 3.9 · 10−6 · N ,
for all N : running on one node of the Paragon, the simple sequential algorithm requires3.9s for
solving a problem withN = 106.

Theorem 1 A parallel implementation of the independent-set-removal algorithm has
routing volume (8 + o(1)) · k, with high probability. One level of reduction and ins-
ertion requires 4 all-to-all routings.

3 Peeling-Off Algorithm

Basic Idea. The basic idea of our first algorithm is to split the nodes into two sets:S0
andS1. The set of all nodes is denotedN . Then we perform

Algorithm peeling off(S0, S1)
1. autoclean(S1);
2. altroclean(S0);
3. some rank(S0);
4. altroclean(S1).

Heresome rank may be any ranking algorithm. Byautoclean(Sj) we mean:

All nodes inSj follow the links running through nodes inSj until a link out-off
Sj is found or a final node is reached. Then they updatemast anddist.

By altroclean(Sj) we mean:

All nodes inSj that have not reached a final node and whose master is not an
element ofSj , ask their master for itsmast anddist fields. Then they update
their mast anddist fields with the received values.
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Lemma 1 If mast(j) = succ(j), dist(j) = 1, then peeling off correctly computes the
values of mast and dist for all nodes.

PRAMs. On a PRAM one should first perform some randomization: every node is
placed in a randomly chosen bucket of sizeN/ log N . With P PUs this can be done in
O(N/P +log N) time. The buckets are numbered from0 throughlog N −1, and the set
of nodes in Bucketj is denotedBucj . Then we performlog log N rounds ofpeeling off
in which the problem size is halved each time. In Roundt, 1 ≤ t ≤ log log N , we take

S0(t) = ∪log N/2t−1
j=0 Bucj ,

S1(t) = ∪log N/2t−1−1
j=log N/2t Bucj .

Finally pointer jumping is performed onS0(log log N) = Buc0.

Theorem 2 On a PRAM with P PUs, PRAM rank ranks a set of list with N nodes in
O(N/P + log N) time, with high probability. The same algorithm solves tree routing
in O(N/P + log N) expected time.

Distributed Memory Machines. On a distributed memory machinePUi, holds the
k = N/P nodes with indicesi + j · P , for all 0 ≤ j < k. Each PU has a buffer for
every PU, in which it writes questions and answers. In any step, all questions or answers
are generated, then the all-to-all routing is performed and so on. This is the standard
way of running algorithms under the BSP paradigm. To optimize the algorithm, we use
one-by-one cleaning from [7] instead of pointer-jumping:

Lemma 2 [7] For ranking a set of lists with a total of k ·P nodes on a parallel computer
with P PUs, one-by-one cleaning requires 3 · P − 4 start-ups, and has routing volume
6 · lnP · k.

log2 k P = 4 P = 16 P = 64
10 0.06 0.03 0.01
12 0.19 0.07 0.03
14 0.36 0.10 0.09
16 0.47 0.29 0.18
18 0.44 0.35 0.23
20 0.41 0.35 0.26

Table 2. Efficiencies of the parallel algorithm running on an Intel Paragon for variousP andk.

It is important to optimize the choice of the number of reduction roundsd and the
reduction factors: the numberft, 1 ≤ t ≤ d, given byft = #S1(t)/#S1(t− 1), where
#S1(0) = N . These must be tuned to obtain a good trade-off between the number of
all-to-all routings and the routing volume. A handy choice is

ft(d) = (1 + d − t)/(2 + d − t). (1)

With theseft, we get a simple expression:#S0(t) = (d + 1 − t)/(d + 1) · N .

Theorem 3 When d reduction phases are performed with reduction factors as in (1), the
routing volume is less than (6 + (3 · ln d + 6 · lnP )/(d + 1)) · k, with high probability.
For each reduction phase, the algorithm requires 6 + 2 · �log log N	 all-to-all routings.
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4 Sparse-Ruling-Set Algorithm
Earlier versions of the sparse-ruling-set algorithm were given in [5,6,4]. Its basic idea
allows for a highly efficient reduction of the problem size by a large factor: during
the whole algorithm, most nodes are addressed only twice. This is not more than in
the sequential algorithm, and therefore one would hope to obtain very high speed-ups.
Unfortunately, on parallel computers with a distributed memory, good performance is
achieved only whenN/P 2 is very large, because the number of communication rounds
is too high. Here we introduce two important new ideas that allow to reduce the number
of communication rounds considerably.

Constant Number of Active Waves. Consider the following algorithm:

Algorithm sparse-ruling-set(N, S)

1. SelectS nodes randomly and uniformly from among the non-final nodes asrulers.
2. Each rulerp initiates awave: p prepares a packet containing its index anddist(p)
to be sent tosucc(p).
3. Mark all final nodes as rulers.
4. for round = 0 to N/S − 1 do

a. Send all packets.
b. Each nodep that receives a packet marks

the contained data.
c. if p is a non-rulerthen

p prepares a new packet forsucc(p), adding
dist(p) to the second field in the packet.

else
A new rulerp′ is selected from among
the unreached non-rulers.p′ initiates
a new wave as was done in Step 2.

In every round,S nodes are reached that were not reached before. Thus, all nodes
have been reached afterN/S rounds. All non-initial rulers are reached by waves from
their predecessors, and thus a sublist with links consisting of all rulers can be constructed
without further communication. The rest of the algorithm is the same as in independent-
set removal: after some more reduction rounds, pointer-jumping or one-by-one cleaning
is performed, and finally the excluded nodes are reinserted.

Theorem 4 On an interconnection network, an application of sparse-ruling-set cau-
ses a routing-volume of 3 ·k. The expected number of rulers selected by sparse-ruling-
set(N, S) equals S · HN/S = S · ∑N/S

i=1 1/i.

Corollary 1 Asymptotically the presented sparse-ruling-set algorithm is twice as effec-
tive as earlier versions. Here the effectivenessis meassured by the number of routing
steps for achieving a given reduction of the problem size.

Interlacing Computation and Communication. In sparse-ruling-set, an all-to-
all routing is performed in Step 4.a. Instead of this, the all-to-all routing might also
be decomposed intoP − 1 permutations. For example, PUi might send in Stepj,
1 ≤ j < P , to PU(i + j) mod P . After routing each such a permutation, the received
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data can be processed immediately as in Step 4.b and 4.c, before routing the following
packet. If the successor of a newly reached node is residing in the same PU, then a
shortcut can be made without waiting. In the original algorithm, a wave is progressing
exactly one step after every full communication round, now it is progressing twice as
fast.

Theorem 5 If routing rounds are decomposed in P −1 permutation routings interlaced
with data processing, then all nodes are reached in N/(2 · S) + 1 rounds, with high
probability.

Corollary 2 Asymptotically, interlacing computation and communication makes
sparse-ruling-set twice as effective.

Experiments. A sequential simulation ofsparse-ruling-set with interlaced com-
putation and communication has been programmed in C. It is available athttp://-
www.mpi-sb.mpg.de/∼jopsi/dprog/prog.html. The simplicity of the algorithm
leads to a very short and simple code. Another great advantage is that both new ideas
help to reduce buffer sizes. In addition to the3 · N integers for storing thesucc, mast
anddist fields, our program requires less thanN/2 additional storage.

N S Rounds N ′

4194304524288 6 1612992
4194304131072 18 584288
4194304 32768 66 191216

Table 3. Reductions of the problem sizes bysparse-ruling-set with interlaced computation and
communication. The columns giveN , S, the number of communication rounds, and the resulting
problem size.
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Abstract. This paper presents a scalable data-partitioned parallel al- 
gorithm for accurate 3-D capacitance extraction using the Boundary El- 
ement Method(BEM). We address the task decomposition and workload 
balancing issues when system matrix irregularity presents due to apply- 
ing the adaptive Gaussian quadrature. Experimental results are reported 
on an IBM SP2, an IBM 540 and a network of HP workstations. 

1 Introduction 

Accurate estimation of the capacitances in complicated three dimensional(3-D) 
interconnects is getting increasingly important for determining the final circuit 
speeds or functionality in the ultra deep sub-micron design( UDSM). Although 
3-D simulation tools[2,3,7] can help designers find signal integrity problems, 
even the fastest of these tools running on a scientific workstation are too slow 
to allow a designer to  quickly investigate a variety of conductor layouts. Several 
parallel extraction algorithms have been proposed to  reduce the running time of 
the extraction tools[5,9]. Due to  the inherent heavy communication requirement 
or the difficulty to  find an efficient task decomposition, the parallel efficiency 
was restricted, and a speedup of 5 on 8 processors was reported. 

This paper examines the parallelization of another capacitance extraction 
method, the direct Boundary Element Method (BEM)[I,2]. To sparsify the as- 
sociated dense matrix and speed up its construction, the adaptive quadrature 
scheme[lO] is used for the potential integral evaluation. However, due to  the use 
of the adaptive scheme, each entry of the system matrix will involve a different 
amount of computation and the matrix configuration will exhibit various level of 
i rregulari ty. Therefore, a simple block or even cyclic mapping can not ensure a 
good load balancing. In this paper, we address the task decomposition and work- 
load balancing of the parallel algorithm in such case. The parallel algorithm has 
been developed using the Message Passing Interface(MP1). Very good speedups 
have been obtained on a variety of parallel platforms. 

* This research was supported in part by the Advanced Research Projects Agency 
under contract DAA-H04-94-GO273 administered by the Army Research Office. 
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2 Background 

Problem Formulation 
method[l], the following 

To solve the capacitance problem using the direct BEM 
integral equation should be efficiently solved: 

cu + s, q * u d r  = s, u * q d r ,  (1) 

where u is the potential at a point, and cs is a constant depending on the 
geometry of the boundary r. In a 3-D situation, the fundamental solution u* is 
1 47rr. q is the normal electric field. A linear system of equations can be obtained 
by discretizating the above integral equation: 

Ax = f, 

where the 2-D surface integrations with the kernel l/rZ,l 2 1 should be eval- 
uated. The normal electric field q on the Dirichlet boundary can be directly 
obtained from the solution of (2), and the capacitance can be computed as: 
c = Sr, cdqdr ,  where cd  is the permittivity. Iterative algorithms like GCR[3] or 
GMRES[8] is usually used to  solve the linear system. 

The Automatic Gaussian Quadrature Gaussian quadratures are often em- 
ployed in the integral evaluations. A set of formulas were developed in [lo] which 
offer users a freedom when using Gaussian quadrature in their application, that  
is, t o  automatical ly choose the appropriate integration order according t o  a user 
specified error  bound c. The formulas suggest that  when the observation point is 
relatively far from the source region, lower order quadratures can be used for a 
given error c. It was shown that an order of magnitude speedup can be obtained 
using the adaptive quadrature, compared with the fix order quadrature. 

3 Parallel Implementation 

3.1 Task Decomposition and Mapping 

One method to  distribute the work is to  allocate equal numbers of elements to  
each processor. Then each processor generates only those matrix entries that  
have interactions with the elements it owns, and further computes the partial 
matrix-vector product. However, due to  the application of adaptive quadrature, 
each entry of the matrix may require a different computation effort. A simple 
block or even a cyclic mapping may result in unbalanced load(Figure 1). 

The idea is t o  find a permutation matrix P such that B = P-lAP, and all 
strong interactions should be close to  the diagonal in the matrix. In this case, a 
cyclic mapping can result in a well balanced workload. For 3-D problems, there is 
generally no such permutations P that  can completely accomplish this. However, 
the heuristics based on the recursive subdivision[7] yields excellent results and 
require only O(n1ogn) time on one processor. It is done by equally dividing a 
point set S into two disjoint sets S1 and S2, and recursively order S1 and S2 and 
concatenate the results to  obtain the ordering for S. 
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PO 
P1 
P2 

P1 P3 

............ 

............ 

............ 

(a) A simple structure (b) A block mapping (c) A cyclic mapping 

Fig. 1. A block mapping(b) will result in unbalanced workload. A cyclic mapping(c) 
may result in balanced workload, however, this is not guaranteed for all cases. 

3.2 The Parallel Algorithms 

An overview of the approach to  parallelization is shown schematically in Fig- 
ure 2. To handle complicated interconnect structures, a pre-processing algorithm 
is designed to  perform the conductor surface partition and evenly distribute the 
workload among all processors. 

Processor 0 Processor 1 Processor (nproc-1) 

Mesh Generation 
I I I 

Fig. 2. An overview of the parallel approach. 

Parallel Ordering To recursively compute the ordering of elements, we con- 
figure the computation as a binary tree. Processor 0 will divide the original set 
S into two sets S1 and 5’2. Then S2 will be sent t o  processor 1 for recursive 
ordering and processor 0 will continue working on set 5’1. Generally, at level I ,  
after processor p , p  E [0,2’) sub-divides a set into two sets, one of them will be 
sent to  processor ( p  + 2’) for further recursive partition and ordering. 

Parallel System Construction After the ordering, the elements will be dis- 
tributed among processors using the cyclic mapping. A linear system will be 
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Fig. 3. Running times in seconds. 

constructed by discretizing the integration equation( 1) using the mesh generated 
in the previous step. Because of the ordering, the cyclic mapping will ensure a 
good load balancing in the matrix construction. 

Parallel System Solution As mentioned above, the rows of the matrix have 
been evenly distributed among processors cyclically. Thus, each processor just 
performs the matrix-vector product on the rows it owns, and the residual and 
solution vectors of each iteration will be broadcasted to  each processor to  perform 
the computation of the next iteration. 

Typical message passing is performed by MPI all - gather ,all - reduce and 
broadcast operations. The total running time for the parallel computation is 
O(sn2/P) +O(s log P ) ,  where n is the total number of elements, P is the number 
of processors used and s is the number of iterations for system convolution. 

4 Experimental Results 

A set of structures[4,6,10] were employed to  test the performance of the parallel 
program. The running times are summarized in Figure 3. An average speedup 
of 12 is reported on a distributed memory IBM SP2 with 16 processors. On an 
IBM 540 shared memory multiprocessor, the average speedup is about 6.9 on 8 
processors. A speedup of about 4 is obtained on a network of 8 HP workstations. 

The ordering has improved the load balancing under cyclic mapping and 
therefore reduced the running time. The running times on 4 processors of an 
IBM SP2 are listed in Table 1 . 

Two larger 3-D interconnect structures[6] could not be fit in one or four 
processors as the program could allocate only about 100MB of memory per 
processor. Table 2 gives the running times and the estimated speedups. 

5 Conclusions 

We presented a scalable data-partitioned parallel algorithm for 3-D capacitance 
extraction using the direct BEM model. We addressed the task decomposition 
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Table 1. Running times in seconds on 4 processors of an IBM SP2. 

processors 
large1 
large2 

Table 2. Times in seconds and estimated speedups for large structures on IBM SP2. 

1 4 8 12 16 
NA(l.O) 602(3.6) 309(7.0) 202(10.5) 163(13.0) 
NA(l.O) NA(NA) 471(7.0) 329(10.3) 266(12.8) 

and load balancing under the irregularity. Experimental results showed that the 
parallel algorithm is efficient and can achieve very good speedups on a variety 
of parallel platforms. 
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Abstract. Queries with aggregate functions often involve more than one relation
and thus join is needed. In this paper, the effect of the sequence of aggregation
and join operations is identified in a parallel processing environment. Three
parallel methods of processing aggregate function queries are developed which
mainly differ in the selection of partitioning attribute. Their cost models that
incorporate the effect of data skew are provided.

1.  Introduction

With the increasing complexity of database applications and the rapid improvement in
multiprocessor technology, parallel query processing has emerged as an efficient way
to improve database performance. Parallel processing of major relational operations,
such as selection, projection and join, has been studied extensively in recent years. By
contrast, parallel aggregation receives much less attention although it is critical to the
performance of database applications such as OLAP, quality control, and in particular
data warehouse [2]. As a repository of integrated  decision making information, data
warehouses require efficient execution of aggregate functions. Large historical tables
need to be joined and aggregated each other; consequently, the effective optimisation
of aggregate functions has the potential for huge performance gains.

This paper presents three parallel processing methods for queries involving
aggregations and joins, namely, join-partition method (JPM), aggregation-partition
method (APM) and hybrid-partition method (HPM). JPM and APM mainly differ in
the selection of partitioning attribute for distributing workload over processors and
HPM is an adaptive method based on APM and JPM with a logical hybrid
architecture. The presented methods are different from previous work in that both
joins and aggregate conditions are considered in the optimisation [1] [3] [5] [7].
Moreover, our methods take into account the problem of data skew since the skewed
load distribution may affect query execution time significantly.
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2.  Parallelising Aggregate Functions

For simplicity of description and without loss of generality, we consider queries that
involve only one aggregation function and a single join. An example query is given
below which clusters the part shipment by their city locations and selects the cities
with average quantity of shipment between 500 and 1000.

Query 1:  SELECT   parts.city, AVG(qty)
  FROM   parts, shipment
  WHERE   parts.pno = shipment.pno
  GROUP BY   parts.city
  HAVING   AVG(qty)>500 AND AVG(qty)<1000;

For parallel query processing, we assume a parallel database architecture that consists
of a host and a set of work processors. The host accepts queries from users and
distributes each query with required base relations to the processors for execution. The
processors perform the query in parallel with possibly intermediate data transmission
between each other through the network, and finally send the result of the query to the
host. An aggregation query is carried out in three phases: (1) data partitioning in
which the operand relations of the query are partitioned and the fragments are
distributed to all processors; (2) parallel processing in which the query is executed in
parallel by the processors and the intermediate results are produced; and (3) data
consolidation in which the final result of the query is obtained by consolidating the
intermediate results from the processors.

3.  Parallel Processing Methods

Two important decisions need to be made in the parallelisation procedure. One is the
selection of partition attribute, that either join attribute or group-by attribute may be
considered. The other is the execution sequence of the aggregation and join operations.
We present three parallel processing methods that are different from each other in
these two decisions.

3.1  Join Partitioning Method  (JPM)

The JPM can be stated as follows. First, the relations R and S are partitioned into N
fragments in terms of join attribute, i.e. the tuples with the same join attribute values
in the two relations fall into a pair of fragments. Each pair of the fragments will be
sent to one processor for execution. Upon receipt of the fragments, in parallel, the
processors perform the join operation followed by a local aggregation operation on the
fragments allocated. After that, a global aggregation operation is carried out by re-
distributing the local aggregation results across the processors such that the result
tuples with identical values of group-by attribute are allocated to the same processors.
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Then, each processor performs a N-way merge with the intermediate aggregation
results, followed by doing a restriction operation for the Having clause if it exists.
Finally, the host consolidates the partial results from the processors by a simple union
operation, producing the query result.
 
 Given the notation below,
 

 r, s  the number of tuples in base relations R and S
 ri, si  the number of tuples of fragments of R and S at processor i
 Sel(i)  join selectivity factor for fragment i
 Agg(i)  aggregation factor for fragment i
 θ  reduction factor after performing Having clause
 Tcomm  the average data transmission time for each message

 Tjoin  the average join time for each tuple

 Tagg  the average aggregation time for each tuple

 
 the execution time for the JPM method can be expressed as
 

( )( ) ( )( ) ( )( )( )T r s T r s T r s Sel icomm i i join i i agg i i× + + × + × × ×max max log max

( ) ( )( )( )iAggiSelsrTT iiaggcomm ××××++ max)(

( ) ( )( )( )θ×××××+ iAggiSelsrT iicomm max
(1)

3.2  Aggregation Partitioning Method  (APM)

In the APM method, the relation with group-by attribute, say R, is partitioned into N
fragments in terms of the group-by attribute, i.e. the tuples with identical attribute
values will be allocated to the same processor. The other relation S needs to be
broadcast to all processors in order to perform the binary join. After data distribution,
each processor first conducts the joining of one fragment of R with the entire relation
S, followed by the group-by operation and having restriction if it exists. Since the
relation R is partitioned on group-by attribute, the final aggregation result can be
simply obtained by a union of the local aggregation results from the processors, i.e. the
step of merging local results used in JPM method is not required. Consequently, the
cost of the APM method is given by

( )( ) ( )( )T r s T r scomm j join j× + + ×max max log ( )( )( )jSelsrT jagg ×××+ max

( ) ( )( )( )+ × × × × ×T r s Sel j Agg jcomm jmax θ (2)
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3.3 Hybrid Partitioning Method  (HPM)

The HPM method is a combination of the JPM and APM methods. In the HPM, the
processors are divided into m clusters each of which has N/m processors. The data
partitioning phase is carried out in two steps. First, the relation with group-by
attributes is partitioned into processor clusters in the same way of the APM; i.e.
partitioning on the group-by attribute and the other relation is broadcast to each of the
clusters. Second, within each cluster, the fragments of the first relation and the entire
second relation is further partitioned by the join attributes as the JPM does. Depending
on the parameters such as the relation’s cardinalities and the skew factors, a proper
value of m can be chosen such that the minimum query execution time is achieved.
More precisely, the HPM method is described below:

1. Partition the relation R on group-by attribute to m clusters, denoted by ri . Within

each cluster, further partition the fragment ri  and the other relation S on join

attribute to n=N/m processors, denoted by rij  and s j .

2. Carry out the join and perform local aggregation at each processor.

3. Redistribute the local aggregation results to the processors within each cluster by
partitioning the results on the group-by attribute.

4. Merge the local aggregation results within each cluster.

5. Perform the Having predicate in each cluster.

6. Transfer the results from the clusters to the host, followed by result consolidation.

The total execution time of the HPM is the sum of the times of the above steps, i.e.,

( )( ) ( )( ) ( )( )( )T r s T r s T r s Sel jcomm ij j join ij j agg ij j× + + × + × × ×max max log max

( ) ( )( )( )jAggjSelsrTT jijaggcomm ××××++ max)2(

( ) ( )( )( )+ × × × × ×T r s Sel j Agg jcomm ij jmax θ (3)

The execution time for each of the components in the above equation varies with the
degree of skewness, and could be far from the average [6]. Therefore, we introduce
three skew factors αm, αn and βn, where m is the number of processor clusters and n is
the number of processors in each cluster. αm, and αn  describe the data partitioning
skew among and within the clusters; while βn represents the data processing skew
within the clusters [4]. Assuming that the partitions of both operands R and S follow
Zipf distribution, we may approximate α

γn n
=

+
1

ln
 and α

γm m
=

+
1

ln
, where

γ = 0 57721.  known as the Euler constant.

The skew factor βn is affected by the data partitioning skew factors in both relations R
and S since the join/aggregation results rely on the operand fragments. The actual
value is therefore usually difficult to estimate accurately. We assume here
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2/)1( 2 += nn αβ . Given few simplifications that ( )J r s Sel i Ji i i= × × = ,

( )Agg j
m

Agg= 1 , T T Tjoin agg proc= = , and z being message size, the cost of

HPM can be re-written as
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4.  Conclusion

Traditionally, join operation is processed before aggregation operation and relations
are partitioned on join attribute. We demonstrated in this paper that group-by attribute
may also be chosen as the partition attribute. Three parallel methods are proposed
which differ in the way of distributing operand relations, i.e. based on either the join
attribute, the group-by attribute, or a combination of both. Consequently, different
query execution costs are incurred. The problem of data skew has also been taken into
account in the proposed methods as it may adversely affect the performance advantage
of parallel processing.
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Abstract. An on-line algorithm for the list update problem has been
proposed and is shown to be 2-competitive under any sequence of ac-
cess requests. The simpler version of the algorithm can be easily and
efficiently implemented. Further, using this algorithm as a procedure in
data compression technique it is possible to obtain better compression
ratio than other known algorithms.

1 Introduction

List update problem is one of the popular problems which have been studied ex-
tensively in the area of on-line algorithms. The problem is to maintain a list of
items (possibly by a linear linked list or a linear array) to serve the basic opera-
tions like insert, access and delete. Though there are some other data structures
to maintain a dictionary of items to make insert/delete and access more efficient,
in this problem by definition, we assume a representation typically similar to a
linear linked list where access operations take time equal to the position of the
item. For study of the problem in general, it is sufficient to consider the ope-
ration access only, as other operations viz. insert and delete can be reduced to
access [6], [7]. Paging problem of memory management is a restricted version of
this problem, also deterministic algorithms for list update problem can be used
in the field of data compression [2].

After each operation, the items may be rearranged in order to make the
future operations efficient; one way is to move the commonly requested items
closer to the front of the list. Immediately after an access or insert, the requested
item may be moved at no extra cost to any position closer to the front of the
list. These exchanges are called free exchanges. Any other exchanges that incur
one unit cost per exchange are known as paid exchanges. The objective of the
problem is to maintain the list in such a way that the total cost of access and
paid exchanges is minimal.

The model of list update problem considered in this paper follows the stan-
dard model defined by Sleator and Tarjan in [7] also discussed in [6]. Here,
L = {x1, x2, .., xn} is a set of items. We have an initial instance L0 of the list
containing items of L and σ =<r1, r2, .., rm> is the requested sequence of access
operations. A list update algorithm finds a service sequence ω =<E1, E2, .., Em>
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a series of rearrangements in which each Ei is a sequence of exchanges to be
performed just before servicing ri. An on-line algorithm does not have any kno-
wledge of the future requests when servicing a request. Performance of an on-line
algorithm is studied in terms of its competitiveness to an optimum cost off-line
algorithm known as OPT. An on-line algorithm is c-competitive if

CA(σ) ≤ c.COPT (σ) + a (1)

where CA(σ) denotes the cost incurred by the algorithm A to serve σ and
COPT (σ) denotes the cost paid by an optimal on-line algorithm OPT to serve
the same request sequence σ; and a is some constant. The algorithm is also called
simply competitive if c in (1) is a constant [1].

In this paper we are going to propose a deterministic on-line algorithm for
the list update problem. It is 2-competitive and performs better than the exi-
sting best deterministic on-line algorithm timestamp(0) [2] on random data. A
simpler version of the proposed algorithm is easier to implement and runs faster
than many of the existing algorithms. We also show that our algorithm can be
effectively used as a procedure in data compression techniques discussed in [4],
[2] for achieving better compression ratio. Next section gives an overview of the
existing related work in this area. Section 3 contains the new deterministic algo-
rithm proposed by us. In Section 4 we have studied the behavior of our algorithm
on a collection of data with respect to the existing algorithms.

2 Previous Work

Various on-line list update algorithms with their competitiveness and behavior
on sample input are available today. There are few well known deterministic
algorithms for the list update problem.

– Move-to-Front(MTF): The requested item is moved to the front of the list.
– Transpose(TRANS): The requested item is moved forward by one position

by exchanging it with the immediately preceding item.
– Frequency-count(FC): It maintains frequency count for each of the items in

the list. Whenever an item is accessed, increase the count by one.
– Timestamp(0)(TS(0)): It moves the accessed item say x via free exchanges

to the position just before the first such item in the list which was accessed
atmost once since the last access of x.

Sleator and Tarjan have formalized the problem by their standard model in [7].
Bentley et.al. in [3] have shown that MTF performs better than TRANS and
FC in a collection of random input. Their results include the 2-competitiveness
of MTF to the offline algorithm Optimal static ordering (is not overall optimal).
Then they run these algorithms against some collection of docments and show
that on the average MTF behaves better than others. Sleator and Tarjan in [7]
have discussed some on-line algorithms in terms of competitiveness by amor-
tization. It has been shown that on-line algorithm MTF is 2-competitive while
TRANS and FC are not.
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3 An Improved Algorithm

For a number of the analyses in the text we use the idea of considering decompo-
sing the problem of n items to a number of lists of size 2, by taking all possible
pairs of the list. For a list of n items L = {x1, x2, .., xn} and a request sequence
σ, by σij we denote the request sequence obtained from σ by considering the
accesses only to the items of {xi, xj}.

Both MTF and TS(0) are competitive for any (worst case) input pattern.
MTF is very much data sensitive; for a single occurrence of an item, it changes
the list without considering the probability of occurrence of the item in near
future. Moving an item of low frequency of occurrence to the front of the list
creates overhead to the access of other items having higher frequency of occur-
rence. TS(0) changes the list slowly with respect to MTF - it does not move an
item too forward whose frequency (local rather than global) hence probability
of occurrence is low. But a keen observation to its behavior reveals that for the
group of items with approximately equal recent frequency it does unnecessary
exchanges for each alternate occurrences. As for example, on a list of two items
{x,y} and a request pattern (xy)l of length 2l TS(0) will do at least 2l−3 exchan-
ges yielding a cost of at least 4l−3. In contrast, an OPT serves the same request
pattern with 3l cost without doing any exchanges. This is because of the fact
that a simple realization of OPT for a list of size 2 is - after each request, move
the requested item via free exchange to the front if next request is also to the
same item (see Proposition 4 of [6]). Here we propose an on-line algorithm Slow
Adapt(SAD in short) which adapts with the changes in frequency of items slowly
than TS(0) does, but it avoids unnecessary exchanges for the items of approxi-
mately equal recent frequencies. We show that SAD is 2-competitive to OPT as
MTF and TS(0) are for any arbitrary input sequence. Then we show that overall
behavior of SAD is better for random request sequence. Hence, SAD, in stead
of TS(0), may increase the compression ratio when used in data compression
algorithms.

The basic idea of SAD is to breakup the problem of n items in to n(n−1)
2

individual lists of 2 items each. Analyzing the list update problem pairwise for
all the combinations already has been done in many articles [2], [3]. For each
pair of items {xi, xj}(i < j) SAD maintains a frequency function fij(t) Though
the function is defined as fij for i < j, we shall use fij and fji interchangeably
to mean the same function. Value of each fij(t) after serving σ(t) indicates the
recent access frequency of xi with respect to that of xj . We define fij(i<j)(t) as
follows:

Let, at time t0, any item of the pair {xi, xj} is accessed for the first time,
fij(t0) is set to -1 if the accessed item (σ(t0)) appears before the other item of
the pair, otherwise it is set to +1. For subsequent accesses,

fij(t) =fij(t − 1) − 2 if σ(t) ∈ {xi, xj} and
σ(t) appears before the other item in {xi, xj}
=fij(t − 1) + 2 if σ(t) ∈ {xi, xj} and
σ(t) appears after the other item in {xi, xj}
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=fij(t − 1) if σ(t) /∈ {xi, xj}
After each access to an item xi, compute fij(t) ∀j ∈ [1, n] and j �= i. For a pair
or items {xi, xj} it is observable that the function fij(t) will indicate the recent
relative frequency. If the item appering latter in the list is beeing accessed more
then the finction fij will have higher vallue. So, we put xi before xj through
free exchanges if for any j, fij(t)=3,. Exchange is optional if fij(t) = 1 and
restricted if fij(t) < 0. Here, we are going to consider the variant in which we
set fij(t) = −1 if fij(t) = −3 at anytime. This makes the algorithm easy to
implement.

Lemma 1. On a list of two items SAD brings the accessed item to the front of
the list if and only if the last two requests were to to the same item.

The exchange rule: While maintaining a list with n items, after an access to
xi it is moved via free exchanges to the place just before the first such item xk for
which fik(t)=3. For all j such that xj was exchanged with xi, set fij(t) = −fij(t).

Lemma 2. The exchange rule described above obeys SAD for each pair of items.

Now we proceed towards the proof of 2-competitiveness of the algorithm. We
have seen that following the exchange rule described above, we can maintain
SAD for each of the pairs in the list. Theorem 1 gives the inequality for each
such pair of items. Later we sum up the inequality over all pairs to get relation
given by the Theorem 3. Observe that the this summing up is allowed because,
SAD for n items maintains the relative ordering of SAD for each pair too. But,
OPT can not always maintain the optimal order of each pair while serving for
n items.

We consider any pair {x, y} ⊂ L and the corresponding request sequence
σxy. Then we can show that

Theorem 1. For a list of two items {x, y}, and a request subsequence σxy, the
following inequality holds: 2COPT (σxy) − CSAD(σxy) ≥ 1

Combining the result from pairwise analysis altogether, we obtain the relation
for the complete list of n items. Here, one thing has to be observed that SAD
maintains the relative ordering as in pairwise analysis while serving for the list
of n items. So, we can sum up the cost due to SAD in pairwise lists to obtain
the cost on the complete list. This follows the following claim.

Claim. The service sequence due to SAD on a list L of n items can be broken
up into n(n−1)

2 service sequences of SAD on lists of 2 items, taking all possible
pairs of items from the list of n items. Then

CSAD(L, σ) =
∑

x, y ∈ L
x �= y

CSAD(<x, y>, σxy)
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The same is not true for the optimal algorithm OPT. This is so because OPT
on list of n items can not maintain the same order as in each of the lists of 2
items for all possible pairs. The following theorem makes it clear.

Theorem 2. If L0 =<x1, x2, .., xn> is a list, σ =<r1, r2, .., rm> is a request
sequence and CA(L, σ) denotes the cost of servicing σ by algorithm A on an
initial list L, then any off-line algorithm A′ to serve σ on L0 requires a cost

CA′(L0, σ) ≥
n−1∑

i=1

n∑

j=i+1

COPT (<xi, xj>, σxi,xj ) − m(n − 2)

Using the above results we can conclude

Theorem 3. SAD is 2-competitive.

4 Experimental Results

Here we have followed the work of Albers et.al. by putting SAD for list rear-
rangement and compare its performance with MTF and TS(0). We have not
implemented a complete data compression tool. However, we count the num-
ber of bits required to represent the accessed characters (or words in case of
word-level compression) by integer representation scheme in [5]. Our experi-
ment shows that SAD performs better than TS(0) and SAD runs faster than
TS(0). In [4] it is shown that TS(0) yields a better compression ratio than that
of MTF. Thus, we conclude that adopting SAD than TS(0) is preferable for at
least this class of problems.
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Abstract. Performance of a centralized traffic priority based dynamic
burst level cell scheduling scheme is investigated in a correlated fading
channel. The scheduling scheme is designed for transmission of multi-
service traffic over TDMA/TDD channels in a WATM (Wireless ATM)
network. In this scheme, the number of slots allocated to a VC (Virtual
Circuit) is changed dynamically depending on the traffic type, system
traffic load, the TOE (Time of Expiry) value of the data burst and
data burst length in addition to the channel error status. In fact, the
scheme can be considered as a single integrated scheme for link-level
traffic scheduling and ARQ-based error control for multiservice wireless
networks. Performance of the proposed scheme is evaluated through com-
puter simulation for realistic voice, video and data traffic models, the QoS
requirements of different traffic classes in a wireless mobile network and
correlated Rayleigh fading channel model. Simulation results show that,
the proposed scheduling scheme can provide reasonably high channel
utilization with predictive QoS guarantee in a multiservice traffic envi-
ronment. At the same time such a scheme can result in an energy efficient
TDMA/TDD medium access control protocol for broadband wireless ac-
cess.

1 Introduction

With increased focus on multimedia networking services and ubiquitous infor-
mation access, ‘multimedia migration’ to mobile portable platforms seems to
be the most significant issue in the next generation wireless mobile networks.
It is expected that with mobility ”built-in” to future network API (Applica-
tion Programming Interface) specifications, uniform fixed/wireless network API
will make terminal mobility transparent to application software[1]. ATM-based
technology is being envisioned to provide high speed wireless multimedia com-
munications. In fact, the fine grain multiplexing provided by ATM due to the
fixed small cell size is well suited to slow-speed wireless links since it leads to
lower delay jitter and queueing delays. In addition, the QoS specifiable VCs
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in the ATM provide the ability to meaningfully distinguish the data cells sent
over the air and not treat all of them according to some generic policy[2]. The
different traffic streams with the different QoS requirements in a multimedia
flow can be transported over different VCs. The network level QoS requirements
for multimedia data which are derived from their transport characterization are
specified by parameters such as CTD (Cell Transfer Delay), CDV (Cell Delay
Variation) and CLP (Cell Loss Probability). For nrt-VBR, ABR and UBR traf-
fic, CLP is the most important QoS parameter to be guaranteed. For CBR and
rt-VBR traffic, both CLP and CTD are to be guaranteed, and if it is assumed
that the CDV can be compensated by using buffering and output control at the
BS(Base Station)/AP(Access Point), it gets merged with the CTD issue.

Providing predictive QoS in a wireless mobile multimedia network has the
advantage of not requiring a call to specify its traffic parameters, but the call
must belong to one of a predefined set of classes and its traffic should cor-
respond to the traffic characteristics of that class if the guarantees are to be
reliable. Measurement-based bandwidth allocation and call admission control[3]
combined with the relaxed predictive QoS commitment can achieve high level
of network utilization. In a wireless mobile network, predictive QoS can be ideal
for scalable multimedia applications which can tolerate some occasional degrada-
tions in network performance due to channel errors and user mobility. This can
be achieved by measurement-based call admission control and certain degree of
bandwidth reservation combined with traffic priority based dynamic bandwidth
allocation in the MAC (Media Access Control) protocol.

Earlier we investigated a set of centralized dynamic priority based burst level
cell scheduling schemes, namely, FCFS-FR (First Come First Served with Frame
Reservation), FCFS-FR+, EDF-FR (Earliest Deadline First with Frame Reser-
vation), EDF-FR+ and MTDR (Multitraffic Dynamic Reservation) for WATM
for transmitting multiservice traffic over TDMA/TDD channels where the num-
ber of slots allocated to a VC is changed dynamically depending on the traffic
type, system load and the TOA (Time of Arrival)/TOE (Time of Expiry) values
of the data bursts[4]. Simulation results showed that, EDF-FR+ and MTDR
schemes provide tolerable QoS guarantee with reasonably high channel utiliza-
tion in a multiservice traffic environment and the EDF-FR+ scheme was found
to provide better multiplexing performance than the MTDR scheme. In this
paper we explore the performance of EDF-FR+ scheme under correlated chan-
nel errors. Information about channel error correlations is exploited so that it
becomes robust to channel impairments to some extent. In a mobile radio en-
vironment, high speed data transmission (e.g, 20 Mbps in 5 GHz band), will
suffer significantly from correlated errors in a slowly varying fading channel.
Scheduler performance can be improved based on channel prediction and by not
granting transmit permission to users whose channel is bad. We refer to the the
enhanced EDF-FR+ scheduling policy employing some channel prediction as
CSAS (Channel State Aware Scheduling) scheme. We evaluate the performance
of the CSAS scheme by computer simulation in a Rayleigh fading channel. The
effects of bursty channel errors on the QoS degradation of multiservice traffic are



Link-State Aware Traffic Scheduling for Providing Predictive QoS 221

determined in terms of long term cell loss rate and average cell transfer delay
under the CSAS scheme.

The EC-MAC (Energy Conserving MAC) protocol proposed in [5] uses a
’priority round-robin with dynamic reservation update and error compensation’
scheduling where CBR and VBR traffic are prioritized over UBR traffic and
within the same traffic type different connections are treated using round-robin
mechanism. TOE values of data bursts are not explicitly taken into account for
scheduling. Our work is different in that the scheduling scheme considered in
this paper is based on resource isolation for different types of traffic and at the
same time dynamic allocation based on the instantaneous needs of the connec-
tions carrying the same type of traffic. The priority of a connection is based on
the traffic type, the TOE value of the corresponding data burst and the data
burst length. The idea is to reserve some bandwidth (which is changed dynami-
cally) during each frame time for each class of traffic and to distribute the excess
bandwidth according to the instantaneous needs of the admitted connections.
A round-robin based link-level channel-state-dependent packet scheduling (CS-
DPS) was proposed in [6] mainly as a means of enhancing TCP performance for
a system featuring RTS (Request to Send)-CTS (Clear to Send) messaging. This
scheme was enhanced by combining it with CBQ (Class-Based Queueing) in [7]
though the different QoS requirements of multimedia traffic were not considered.
In fact, in a WATM network per cell scheduling may not be computationally fea-
sible and per-VC scheduling is more desirable from implementation point of view.
Moreover, the RTS-CTS based channel probing used in the above works may of-
ten result in discrepancy between the actual channel state and the estimated
channel state since links are monitored only occasionally (frequency of which is
determined by a parameter g). In a WATM network with TDMA/TDD-based
MAC protocol considered in this paper, each MT suffering collision can send a
‘probe message’ in a minislot during the RA period in each frame time which
is typically very small. If the BS/AP receives it correctly, it can resume allo-
cating bandwidth. Thus it is possible to sample the channel status in a more
’fine-grained’ manner in this case by using an efficient contention resolution
scheme in the RA minislots and consequently a better channel estimation may
be achieved.

2 The CSAS Algorithm

The TDMA/TDD frame structure, the media access procedure, the protocol
parameters and their notations are same as those described in [10]. If a frame is
lost due to channel errors, the corresponding cells are kept waiting in the transmit
data buffer until they are successfully transmitted or their waiting time exceeds
the corresponding TOE value. Let PCBR(t), Prt−V BR(t) and Pnrt−V BR(t) denote
the set of ’active’ CBR VC, rt-VBR VC and nrt-VBR VC respectively during
frame time t for which the channel conditions are predicted to be good. Let
nCBR, nrt−V BR and nnrt−V BR denote the corresponding cardinalities and let
P (t) = PCBR(t)∪Prt−V BR(t)∪Pnrt−V BR(t). The VC identifiers are arranged in
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the ascending order of their TOE values and among the VCs with the same TOE
value the one with the longest queue-length precedes the others. When the uplink
traffic corresponding to a VC is not ACKed by the BS/AP, the corresponding
MT assumes that the cells have been lost and it starts transmitting ’probe’
messages periodically during RA period. A few of the RA minislots can be
reserved for these ’probe’ messages. As soon as the BS/AP receives one of these
probe messages correctly, it resumes scheduling the traffic corresponding to these
VCs again for transmission.

V Ci(CBR)s are given priority over V Ci(rt−V BR)s due to their more strin-
gent delay requirements. A minimum amount of bandwidth is reserved in each
frame for audio, real-time video and non real-time traffic by setting a nonzero
value for RCBR, Rrt−V BR and Rnrt−V BR respectively. The values of the param-
eters RCBR, Rrt−V BR and Rnrt−V BR can be varied adaptively depending on the
traffic load and QoS satisfaction of the ‘active’ VCs using some measurement-
based scheme. The maximum and minimum values of these parameters will be
dependent on the admission control and pricing policies for CBR, rt-VBR and
nrt-VBR VCs. The simplest adaptation policy is to toggle them between some
fixed value of RCBR/Rrt−V BR/Rnrt−V BR and 0 depending on whether there
is any ‘active’ CBR/rt-VBR /nrt-VBR VC when scheduling computations are
performed.

The scheduling algorithm is as follows:

1. if (nCBR(t) = 0) {
rCBR(t) = 0, Z(t) = RCBR

}
else {

rCBR(t) = RCBR, Z(t) = 0, i = 0
while ( i < |PCBR(t)| and rCBR(t) > 0) {
allocate min(Qi(t), rCBR(t)) slots to V Ci in PCBR(t)
rCBR(t) = rCBR(t)-min(Qi(t), rCBR(t))
i + +

} //while
Z(t) = Z(t) + rCBR(t)
} //else

2. if (nrt−V BR(t) = 0) {
rrt−V BR(t) = 0, Z(t) = Z(t) + Rrt−V BR

}
else {

rrt−V BR(t) = Rrt−V BR, i = 0
while ( i < |Prt−V BR(t)|and rrt−V BR(t) > 0) {

allocate min(Qi(t), rrt−V BR(t)) slots to V Ci in Prt−V BR(t)
rrt−V BR(t) = rrt−V BR(t) - min(Qi(t), rrt−V BR(t))
i + +

} //while
Z(t) = Z(t) + rrt−V BR(t)

} //else
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3. if (nnrt−V BR(t) = 0) {
rnrt−V BR(t) = 0, Z(t) = Z(t) + Rnrt−V BR

}
else {

rnrt−V BR(t) = Rnrt−V BR, i = 0
while ( i < |Pnrt−V BR(t)| and rnrt−V BR(t) > 0) {

allocate min(Qi(t), rnrt−V BR(t)) slots to V Ci in Pnrt−V BR(t)
rnrt−V BR(t) = rnrt−V BR(t) - min(Qi(t), rnrt−V BR(t))
i + +

} //while
Z(t) = Z(t) + rnrt−V BR(t)

} //else
4. i = 0

while (i < |P (t)| and Z(t) > 0) {
allocate min(Qi(t), Z(t)) slots to V Ci in P (t)
Z(t) = Z(t) - min(Qi(t), Z(t))
i + +

} //while

3 Simulation Environment, Channel Model, Traffic
Models and Performance Measures

A C-coded event driven simulator is used. The simulator is run for 2 million
frames (with the parameters shown in Table 1) which correspond to 1320 seconds
for a frame size of 30 slots. Simulation statistics was flushed after 500000 frames
to avoid the transient effects. Since the performance of the scheduler is of major
concern, we disregard the contentions among the reservation requests during the
RA subperiods. SR-ARQ (Selective-Repeat ARQ)-based error control scheme is
assumed.

For a broad range of parameters, the frame (i.e., a data block of duration
T) error process in a mobile radio channel where the multipath fading can be
considered to follow a Rayleigh distribution can be modeled using a two-state

Markov chain with transition probability matrix Mc[9]:
[

p 1 − p
1 − q q

]
where p

and 1-q are the probabilities that the j-th frame transmission is successful, given
that the (j-1)-th frame transmission was successful or unsuccessful, respectively.
We assume that during the time period T , the fading envelope does not change
significantly. For each of the MTs, the channel evolution in each TDMA/TDD
frame is assumed to be independent and determined by the two parameters p
and q which in turn are determined by fdT

1, the normalized Doppler bandwidth
and PE , the average frame error probability. PE describes the channel quality
in terms of fading margin F 2. Different values of PE and fdT result in different
1 where fd = v/λ = mobile speed/carrier wavelength
2 the maximum fading attenuation which still allows correct reception
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degree of correlation in the fading process. When fdT is small, the fading process
is very correlated; on the other hand, for large values of fdT , the fading process
is almost independent. The variation of expected length of error burst with PE

is shown in Fig. 1 for several values of terminal mobility assuming a carrier
frequency of 5 GHz, channel data rate of 20 Mbps and a frame length of 30
cells each of size 55 bytes. For a certain value of average frame error rate PE

(particularly for a value in the range of 10−2 to 10−3), the error burst length
increases as user mobility (and hence fdT ) decreases.

All the cells comprising a burst have the same TOE value. For the nrt-VBR
traffic type, data bursts are generated only either after the current burst has
been transmitted or it has ‘expired’. Traffic is assumed to be symmetric in both
the forward and the reverse link. The amount of available buffers at an MT is
assumed to be infinite. A vocoder with fast speech activity detector, a GBAR
(Gamman-Beta Autoregressive) model and an LRD (Long Range Dependent)
model are used as CBR, rt-VBR and nrt-VBR traffic sources respectively[4].

The QoS parameters considered are CLPCBR (Average CBR Cell Loss Prob-
ability), CTDCBR (Average CBR Cell Transfer Delay), CLPrt−V BR (Average
rt-VBR Cell Loss Probability), CTDrt−V BR (Average rt-VBR Cell Transfer De-
lay), CLPnrt−V BR (Average rt-VBR Cell Loss Probability), Tnrt−V BR (Average
nrt-VBR Throughput) and U (Channel Utilization)[10]. It is assumed that pre-
dictive QoS can be provided to the voice, video and data traffic if the values of
CLPCBR, CLPrt−V BR and CLPnrt−V BR are of O(10−2), O(10−3) and O(10−6)
respectively and the maximum values CTDCBR and CTDrt−V BR are less than
10ms and 15ms respectively. U is calculated without taking control overheads
into account.

Table 1. Simulation parameters

Parameter Value Parameter Value

Channel rate 20 Mbps Slot size 22µs
No. of ACK slots 1 Principal talkspurt length 1.00 s
Principal silence gap length 1.35 s Mini-spurt length 0.275 s
Mini-gap length 0.05 s Voice coding rate 32 Kbps
Mean no. of cells/video frame 104.9 Variance of no. of cells/video frame 882.09
Correlation coefficient, ρ 0.984 Video interframe rate 40ms
Mean nrt-VBR burst length 0.48 KB nrt-VBR source Pareto shape parameter 1.1
Mean nrt-VBR burst interarrival time 1s TOE of a voice cell 32 ms
TOE of a video cell 40 ms TOE of a data cell 1 s

4 Simulation Results

rt-VBR traffic only: The variation of U and CLPrt−V BR with Nrt−V BR in a rt-
VBR traffic only scenario is shown in Fig. 1. For PE = 0.01 (i.e., channel fading
margin = 19.978 dB) and fdT = 0.00308 which corresponds to user velocity
of 1 km/hr, for carrier frequencey equal to 5 GHz, CLPrt−V BR ≈ 1 × 10−3
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and U ≈ 0.84 when Nrt−V BR = 6. For the same value of PE and fdT , with
Nrt−V BR = 7, CLPrt−V BR ≈ 7 × 10−3 and the resulting channel utilization
is about 0.95. As long as U is below certain limit (e.g., 0.84), the scheme can
provide tolerable loss and delay performance for PE as high as 1%. Since with
low user mobility the channel fading events are more correlated, for a certain
value of PE , as v decreases, CLPrt−V BR increases.

CBR and rt-VBR traffic: In case of CBR and rt-VBR traffic mix with
Rrt−V BR = 4 and RCBR = 0, for PE = 0.01 and v = 1 km/hr, CLPCBR ≈ 1 ×
10−2 and CLPrt−V BR ≈ 7.5×10−4 when Nrt−V BR = 5 and NCBR = 30 (Fig. 2).
In this case U ≈ 0.75. As Nrt−V BR is increased to 50, CLPrt−V BR ≈ 1.8×10−3.
In this case U ≈ 0.77 and CTDCBR/CTDrt−V BR are well below the assumed
QoS limits. It is observed that increasing the value of Rrt−V BR causes large
degradation in CLPCBR. The average cell loss and delay measures and channel
utilization depend on the proportion of each traffic in the total traffic load and
the value of the reservation parameters. It is observed that as the proportion of
CBR traffic decreases, channel utilization increases with a consequent increase
in the throughput of rt-VBR traffic.

CBR, rt-VBR and nrt-VBR traffic: In case of CBR, rt-VBR and nrt-VBR
traffic mix, channel utilization of about 0.75 can be achieved with tolerable QoS
for all traffic streams when NCBR = 25 and Nrt−V BR = 5 for PE as high as 0.01
(Fig. 3). In fact, due to very large variance in the nrt-VBR burst size (result-
ing from the Pareto distribution) it may not be possible to meet the very low
loss requirement of nrt-VBR traffic and at the same time achieve high channel
utilization when the delay of the nrt-VBR traffic is to be bounded. By limiting
the burst size to a maximum value, better channel utilization can be achieved.
Channel utilization also depends on the ratio of the real-time traffic-load to total
traffic load. It has been observed that as the ratio decreases, channel utiliza-
tion increases and consequently Tnrt−V BR increases. In case of non-LRD traffic
channel utilization increases significantly. Some simulation results are shown for
short-range dependent nrt-VBR traffic. In this case it is assumed that burst
lengths are exponentially distributed with mean duration of 0.1s with data rate
of 1 Mbps and maximum tolerable delay of a burst is 3 s. With NCBR = 40 and
Nrt−V BR = 5, U ≈ 0.90 and CLPnrt−V BR < 10−6 in case of non-LRD nrt-VBR
traffic. In this case Tnrt−V BR ≈ 2.7 Mbps.

5 Outlook

For multiplexing bursty multimedia traffic (which are often difficult to model)
over WATM air interface, traffic priority based dynamic cell scheduling schemes
are viable to achieve high channel utilization and at the same time to provide pre-
dictive QoS to different traffic streams. The burst level cell scheduling scheme
described in this paper for TDMA/TDD-based wireless access is suitable for
providing tolerable QoS in a multitraffic environment. In addition, establishing
synchronization at the BS/AP is expected to be relatively simpler since dur-
ing each frame time it is more likely that fewer number of MTs are involved in
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transmission/reception. The reservation parameters, namely RCBR, Rrt−V BR

and Rnrt−V BR are the ‘tuning knob’s that can be dynamically adjusted for
varying the QoS required for the different traffic streams. Simulation results
show that, for a TDMA/TDD frame size of 0.66ms and link speed of 20 Mbps,
reasonably good QoS (in terms of long term cell loss rate and cell transfer de-
lay) can be obtained for bursty voice, GBAR video and LRD data traffic even
with a simple binary adaptation policy. Improved performance may be achieved
by employing some measurement-based scheme to adjust the values of RCBR,
Rrt−V BR and Rnrt−V BR according to the instantaneous traffic load and the QoS
satisfaction of the different VCs but at the expense of more processing overhead.
We also observe that providing bounded delay to LRD traffic and at the same
time achieving very high channel utilization may not be possible. Higher channel
utilization is achieved for short-range dependent data traffic.

The scheme can be easily adapted as a MAC policy for wireless access to the
emerging DS Internet by integrating with some traffic conditioning schemes at
the MTs. In fact the concept here is in line with the recently proposed Assured
Forwarding (AF) Per-Hop Behavior (PHB) for DS Internet[11]. The BS/AP
functioning as an ingress node to the wireline network can integrate the traffic
admission policy with the wireless MAC protocol. The BS/AP scheduler can also
use ECN (Explicit Congestion Notification)[12] information from downstream
routers for scheduling data bursts at the MTs. Traffic conditioning at the net-
work edge (i.e., in MTs) along with a centralized scheduling scheme can provide
predictable QoS to multimedia traffic in a DS wireless network.
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Abstract. This paper investigates how active networking technology 
can be applied to enhance Internet Engineering Task Force (IETF) Mo- 
bile IP. By leveraging the intra-network computation, packet redirection 
,handoff and sending of binding updates is performed by active routers 
(ARs). Given these enhancements we compared the performance of trans- 
mission control protocol (TCP) on mobile IP, optimized mobile IP and 
our ARs scheme. Our results show that ARs allow TCP to recover faster 
and achieve better throughput due to low-latency handoff. 

1 Introduction 

The proliferat ion of wireless computing within modern networking environments 
have seen many problems emerge, in particular mobile host (MH) routing. Mobile 
IP [l] specifically addresses routing between MHs on top of the existing IP 
protocol. 

The main problems in Mobile IP [l] are: 

1. Triangle Routing. This problem arises when the MH is in a foreign network. 
All packets destined for the MH need to  be redirected via its HA. This 
increases the delay in delivering packets and wastes bandwidth. 
Optimised Mobile IP [2] solves the triangle routing problem by sending a 
binding update to a CH thus reducing latency. In addition, a binding update 
is sent to the previous foreign agent (FA). This enables the previous FA to 
tunnel packets to the MH's current care-of-address. 

2. Packet Loss. The Mobile IP protocol specification dictates that the previous 
FA is not notified of the MH's new care-of-address. As a result, the old FA 
discards any packet which is not addressed to  MHs in its visitor list [l]. As a 
consequence of the packet discards, transport protocols such as TCP invoke 
congestion control procedures which reduce throughput [3]. 

3. Slow binding updates. In the optimised Mobile IP [2] the mobility binding 
update time for the CH is a function of the time taken for the registration 
request to  reach the HA and the RTT from the HA to the CH. The processing 
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delay encountered at  the HA is also a minor factor. Within this time period, 
the CH continues to send packets to the MH’s old location. The number of 
packets being forwarded is a function of the data rate between the FH and 
the MH’s previous location. In a gigabit network environment this means a 
significant portion of the application’s packets are being misdirected. This 
results in inefficient use of bandwidth. Apart from that misdirected packets 
need to  be buffered at the previous FA. This is not scalable, considering an 
environment with high number of MHs. 
Slow handoff time. The registration reply is a function of the RTT from the 
HA to the MH. If the MH’s HA is a t  the other end of the globe, handoff 
takes considerably longer. 

To address the above mentioned problems we leverage the processing capabil- 
ities of routers in active networks (ANs) [4]. The AN paradigm allows end-nodes 
to program network elements so that user specific computation can be performed. 
The programs can extend the capabilities of the network element(s) or provide 
customised computation on a set of packets (i.e per flow computation) [4]. There 
are two proposed methods for computation at network elements, programmable 
switches [5] and the capsule approach [6]. 

2 Active Routers 

ARs are routers which allow customisation of user traffic. They contain prede- 
fined routines which may be loaded on a per-connection basis. These routines 
may run until they are specifically unloaded or until their time of service ex- 
pires’. The main operation of ARs is to  monitor packets (including encapsulated 
packets) going to  and from the MH and invoke specific functions to  customise 
the flow of the given traffic. In our scheme, ARs are programmed2 by the HA 
during connection setup and each AR maintain a security association with the 
HA. ARs acquire the current care-of-address for MH’s through the registration 
request messages sent to the HA by the MH. By monitoring packets addressed 
to the MH, packets which are addressed to the MH’s old care-of-address can be 
redirected. Apart from that ARs also maintain a list of CH addresses that are 
communicating with the MH. During handoff binding updates are sent to CH 
by ARs. As a result CHs receive binding updates faster. Thus traffic can be sent 
towards the MH sooner compared to the optimized Mobile IP scheme [2] where 
binding updates are issued by the HA. 

In our scheme the following actions are taken by ARs upon receipt of messages 
generated by Mobile IP for a given connection: 

- Registration Requests from the MH. 
This message contains the MH’s current care-of-address and is sent to the 
HA after handoff. The registration request is also used by the MH to renew 

e.g. When the current connection has been idle for a given time 
Only one program is loaded per MH 
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its registration request after the set lifetime has expired and to deregis- 
ter itself when it returns home [l]. When an AR intercepts this request, it 
authenticates the request and records the new care-of-address and the re- 
quested lifetime of the request before forwarding the registration request. 
The lifetime is used by the ARs to  expire old information. All ARs along the 
route record the MH’s care-of-address. If an AR has a record of CHs com- 
municating with the MH then binding updates are sent. The AR containing 
reachability to the MH’s old and new BSs is termed the AR-CX. AR-CX 
is responsible for sending registration reply to the MH and programs ARs 
from it to the MH’s new location. In the worst case scenario, the AR-CX is 
the AR local to the HA. In this case, the AR scheme will converge to  the 
route optimisation Mobile IP scheme [2]. Once the ARs are programmed any 
packets from CHs are redirected and binding updates sent. 

In our ARs scheme, registration reply is generated by both the HA and AR- 
CX. The reply from the HA is forwarded to  the MH. All ARs along the 
route authenticate the reply using the 64-bit number identification [l] in the 
registration reply message and record the status of the reply. 
In the case where no registration reply is received after the registration 
request has been sent, ARs are responsible for retransmitting the registration 
request to the HA until a registration reply is received ’. 
This is generated by a node upon receiving a packet tunneled to an out-of- 
date care-of-address [2]. If an AR has an updated care-of-address the AR 
sends a binding update to  the node which tunneled the packet. 

Upon receiving a registration request from the MH, the AR-CX generates 
binding updates to  the previous FA and any CHs. Note that only the AR-CX 
generate a binding update to the previous FA. 

- Registration Reply. 

- Binding Warning. 

- Binding Update. 

3 Simulation Methodology 

We validate our scheme using simulation. TCP’s performance is analysed and 
compared in three schemes: mobile IP, optimized mobile IP and active routers. 
The wired portion of the network has a speed of 10Mb/s and the wireless channel 
has a data rate of 2Mb/s and no bit errors. Bit errors are assumed to be handled 
by a data link layer protocol. The cell areas in our topology overlaps, which 
means there are no silent areas. The MH controls the time of handoff, hence 
the time of handoff and the duration of the handoff procedure can be measured. 
Each active router is capable of processing 5000 packets per second. For each 
simulation a persistent source transmits n packets of size 536 bytes from the CH 
to the MH. 

Retransmission of registration request is specified in Section 3.6.3 in the Mobile IP 
specification [ 11 
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4 Results 

In this simulation the MH is set to  migrate to  a new cell a t  t = 50.0. The 
persistent source is set to  transfer 80 packets each of size 536 bytes from the CH 
to the MH '. 
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Fig. 1. These graphs show the congestion window size and sent sequence number. As 
can be seen the AR scheme causes T C P  to  recover faster after handon  at t = 50.0. As 
a result a higher throughput i s  observed. 

From Figures l (a )  and (b) we see that ARs perform well above the mobile IP 
models since the CH and the MH no longer rely on the HA for the care-of-address 
binding update. 

Figure 1 shows that TCP slow-start recovers fastest when the ARs are pro- 
grammed with our scheme. A measure of the improvement is shown by the 
sequence numbers increasing faster in the ARs curve than it does with either 
the optimised or original Mobile IP curves. 

Figure l (a )  also shows that Mobile IP (labelled Original) does not perform 
well since the CH needs to send each packet to the HA where it is tunneled to the 
MH. This causes unnecessary traffic which is inefficient particularly when the 
MH is located near the CH, meaning that longer RTT induced delays may occur. 
Moreover congested link to  the HA can be avoided. The congestion window for 
Mobile IP increases a t  t = 58.2, a delay caused by TCP's exponential backoff. In 
the optimised Mobile IP, the congestion window starts increasing after t = 57.6 
and for the ARs approach the congestion window advances at  t = 55.8. This 
faster recovery enables the sender to  increase its sequence number sooner which 
results in an overall improvement over the other Mobile IP models. The time 
taken to transmit 80 packets each of size 536K packets for the three models is 
different. The ARs scheme has the highest throughput due to faster recovery after 
handoff. In this simulation the CH gets updated with the new care-of-address 

In our simulations no variable are dynamic or random, hence these simulations runs 
are repeatable. Furthermore we noticed similar behaviour given different handoff 
time . 
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Original 
0 pfimised 0.87 
IActive Router1 t:;: I 0.77 I 

Mean Standard Deviation 
1.43 1.0 

Table 1. RTT mean  and standard deviation. Th i s  shows the C H  observed a lower mean  RTT and 
lower deviation when the A R s  scheme i s  used. 

2.9ms after handoff for the ARs approach, and 9.lms for the optimised Mobile 
IP. No binding update is sent to the CH in the original Mobile IP specification. 
Handoff takes 2.8ms using our approach and 7.4ms for the Mobile IP models. 

5 Conclusion 

The implications and potential performance improvements of ARs programmed 
with an active handoff algorithm have been analysed. Four main limitations of 
the Mobile IP models have been identified and our results showed that ARs can 
be used to alleviate these. ARs can provide an efficient and optimised routing 
scheme. Of importance is the CH being notified earlier of the MH’s new care- 
of-address which enables it to tunnel packets along an efficient route sooner. 
Moreover significant deviation in RTTs which are inherent in the Mobile IP 
models was also minimised. This lower deviation means that TCP was less likely 
to invoke slow-start congestion avoidance resulting in better throughput. 
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Abstract. This paper considers scheduling algorithms for an infrastruc-
ture network where: (i) multiple channels are available per cell and (ii)
mobile reservation and basestation scheduling protocol is used for medi-
um access. The paper describes adaptive scheduling algorithms imple-
mented at the mobile which modify the allocation provided by the base
station. The motivation to do this is that under certain conditions, a
mobile may wish to re-allocate its transmission slots between its pri-
ority queues based on the current queue status and other information.
We propose an aging priority scheme where sessions who were forced to
give up their allocated slots are provided increasing priority. The overall
performance improvement for higher priority packets and correspond-
ing performance degradation for lower priority packets is studied using
discrete event simulation.

1 Introduction
Wireless Local Area Networks (WLANs) have become an increasingly important
technology for today’s computer and communications industry. In this paper,
we consider an infrastructure based wireless network, where base stations are
entities connected to the wired infrastructure; and mobiles communicate with
the base station over the wireless link.

This paper studies channel sharing among the mobiles using a reservation
and scheduling protocol as in [1]. Each user generates different types of sessions
where each session traffic is associated with a priority. The paper also considers
the situation where multiple transmission channels are available in a single cell.
In [2], scheduling algorithms that run at the basestation for such a network were
studied.

Those algorithms can be classified as fully gated, where packets arriving dur-
ing the reservation interval must also wait for an entire cycle. This wait may not
be desirable in certain situations. For example, a real time packet may miss a
deadline, or when a mobile may need to transmit more higher priority packets
quickly after recovering from a error state or due to battery power levels. Thus,
the paper proposes a mechanism where the mobile modifies its transmission
schedule provided by the base station. This is done by sending certain higher
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priority packets that arrive after the current reservation cycle in place of lower
priority packets. This approach will definitely benefit the higher priority pack-
ets, but our design goal is to minimize the impact of performance on the lower
priority packets.

The proposed algorithm implements an aging scheme which moves lower
priority packets to higher priority queues based on the bandwidth consumed
by each queue. To guarantee fairness, these sessions are later supplemented with
additional bandwidth when the higher priority sessions have consumed too much
of the bandwidth. The analysis is done using discrete event simulation methods.

2 Access Protocol and Scheduling
This section describes the access protocol framework for the multiple-channel
system. The scheduling and queuing algorithms are typically used along with a
medium access control (MAC) protocol.

Access Protocol: The access protocol considered in this paper is based on the EC-

MAC protocol [1]. The access protocol is defined for an infrastructure network
with a single base station serving mobiles in its coverage area. We are considering
the protocol framework extended to multiple channels. Each mobile is equipped
with a tunable transmitter and tunable receiver that can tune across multiple
frequencies. The base station is assumed to have a set of transceivers – one per
channel.

Transmission in EC-MAC protocol is organized by the base station into
frames. Each frame has a fixed number of slots, where each slot equals the basic
unit of wireless data transmission. The frame is divided into multiple phases. In
the first phase, a frame synchronization message (FSM) is transmitted on the
downlink and it contains framing, synchronization and other control information.
The request/update phase comprises the uplink request transmissions from the
mobiles to the base station and operates in a collision-less mode. New mobiles
that just entered the area covered by the base station register themselves with
the base station in the New-User phase. The schedule is then computed by the
base station during the schedule computation phase and the computed schedule
is broadcast to all the mobiles. The data phase is composed of both uplink and
downlink traffic.

Overview of the Scheduling Algorithm: The uplink requests made by the M
mobiles to the base station and the downlink traffic from the base station to
the M mobiles over the C channels are represented by a M × 2P matrix, where
P represents the number of priority queues within a mobile. Columns 1, . . . , P
in the traffic vector indicate the slot requests from the M mobiles to the base
station (uplink traffic), where each column represents a priority queue. Columns
P + 1, . . . , 2P in the traffic vector indicates the slot requests for the M mobiles
from the base station. Thus, we only consider the first P columns of the matrix.
We need to find a conflict-free assignment of the C channels such that the frame
length is minimized. The rest of this section considers only uplink transmissions
(from mobile to BS) with similar results applicable to the downlink.
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Let dij denote the request made by mobile i for priority j traffic. Let S = (Si)
denote the allocation vector, and let Si denote the total amount of slots allocated
on channel i where 0 ≤ Si, i = 1, . . . , C.

The scheduling algorithm allocates the requests di1, (i = 1, 2, . . . ,M), con-
tiguously (without any splitting of the requests) on the channel which currently
has the least partial sum of allocation. If more than one channel has the same
least partial sum, one channel is chosen at random for the next allocation. Once
this is done, it computes the current schedule length, L = maxCi=1 Si. Then it
initializes Si = L, (i = 1, 2, . . . , C), and allocates the requests of the next priority.

3 Adaptive scheduling

The previous section described the scheduling algorithm implemented at the
BS. The main idea of this paper is to allow the mobiles to adapt this schedule
based on local queue status and other conditions. The MAC at the mobile should
implement some form of priority scheduling to select which of the queued packets
get selected for transmission. Thus, the mobile chooses to send a higher priority
packet instead of a lower priority packet, even though the latter packet was
scheduled by the base station. This deferment may result in unfair treatment of
lower priority packets leading to starvation. To overcome the unfairness, sessions
suffering deferment in packet transmission must be supplemented with additional
bandwidth later.

Adaptive scheduling using an aging scheme (ASAS): In this scheme, the priority
of packets that are deferred is increased after each such deferment. This ensures
that a packet will not starve by staying in a lower priority queue for ever. Con-
sider an example where there are three sessions with respective priorities 0, 1,
and 2 sharing a given link. At time i the mobile is scheduled by the base station
to transmit packets belonging to queue 2. However there are packets waiting to
be transmitted from higher priority queue 0 that arrived after the last reserva-
tion cycle. These packets are transmitted and the packets that were marked with
priority 2 are now marked with priority 1. At a later point of time j (j > i),
when priority 1 queue is chosen, these packets are transmitted.

A formal description of the algorithm is given in Figure 1. Procedure Selec-
tQueue returns the next session from which a packet should to be transmitted.

4 Performance Analysis

The following sections describe the source traffic models, performance metrics
studied, and simulation results. The performance of the protocol has been studied
through discrete-event simulation models written in C with YACSIM [3].

The simulation results presented here consider data traffic type for all priority
sessions. In simulation, each mobile terminal data traffic is modeled as self-similar
traffic with Hurst parameter of 0.9 [4]. The MAC parameters are: channel rate
of 10 Mbps, TDMA frame length of 16 ms; number of slots per TDMA frame
is 312 slots, number of slots in data phase is 254 slots, and data slot size is 64
bytes.
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Algorithm SelectQueue(nodeid, slotOwner)
If (slotOwner == 0) return (0);
EndIf
i = nodeid; j = slotOwner;
For (k = 0, 1, 2, . . . , j − 1)

If no packets in (sessionk) continue; EndIf
If (ptik ≥ pmaxik) continue; EndIf
(ptik)++;
Move packet at the head of queue j to queue j − 1;
return (k);

EndFor
return (j);

End.

Fig. 1. Procedure invoked to select the next session from which a packet is to be
transmitted.

The performance metric studied is the average packet delay is defined as the
time between packet generation and packet transmission. Another measure, the
probability of meeting deadlines, is under investigation.

The discussions below are based on Fig. 2. We present the results for a system
with 8 channels. There is not much variation in the average delay experienced
by a priority 0 packet if few mobiles contend in the system. When the number
of mobiles within a cell becomes more than 40, we see that packet delay tends
to reduce with adaptive scheduling. We next consider average packet delay for
priority 1 sessions. Beyond 30 mobiles, ASAS is able to lower the average packet
delay experienced by priority 1 packets. However, beyond 80 mobiles, the delay
experienced by these packets are higher. For priority 2 packets, the delay is ac-
tually less when the adaptive scheduling is used for systems which have between
25 and 50 mobiles. Beyond 50 mobiles, the delay of priority 2 packets is higher.

In summary, we find that ASAS is able to deliver better delay for networks
with an intermediate number of nodes. For large number of nodes, the lower
priority packets suffer performance degradation at the expense of higher priority.
In [5], an alternate scheduling mechanism based on a fairness server is presented
and analyzed.

5 Conclusion
This paper describes adaptive scheduling algorithms for a reservation-based
MAC protocol for scheduling in wireless networks. An aging based adaptive
scheduling algorithm for use at the mobiles was presented. Simulation studies
that measured average packet delay were conducted. For high priority sessions,
the packet delays were reduced considerably as required when the adaptive al-
gorithms are used at the mobiles. The ASAS scheme does not perform as well
for lower priority sessions for large number of nodes. Further work is necessary
to limit the performance degradation of lower priority sessions.
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Fig. 2. Average Packet Delay for the three priorities. Solid and dotted lines represent
the basic scheme (NAS) and aging based adaptive scheme (ASAS).
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Abstract. In this paper, we compare the performance of two on-demand and
one pro-active algorithms for multi-hop, ad hoc networks and variants of the
algorithms. We show that on-demand algorithms react well to transient condi-
tions such as high node mobility in combination with low network load, but are
unlikely to provide the best performance under heavy network loads.

1 Introduction
A mobile and ad hoc network (MANET) facilitates mobile hosts such as laptops
with wireless radio networks communicate among themselves even when there
is no wired network infrastructure. In a MANET, most hosts, if not all, are
assumed to be moving continually and thus do not have a default router or
fixed set of neighbors. So each mobile host should have an Internet Protocol
(IP) routing algorithm for building and maintaining routing tables, just like
an Internet router node. In this paper we analyze some of the most promising
IP routing algorithms proposed for MANETs in recent literature for possible
sources of overheads and optimizations. MANETs are characterized by shared
wireless links or channels, which have low bandwidth and are unreliable owing
to external noise and relative movement of nodes. Each node runs a medium
access control protocol based on the IEEE 802.11 MAC standard.

The routing algorithms can be classified into pro-active and reactive pro-
tocols. The traditional IP routing algorithms such as distance vector (RIP [9])
and link-state (OSPF [11]) come under the category of pro-active algorithms.
They build and maintain routing information about all the nodes in a network
regardless of the usage or changes in the routes which appears to be wasteful in
the context of ad hoc networks. Since the channel bandwidth is at a premium in
these networks, many researchers proposed on-demand routing algorithms [14,
10, 12] which maintain only routes that are needed to send data packets currently
in the network.

In this paper, we investigate the performance of the ad hoc on-demand dis-
tance vector (AODV) and the dynamic source routing (DSR) algorithms [14,
10] and compare them with the destination-sequenced distance vector (DSDV)
proposed by Perkins and Bhagwat [13]. We also propose an adaptive version of
DSDV algorithm and analyze its performance. While our analysis confirms some
of the previously seen claims [2, 6] for AODV and DSR, it shows weaknesses of
the two algorithms under a variety of traffic and mobility conditions. Based on
this analysis, we describe features that are likely to work well and those that
cause high overhead.
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The rest of the paper is organized as follows. Section 2 will describe the
basics and unique features of the algorithms considered in this study. Section 3
provides an analysis of the algorithms. Section 4 concludes the paper.

2 Routing Algorithms
We consider the original and a variant of DSDV (pro-active), and AODV and
DSR (on-demand) algorithms.

2.1 Destination-sequenced distance vector (DSDV)

In the DV algorithms, each node maintains a table of routing entries, with each
entry indicating destination node address, hop count and the next hop to reach
the destination. Nodes broadcast their routing tables periodically to their neigh-
bors, and incorporate any shorter routes obtained from neighbors. The major
problem with the DV based algorithms is propagation of fallacious routing in-
formation among nodes, which leads to loops in routing paths. There are several
solutions proposed to avoid this problem [3, 8, 13].

DSDV [13] solves the looping problem by attaching sequence numbers to
routing entries. A node includes a next higher even sequence number for it-
self in its periodic and triggered updates. Any node that invalidates its entry
to a destination, because of link failure, will increment the sequence number
(which becomes an odd sequence number) and uses the new sequence number in
its subsequent updates. Neighboring nodes having smaller sequence number for
that destination than in the received update modify/invalidate their entry. An
invalidated entry becomes valid only by the routing information propagated by
the destination node with a higher even sequence number.

The triggered updates in DSDV consume a lot of channel bandwidth and,
worse, they invalidate too many routing entries needlessly. We modify DSDV to
limit the impact of triggered updates. Now, a node invalidates its routing entry
based on a neighbor’s update only if the neighbor’s entry has a higher and odd
sequence number and the neighbor is currently the specified next hop. A routing
entry may be modified based on that of neighbor’s if the neighbor has the higher
even sequence number or better metric with the same sequence number. Also a
node performs a triggered update only if more than a specified number of packets
are queued up at a node. This reduces the routing overhead substantially for high
traffic loads and high node mobility cases. We call the modified algorithm the
adaptive destination-sequenced distance vector (ADSDV) algorithm.

2.2 Ad hoc on-demand distance vector (AODV)

AODV builds and maintains routing entries containing hop count, destination
sequence number, and the next hop. Unlike DSDV, however, it does not use
periodic or triggered updates to disseminate routing information. When a node
needs to send a packet to a destination for which it has an invalid routing entry, a
route is obtained by flooding the network with route request (RREQ) packets and
obtaining responses (RREP packets) from nodes with routes to the destination.
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An existing route entry may be invalidated if it is unused within the specified
time interval (active route timeout period) or the next hop node is no longer
a viable node to reach the destination. Invalidated routes are propagated to
upstream neighbors that have used this node as their next hop. AODV requires
the neighbors to exchange hello messages periodically or feedback from the link
layer to detect the loss of a neighbor.

2.3 Dynamic source routing (DSR)

A routing entry in DSR contains all the intermediate nodes to be visited by
a packet rather than just the next hop information as in DSDV and AODV.
A source puts the entire routing path in the data packet, and the packet is
sent through the intermediate nodes specified in the path (similar to the IP
strict source routing option [5]). If the source does not have a route to the
destination, it performs a route discovery as in the case of AODV, except that
RREQ packets contain complete path information known up to that point and
the RREP packets have the entire source route put by the destination.

DSR [10, 4] makes use of several optimizations to improve its performance.
One of them is that the nodes can operate their interfaces in promiscuous mode
and snoop on the source routes in the data packets and unicast routing packets.
Also, an intermediate node may correct the path specified in a packet header if
that path breaks. Snooping, which requires the device to be on all the time, may
not be a feasible optimization for low-powered devices. To evaluate the effect
of this optimization, we simulated two variants of DSR. In one variation, no
snooping is allowed (non-snooping DSR or NSDSR) and in another a node is
allowed to snoop only when it is doing route discovery (selective snooping DSR
or SSDSR).

3 Performance Analysis
We used the ns-2 network simulator [7] with the CMU extensions by Johnson et
al. [4] for our analysis. The CMU extensions include implementations of DSDV,
AODV, and DSR. The various parameters, timeouts and threshold values and
optimizations used, unless explicitly specified, are exactly as described in the
paper by Broch et al. [2]. For the sake of completeness, we outline the most
relevant parameters for these algorithms.

For DSDV, the periodic update interval is 15 seconds. A node assumes a
neighbor is lost if it does not hear the neighbor’s update in 45 seconds (3*periodic
update interval). For the proposed ADSDV, the periodic update interval is 5
seconds. Link layer feedback (provided by 802.11 LANs) is used to determine
lost neighbors.

For AODV, we used the CMU implementation with one modification: the
active route timeout is changed from 300 seconds (AODV300) to 3 seconds
(AODV3), which is recommended by the latest specification of AODV [15].

In addition to the CMU implementation of DSR, we simulated the non-
snooping DSR (NSDSR) and selective snooping DSR (SSDSR), which differ
from the original DSR only in their snooping capabilities.
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Network and mobility model. We simulated a network of 50 nodes ran-
domly placed on a field of 1500m x 300m at the beginning of the simulation.
Each node moves continuously, in a randomly chosen direction each time, at an
average speed of 1 m/s, uniformly varied between 0-2 ms/, or 10 m/s, varied
between 0-20 m/s [2].

A wireless channel based on 802.11 wireless LAN has 2 Mb/s bandwidth and
a circular radio range with 250 meters radius. All protocols except for the original
DSDV use the link-layer feedback to speedup detection of link breakages.

We used constant bit rate (CBR) traffic with 20 connections and 40 con-
nections in our simulations. In each connection, the source sends 64-byte data
packets at an average rate of 0.25-8 packets/second. Each simulation is started
cold and the total simulation period is 1000 seconds.

Performance metrics. We use the average data packet latency and through-
put (total number of data bits delivered) in Kb/s. To study the overheads of var-
ious routing algorithms, we plot routing packets transmitted/second and over-
head bits/second. The overhead bits/s gives the bits transmitted as routing
packets and source routing information (for DSR). All the metrics are plotted
with respect to offered (data) load in Kb/s.

Performance of DSDV algorithms. Our simulations of DSDV and ADSDV
indicate that ADSDV gives much improved latency and overhead than DSDV
when the network load is high. ADSDV has more predictable routing overhead
compared to DSDV, especially for the high node mobility case. Also the overhead
in DSDV shoots up even at moderate loads, which explains why it has difficulty
in sustaining throughput at high network loads. See [1] for more details.

Performance of DSR algorithms. Figure 1 gives the latencies and rout-
ing overheads for the original DSR algorithm with all the optimizations turned
on and the non-snooping and selective snooping versions of DSR. The latencies
vary very widely with traffic load. Essentially DSR and its variants use a lot
of optimizations which lead to unpredictable behavior under transient condi-
tions. At low traffic loads, data packets arrive at nodes infrequently, and most of
the optimizations are done using stale routing information. Purging stale routes
frequently will make DSR’s performance more predictable. At moderate loads
however, a clear trend can be seen. SSDSR and NSDSR perform substantially
worse than the original DSR for high node mobility and moderate traffic loads.
This difference in performance increases with higher traffic load. The overheads
are higher when snooping is restricted or prohibited. A noteworthy point is selec-
tive snooping is only slightly better than not snooping at all. Since at most 40%
of nodes send packets and thus can snoop while they do route discoveries, selec-
tive snooping is not very effective. If more nodes send packets, selective snooping
can provide performance closer to that of DSR. Also, snooping is counterpro-
ductive at low traffic loads, since a lot of routing information becomes stale and
causes more harm than good.

Comparison of ADSDV, AODV3, and DSR. To see how the best ones
from each group of algorithms compare with one another, we did additional simu-
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Fig. 1. Data packet latencies and overheads of the original and variants of DSR, algo-
rithms for various traffic loads at low and high speeds. The number after the hyphen
indicates the top speed by the mobile nodes.

lations with 40 CBR connections and data rates ranging from 1-8 packets/second
(or approximately, 20-160 Kb/s).

We describe here only the results for the high mobility case. (Results for the
low mobility case are given in [1]). ADSDV outperforms both DSR and AODV
by a wider margin. While AODV has lower latency for moderate network load,
ADSDV is clearly the more stable algorithm for high network traffic (see Fig-
ure 2). ADSDV provides 35-43% higher throughput compared to both AODV
and DSR. Furthermore, the routing overhead (Figure 2) is much less in pack-
ets/second. ADSDV has higher overhead in bits/sec, since its routing updates
are much larger than route requests (RREQs) and route replies (RREPs) used
in AODV and DSR.

4 Conclusions
The adaptive form of DSDV (ADSDV) presented is still a pro-active algorithm,
since it depends mainly on periodic updates and controlled triggered updates,
and seems to have superior performance to DSDV for increasing load in both
low and high node mobility cases.

DSR incorporates too many optimizations. One of them, snooping data pack-
ets seems to be counter productive under transient network conditions (low load
and high mobility). Overall, DSR is more stable and has lower overhead than
AODV. AODV has better latencies than DSR and ADSDV for low traffic load,
but has higher overhead when node mobility is high.

Compared to AODV and DSR, ADSDV performs poorly when the network
load is low and node mobility is high. The main reason is the on-demand algo-
rithms use route discovery to quickly learn paths, while ADSDV builds routes
over a period of time. It seems preferable to use some form of route discov-
ery with ADSDV to improve its performance at low loads. When the network

243An Analysis of Routing Techniques for Mobile and Ad Hoc Networks



0

50

100

150

200

0 20 40 60 80 100 120 140 160

Av
era

ge
 Pa

ck
et 

La
ten

cy
 (m

s)

Offered Traffic (kb/s)

40 connections, 20 m/s

adsdv
aodv3

dsr

0

20

40

60

80

100

0 20 40 60 80 100 120 140 160

Th
rou

gh
pu

t (k
b/s

)

Offered Traffic (kb/s)

40 connections, 20 m/s

adsdv
aodv3

dsr

0

50

100

150

200

250

300

350

0 20 40 60 80 100 120 140 160

Ro
uti

ng
 O

ve
rhe

ad
 (p

kts
/s)

Offered Traffic (kb/s)

40 connections, 20 m/s

adsdv
aodv3

dsr

0

20

40

60

80

100

120

140

0 20 40 60 80 100 120 140 160

To
tal

 O
ve

rhe
ad

 (k
b/s

)

Offered Traffic (kb/s)

40 connections, 20 m/s

adsdv
aodv3

dsr

Fig. 2. Data packet latencies, throughputs, and overheads of ADSDV, AODV3 and
DSR for the high node mobility case.

is really stressed, ADSDV outperforms both AODV and DSR. Furthermore, it
exhibits graceful degradation of performance when the network is overloaded
(beyond the point of saturation). This seems to suggest that carefully designed
pro-active algorithms may be suitable or even preferable than pure on-demand
techniques for routing in MANETs.

In future, we plan to augment ADSDV with route discovery and compare it
with DSR, AODV and other routing algorithms.
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Abstract. In this paper, we propose and study an application layer ar-
chitecture to provide reliable data access and transactions in the Mobile
environment. In our architecture, we use proxy agents at the base sta-
tion and the mobile station to isolates the wireless channel errors from
the mobile client as well as the wired network. To provide a reliable
message exchange mechanism between the mobile and base station we
introduce the concept of Mailbox. Using the proxy architecture, we pro-
pose new transaction mechanisms which provide transaction consistency
and time bounds. We introduce the concept of Migrating Transaction
Objects(MTO) and the Transaction Interface(TI). In these mechanisms
we migrate a transaction from the mobile station to special proxies sit-
ting on the base station in a reliable and secure manner. We have imple-
mented the MobiDAT in an actual wireless framework using WaveLAN
PCMCIA and ISA cards. We provide a performance evaluation of our
architecture.

1 Introduction

The advancement in cellular technology and mobile communication have made
it possible for a person to access information and data while on the move. Mobile
computing presents new problems for reliable data (or information) access and
transactions due to the intermittent and unreliable connectivity of the mobile
with the network. More detailed explanation about the issues in mobile com-
munication are discussed in [2]. Many architectures for the mobile environment
have been proposed in literature [1]. However, none of these architectures discus-
ses all the issues like disconnection recovery and connection state management
in mobile data access and transactions. Carrying out transactions in the mobile
environment poses several challenges. We need to ensure transaction consistency
and time bounds. Work has been done in this area (such as [3], [4]), but it doesn’t
address the problem completely in the mobile domain.

2 Architecture

Our architecture has the following main components: Proxies, Mailboxes and
Connection Recovery (see Figure 1(a1)).

P. Banerjee, V.K. Prasanna, and B.P. Sinha (Eds.): HiPC’99, LNCS 1745, pp. 246–250, 1999.
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Fig. 1. (a1) The MobiDAT Architecture (a2) Transaction Mechanism in MobiDAT

A proxy is an application level entity which provides special services at the
application layer. We use two proxies in MobiDAT, BSE (Base Station Entity)
and MCE (Mobile Client Entity) residing respectively on the base station and
mobile client. Applications on the mobile client communicate to the MCE data
access and transaction requests. Data is fetched by the BSE on behalf of the mo-
bile host and delivered to the mobile host via MCE. The wireless link is isolated
from the applications by having a disconnection recovery protocol between the
MCE and the BSE. To provide a reliable messaging protocol between the MCE
and the BSE We propose the concept of Mailbox. Mailbox is a special storage
area on the wired network reserved for an MCE. The MCE and BSE periodically
monitor the mailbox for incoming messages and also places in the mailbox any
outgoing messages. The mailbox also allows the MCE to store state recovery in-
formation thus enabling recovery from a power shutdown. A Mobile client does
not have to remain always powered on to receive all incoming messages (thus
saving power).

The restoration of communication involves firstly, re-establishment of connec-
tion and then, associating the new connection with the previous disrupted connec-
tion. One of the proxies re-initiates the broken connection. We introduce break-
points in data being transferred. Thus, once a connection is disrupted, commu-
nication is recovered from the last breakpoint.

A transaction is defined as a sequence of data retrievals or updations at a
database. An atomic transaction refers to one such singular operation. We de-
fine a Meta transaction to be a collection of atomic transactions performing a
particular task ex. in e-commerce buying or selling of a share is a meta tran-
saction. Two important issues involved in transactions are consistency and time
bounds for Meta transactions. A Meta transaction completes consistently if all
the atomic transactions are completed. The current database packages support
atomic transaction consistency. We focus on the consistency problem of Meta
transactions initiated by a Mobile client with databases spatially distributed
over the wired network. For the mobile user inconsistency can occur due to the
frequent breakdown of the wireless link. Transactions have an associated time
constraint of completion, beyond which they become invalid. An example is an
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e-commerce transaction. To ensure consistency and give time bounds we shift the
meta transaction to the wired network (BSE) using our proxy architecture (see
Figure 1(a2)). The BSE conducts the transactions on behalf of the mobile client.
The complete Meta transaction migrates as an MTO. The MTO needs reliable
message exchange with the mobile. This is done using the mailbox. After the
completion the results are communicated back (via the mailbox). To allow the
migration of transactions and their execution at the BSE we needed to design a
basic interface for the MTO. This allows BSE to be unaware of the transaction
details (thus increasing security). This we call the transaction interface.

3 Results and Performance Evaluation

MobiDAT was implemented on an actual wireless Lan using AT&T Wavelan
wireless cards. We introduced channel errors using the two state Markov chain
error model [5]. This model comprises of a good state(0% drops) and a bad
state(100% drops). There are two parameters in the model namely: α (the good
state to bad state transition probability) and β (the bad state to bad state
transition probability). Under normal conditions α and β were chosen to be 0.1
and 0.22 respectively and were varied to generate different error conditions.
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Fig. 2. (a1) Data transfer time in MobiDAT for average disconnection rate of 1 dis-
connection/10kB of data (a2) Amount of data retransmitted in connection recovery in
MobiDAT for average disconnection rate 1 disconnection/10kB of data

First we evaluate the performance of disconnection recovery component of
MobiDAT. Varying amount of data is accessed by the mobile user and various
parameters are recorded. The disconnections occur at an average rate of 1 dis-
connection for 10 kB of data transferred. The results are presented in Figure 2.
In Figure 2(a1), we plot the time taken for data transfer vs. the data size. In
the absence of disconnections, time taken increases linearly with the data size.
If disconnections occur and no recovery exists, an average of 10kB data gets
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transferred successfully before the connection gets snapped. MobiDAT does di-
sconnection recovery but this has an overhead in terms of the time taken to
transfer the data. This overhead is due to disconnection discovery which has
components from the system timers as they detect disconnections by timeouts.
Overheads is also because of disconnection recovery and retransmission of data
that did not reach the mobile host due to connection breaking. In Figure 2(a2),
we plot the amount of data that needs to be retransmitted in connection reco-
very in MobiDAT vs the amount of actual data transferred. As the data size
increases, the number of disconnections increases thus increasing retransmissi-
ons. We observe that MobiDAT scales well. In Figure 3(a1) and Figure 3(a2),
we have plotted the time for data transfer and amount of data retransmitted
for 100kB of data transfer vs disconnection rate. Here also, we see that as the
disconnection rate increases the overhead in terms of time and retransmitted
data increases linearly.
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Fig. 3. (a1) Time for transfer of 100kB vs. Disconnection rate (a2)Retransmission for
100kB of data vs. Disconnection rate

We now present the performance of MobiDAT in ensuring the consistency
and time bounds of transactions. We performed a sequence of meta transactions
in both the unaided wireless case and in MobiDAT. We studied the transaction
performance at different channel error conditions (different values of α and β.
First the value of β was kept at 0.22 and the value of α was varied form 0 to 1.
Then the value of α was kept to 0.1 and the value of β was varied. The number
of transactions completed inconsistently was recorded. From Figure 4(a1) and
Figure 4(a2) we observe, MobiDAT gives a lower average transaction time. As the
errors increase the performance of unaided wireless deteriorates. For high values
of α the performance of unaided wireless deteriorates more than in case of high
β. This is because the link goes into bad state very frequently and transactions
are disrupted. MobiDAT ensures consistent transactions. For unaided wireless
the inconsistency increases with higher channel errors. For high values of β the
inconsistency is large as there are prolonged periods of disconnectivity. If the
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Fig. 4. (a1) Variation of Average Transaction Completion time vs. α factor(wireless
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wireless channel error characteristics change frequently, a time bound cannot be
given for unaided wireless. In MobiDAT the variation in the average transaction
completion time is negligible and hence is bounded. Even in static channel errors
MobiDAT gives lower bounds.

4 Conclusions

Through our implementation and performance evaluation we find that Mobi-
DAT performs very well. MobiDAT enables large data access by alleviating the
problems of disconnection in the wireless. Also, MobiDAT ensures reliable mes-
saging by using the mailboxes. Using MobiDAT we were able to eliminate the
problem of Meta Transaction Inconsistency and give time bounds.
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Abstract. In this paper, we describe optimal and asymptotically opti-
mal embeddings of k-nomial trees into 2-D and 3-D meshes with worm-
hole routing. We consider both embeddings that ignore dimension-order
routing and embeddings that map tree edges only to paths conforming
to the dimension-order routing. The embeddings provide optimal algo-
rithms for non-pipelined k-ary Divide&Conquer computations in worm-
hole meshes. Our results generalize what has been known for the binary
case and they achieve trivial lower bounds for k = 3. For 4 ≤ k ≤ 7,
we give lower-bound matching solutions in 2-D meshes with arbitrary
routing.

Keywords: Divide&Conquer computation, k-nomial tree, wormhole meshes.

1 Introduction

A Divide&Conquer (D&C) computation consists of a divide communication
phase, a computation phase in leaf nodes, and a backward combine commu-
nication phase. A usual solution for many problems is the binary D&C, but not
always. Sometimes, the problem does not require a specific divide factor k and
choosing k > 2 may speedup the computation (greater k implies less levels). Or
some algorithms lead naturally to k-ary D&C with k ≥ 3. For example, Ka-
ratsuba multiplication [2] implies k = 3 and Strassen matrix multiplication [7]
implies k = 7. This raises the question of efficient implementations of k-ary D&C
computations. While binary D&C received considerable attention, the k-ary case
is nearly untouched.
D&C computations exist in two flavors. In a pipelined D&C computation

(PDC), the master process is the root of a k-ary tree T and keeps sending waves
of data in a pipeline way into T . If h(T ) denotes the height of T , then up to
2h(T ) + 1 computational waves can coexist simultaneously in T . The latency of
one step is determined by the slowest member of the pipeline, typically the leaf
computation or the master divide steps. A k-ary h-level PDC can be efficiently
� This research has been supported by GAČR under grant #102/97/1055.
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simulated on a network H by embedding the complete k-ary tree of height h,
CTk,h, into H with load 1. These embeddings are relatively well understood in
the binary case (k = 2) if H is a 2-D or 3-D mesh [4,5]. These results have
been recently generalized for any k by constructing embeddings of CTk,h into
wormhole (WH) 2-D (3-D) meshes with load 1 and edge congestion twice (four
times) the trivial lower bound [9,10].
The other type is the non-pipelined D&C computation (NDC). At one time,

only one wave of computation is active in T . A simulation of a k-ary NDC on a
network H by embedding CTk,h into H with load 1 is wasteful, since each H’s
node simulates either an internal node or a leaf and is therefore underutilized.
There are two ways to make the NDC computation efficient. The first one is to
use an embedding that loads (nearly) every node of H with exactly one tree leaf
and with at most one internal tree node. This was done nicely in [3] for k = 2
and for 2-D WH meshes. The other approach to NDC is called “keep half, send
half” in the binary case. It guarantees that every node ofH, once being activated
by the divide wave, remains active in the communication phase and turns to a
computational slave in the computation phase. The corresponding tree structure
in case of k = 2 is called the binomial tree. The binomial tree of height h, BTh,
consists of two BTh−1 whose roots are joined with an edge. A network H can
simulate an h-level binary NDC if there is an efficient embedding of BTh into H
with load 1. Two solutions for 2-D meshes were given in [6]: one with minimal
dilation for store-and-forward meshes and one with minimal edge congestion for
WH meshes. The latter embedding nicely conforms even to XY -routing, since
due to the binary recursiveness of BTh, each edge of BTh is mapped either on a
horizontal or vertical path in the mesh.
In this paper, we generalize these results to general k-ary NDC. We introduce

the notion of k-nomial trees that correspond to the paradigm “keep the k-th
part and send k−1 remaining parts”. We describe asymptotically optimal k-ary
NDCs in 2-D and 3-D WH meshes, that either ignore or assume dimension-
order routing. All results are based on constructions of embeddings of k-nomial
trees into meshes with load 1 and with congestion either matching the lower
bound or at most twice greater than the lower bound. All embeddings take
advantage of the hierarchical recursivity of both k-nomial trees and meshes and
the constructions are described inductively on the height h of the k-nomial tree
with fixed k. Due to the lack of space, we describe the results for 2-D meshes
only and the reader is referred to [8] for the results on 3-D meshes.

2 Basic Definitions

A graph G is a pair (N(G), E(G)), where N(G) is the set of nodes of G and
E(G) is the set of edges of G. An edge joining nodes u and v is denoted by 〈u, v〉.
The k-nomial tree NTk,h of height h is defined inductively.

– NTk,0 is a single node with no edges.
– NTk,h consists of k copies of NTk,h−1 and the root of one NTk,h−1 is the
parent of roots of the remaining k − 1 NTk,h’s (see Figure 1).
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Fig. 1. (a) NT3,3. Node and edge labels represent levels. (b) 3-nomial tree as a collapsed
complete 3-ary tree.

Figure 1 shows that a k-nomial tree is isomorphic to a complete k-ary tree with
chains of left-most children collapsed into a single node. We define the level l(u)
of node u in NTk,h as the maximum distance between u and its descendant leaf.
The root of NTk,h is at level h and leaves at level 0. Similarly, the level of edge
e = 〈u, v〉 is l(e) = min{l(u), l(v)}. A node at level l is joined with its parent
via an edge at level l and is incident to l (k − 1)-tuples of edges, where the i-th
tuple consists of edges at level i, for i = 0, . . . , l − 1. The edges used in the j-th
communication step of an h-step NDC are exactly the edges at level h − j in
NTk,h.
A 2-D mesh with a columns and b rows is denoted by Ma,b. Rows (columns)

are numbered bottom up (left to right) starting from 1. Node in column x and
row y is denoted by [x, y]. A rightward horizontal path in a mesh is called an
X+ path, a leftward one is an X− path. Similarly for Y +, Y −, Y −X+Y + paths,
and so on. Similar definitions apply for 3-D meshes. By dimension-order routing
in meshes, we mean XY -routing in 2-D meshes and XY Z-routing in 3-D ones.
An embedding of a guest graph G into a host graph H is a pair of mappings

(�N , �E) where �N maps nodes N(G) onto nodes N(H) and �E maps edges
E(G) onto paths in H. The load of (�N , �E) is the maximum number of nodes
in G mapped onto a node in H. The expansion of (�N , �E), expn, is the ratio
|N(H)|/|N(G)|. Since we will deal only with NTk,h as the guest graph G, we
define level-i congestion under (�N , �E), lcng(i), to be the maximum number of
edges of level i from NTk,h mapped onto an edge of H. Note that this definition
is similar to the clocked congestion in [1].
For the sake of brevity, we define s = �k/2	 and λ(i) = s+ (s − 1) k ki−1−1

k−1 .

3 k-Ary NDC Computations in WH 2-D Meshes

The first embedding does not take the dimension-routing into consideration.

Theorem 1. Let k ≥ 3 and h ≥ 2. Then NTk,h can be embedded into Mk�h/2�,k�h/2�

with expn = 1, load = 1, lcng(0) = lcng(1) = �(k − 1)/2	, and lcng(q) =
�(k − 1)/4	 for q ≥ 2.

Proof. 1. h = 2. Figure 2 illustrates an embedding of NTk,2 into Mk,k with
load = 1. The root of NTk,2, depicted by the black circle, is mapped onto mesh
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Fig. 2. (a) NTk,2. (b) Embedding of NTk,2 into Mk,k.

node [s, s] and its k − 1 children (grey circles) are mapped onto the remaining
nodes of column s. The leaves of NTk,2 are mapped onto the remaining nodes of
their parent’s row. Clearly, expn = 1, load = 1, lcng(0) = lcng(1) = �(k − 1)/2	.
The induction step slightly differs for h odd and h even.
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Fig. 3. Embedding of NTk,2i+1 into Mki+1,ki . (a) Subtrees NTk,2i embedded into sub-
meshes Mki,ki by induction. (b) Node rs becomes the root R of NTk,2i+1.

2. h ≥ 3 is odd. Let h = 2i+1, i ≥ 1. Figure 3 illustrates an embedding of NTk,h

into Mki+1,ki . Along axis X, mesh Mki+1,ki consists of k submeshes Mki,ki ,
each with one copy of NTk,h−1 embedded by induction. The root of the j-th
NTk,h−1 is denoted by rj . Hence, �N (rj) =

[
(j − 1)ki + λ(i), λ(i)

]
for 1 ≤ j ≤ k,

expn = 1, load = 1, lcng(0) = lcng(1) = �(k − 1)/2	, and lcng(q) = �(k − 1)/4	
for q = 2, . . . , h−2. Node rs then becomes the root R of NTk,h (see Figure 3(b)).
Let α = �(s − 1)/2	 and β = s + �(k − s)/2	. Then root R is linked to roots
r1, . . . , rα−1 by Y +X−Y − paths, to rα, . . . , rs−1 by X− paths, to rs+1, . . . , rβ

by X+ paths, and to rβ+1, . . . , rk by Y −X+Y + paths. Therefore, lcng(h− 1) =
�(k − 1)/4	.
3. h ≥ 4 is even. The construction is basically the same, except for interchanged
directions X and Y . ��
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This embedding is optimal and cannot be improved for k = 3. For k ≥ 4,
lcng(0) and lcng(1) is twice the trivial lower bound. Figure 4 shows optimal
embeddings of NTk,2 into Mk,k for 4 ≤ k ≤ 7. We conjecture that such em-
beddings with lcng(0) = lcng(1) = �(k − 1)/4	 exist for any k ≥ 4, but we do
not have a general construction. We can do it if we sacrifice the unit expansion.
But if we insist on expn = 1, it seems to be a difficult problem. However, all
practical k-ary NDC we know about use k ≤ 7. Therefore, Theorem 1 together
with constructions in Figure 4 provide the lower-bound matching solutions for
all practical applications.

(d)(c)(b)(a)

Fig. 4. Embedding of NT4,k into Mk,k for 4 ≤ k ≤ 7. (a) k = 4. (b) k = 5. (c) k = 6.
(d) k = 7.

4 k-Ary NDC Computations in WH 2-D Meshes with
XY -Routing

It turns out that dimension-order routing does not allow for the level congestion
to match the lower bound, since in some steps, parents cannot use all four
directions to communicate with their k − 1 children.
Theorem 2. Let k ≥ 3 and h ≥ 2. Then NTk,h can be embedded into Mk�h/2�,k�h/2�

with expn = 1, load = 1, lcng(0) ≤ s, lcng(q) = �(k − 1)/2	 for q = 1, 2, 4, 6, . . .,
and lcng(q) = �(k − 1)/3	 for q = 3, 5, 7, . . ., so that the tree edges are mapped
onto mesh paths conforming to XY -routing.

Proof. 1. h = 2. To minimize the level congestion under the constraints of the
dimension-order routing across induction steps, we need to use 2 slightly different
embeddings of NTk,2 intoMk,k, denoted by I and II. Embedding I is exactly the
same as in Figure 2(b) and embedding II differs in the position of the root R of
NTk,2: it is mapped onto mesh node [s+ 1, s] instead of [s, s].

2. h ≥ 3 is odd. Let h = 2i + 1, i ≥ 1. Let us describe embedding I of NTk,h

into Mki+1,ki . Mki+1,ki consists horizontally of k submeshes Mki,ki , each with
one copy of NTk,h−1 embedded by embedding I by induction (see Figure 5(a)).
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rs

R

r1 rk

rkr1

(a)

(b)X X- +

Fig. 5. Embedding I of NTk,2i+1 into Mki+1,ki , i ≥ 1. (a) Embedding I of k subtrees
NTk,2i into k submeshes Mki,ki by induction. (b) Node rs becomes the root of NTk,2i+1.

Therefore, �N (rj) =
[
(j − 1)ki + λ(i), λ(i)

]
for 1 ≤ j ≤ k. expn = 1, load = 1,

lcng(0) ≤ s, lcng(q) = �(k − 1)/2	 for q = 1, 2, 4, . . . , h − 3, and lcng(q) =
�(k − 1)/3	 for q = 3, 5, 7, . . . , h − 2. Node rs becomes the root R of NTk,h

(see Figure 5(b)). The dimension-order routing allows only X+ and X− paths
for linking R to other roots rj , j = 1, . . . , s − 1, s + 1, . . . , k, and therefore
lcng(h − 1) = �(k − 1)/2	.
Embedding II of NTk,h into Mi+1,i is the same, but the induction step uses

embedding II, i.e., �N (rj) =
[
(j − 1)ki + λ(i) + 1, λ(i)

]
for 1 ≤ j ≤ k.

r1

rs

rk

rα

rβ

r1

R

rk

rβ

rα

Y -

Y+ X+

X+Y -

Y+

1

s

k

α

β

(a) (b)

Fig. 6. Embedding I of NTk,2i into Mki,ki if i ≥ 2. (a) Embeddings I and II of k
subtrees NTk,2i−1 into k submeshes Mki,ki−1 by induction. (b) Node rs becomes the
root R of NTk,2i.
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3. h ≥ 4 is even. Let h = 2i, i ≥ 2. To preserve induction conditions, we again
need two similar embeddings of NTk,h into Mki,ki . Figure 6 describes em-
bedding I. Let α = �(k − 1)/3	 + 1, β = k − �(k − 1)/3	, A = {1, . . . , α −
1, s, β + 1, . . . k}, and B = {α, . . . , s − 1, s+ 1, . . . β}. Mesh Mki,ki consists ver-
tically of k submeshes Mki,ki−1 , indexed by numbers 1, . . . , k. By induction,
subtrees NTk,h−1 are embedded by embedding I into submeshes with indexes
in A and by embedding II into submeshes with indexes in B. Hence, �N (rj) =[
λ(i), (j − 1)ki−1 + λ(i − 1)] if j ∈ A, �N (rj) =

[
λ(i) + 1, (j − 1)ki−1λ(i − 1)]

if j ∈ B, expn = 1, load = 1, lcng(0) ≤ s, lcng(q) = �(k − 1)/2	 for q =
1, 2, 4, . . . , h−2, and lcng(q) = �(k − 1)/3	 for q = 3, 5, 7, . . . , h−3. Node rs again
becomes the root R of NTk,h. It is linked to other roots rj using Y +, Y −,X+Y +,
and X+Y − paths (see Figure 6(b)), which gives lcng(h − 1) = �(k − 1)/3	.
The embedding II of NTk,h into Mki,ki is dual symmetric to embedding I:

embedding I (II) is applied by induction in submeshes with indexes in B (A),
respectively. ��

rk

rα

r1

rβ

rδ

rγ

R

Y -

Y+

X+Y+

X+Y -

Y+

Y -

X -

X -

rs

rk

rα

r1

rβ

rδ

rγ

s

1

α

β

k

γ

δ

(b)(a)

Fig. 7. Another embedding of NTk,2i into Mki,ki .

Since we alternate directions X and Y in odd and even steps (and it is the
only reasonable way to deal with recursivity of 2-D meshes), there is no way how
to improve the congestion in odd steps. Can we do better in even steps? It seems
unlikely in general. Figure 7 shows a possible better construction using all four
directions. But if this scheme is applied recursively, the number of columns the
roots of subtrees are mapped onto increases by 2 in every even step. Therefore,
it can be used only if h < k. Otherwise, the roots of subtrees diffuse beyond
boundaries of its native basic submesh Mk,k and therefore the boundaries of
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the whole mesh (or they bounce back if they hit boundary of their Mk,k) and
vertical mesh edges will be multiple-congested.

5 k-Ary NDC Computations in WH 3-D Meshes

The results for 3-D meshes are more complicated, see [8] for details.

Theorem 3. Let k ≥ 3 and h ≥ 3. If dimension-ordered routing is ignored, then
NTk,h can be embedded into Mk�(h+2)/3�,k�(h+1)/3�,k�h/3� with expn = 1, load = 1,
lcng(0) = lcng(1) = lcng(2) = �(k − 1)/2	, and lcng(q) = �(k − 1)/6	 for q ≥ 3.
If the tree edges are mapped onto mesh paths conforming to XY Z-routing, then
NTk,h can be embedded into Mk�(h+2)/3�,k�(h+1)/3�,k�h/3� with expn = 1, load = 1,
lcng(0) = �(k − 1)/2	, lcng(1) = lcng(2) ≤ s, lcng(q) = �(k − 1)/2	 for q =
3, 6, 9, . . ., lcng(q) = �(k − 1)/3	 for q = 4, 7, 10, . . ., and lcng(q) = �(k − 1)/4	
for q = 5, 8, 11, . . ..

6 Conclusions and Open Problems

Many problems remain open. The most important one is whether there are good
embeddings of k-nomial trees into arbitrary 2-D or 3-D meshes. But this is a
hard problem even for k = 2.
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Abstract. Two new scheduling algorithms are presented. They are used to iso-
late polynomial real roots on massively parallel systems. One algorithm schedules
computations modeled by a pyramid DAG. This is a directed acyclic graph isomor-
phic to Pascal’s triangle. Pyramid DAGs are scheduled so that the communication
overhead is linear. The other algorithm schedules parallelizable independent tasks
that have identical computing time functions in the number of processors. The two
algorithms are combined to schedule a tree-search for polynomial real roots; the
first algorithm schedules the computations associated with each node of the tree;
the second algorithm schedules the nodes on each level of the tree.

1 Introduction

Real root isolation is the task of finding disjoint isolating intervals for all the real roots of
a given polynomial; those are intervals that contain exactly one root each. In sequential
computation, root isolation is performed efficiently by the (infallible) Descartes method
[CA76,Kra95]. We present two new scheduling algorithms that can be used to obtain an
efficient parallel version of the Descartes method.

One scheduling algorithm schedules computations modeled by a pyramid DAG.
This is a directed acyclic graph (DAG) isomorphic to Pascal’s triangle of some height.
We analyze our algorithm in theLogP-model [CKP+93] and compare it to a method
suggested by Kumar et al. [KK93] and to a method due to Lewandowski et al. [LCB96].
Our algorithm reduces the communication overhead from a quadratic term to a linear
one and thus allows more scalability than the two other methods.

The other scheduling algorithm schedules parallelizable independent tasks that have
identical computing time functions in the number of processors. The set of these tasks is
partitioned into subsets whose elements are scheduled for parallel execution; the subsets
themselves are scheduled for sequential execution. We give an algorithm for computing
partitions that induce a minimum makespan; the computing time of the scheduling
algorithm is dominated by the square of the number of tasks.

The two scheduling algorithms are used in our parallel version of the Descartes
method to schedule a tree-search for polynomial real roots. The computations associated
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with each node of the search tree are pyramid DAGs, and the first algorithm is used to
schedule them. The set of pyramid DAG computations associated with a level of the
search tree is a set of uniform parallelizable independent tasks, and the second algorithm
is used to schedule them. If the search tree is narrow, our first scheduling method leads
to a good efficiency. If the search tree is wide, the second scheduling method further
reduces the computing time. By contrast, the parallel Descartes method proposed by
Collins, Johnson, and K¨uchlin [CJK92] performs badly on narrow search trees since it
computes the DAGs sequentially.

2 Scheduling Algorithms for the Pyramid DAG

A pyramid DAG is a directed acyclic graph that is isomorphic to
Pascal’s triangle of some height. The figure on the right shows a py-
ramid DAG ofheight 4. Pyramid DAGs occur in the complete Horner
scheme [Dow90], in applications of dynamic programming [Gen96,
GP94,HLV92], and elsewhere. The problem of mapping the DAG-
nodes toP processors has received attention in the literature. Kumar
et al. [KK93] propose a shuffling method which partitions the DAG into cells ofP
nodes each, see Figure 1(a). Lewandowski et al. [LCB96] compare two other mapping
methods for thediamond DAG, a graph obtained by identifying the bottom nodes of a
pyramid DAG with those of an inverted pyramid DAG. Thepipelining method partitions
the DAG into diagonal stripes, see Figure 1(b). Thediagonal method partitions the DAG
into horizontal stripes and distributes about1/P of the entries in each stripe to each
of the processors; at the end of each stripe all processors synchronize. Lewandowski et
al. conclude that pipelining outperforms the diagonal method due to imbalances in the
synchronization phases. Boeres et al. [BCT95] analyze the applicability of the Earliest
Task First (ETF) heuristic [HCAL89] to the diamod DAG.As in pipelining, entire stripes
are assigned to the processors. The resulting schedule is optimal if the latency is smaller
than the node computing time, and if the overhead of sending a message is ignored.

(a) (b) (c)

√
P

√
P

P

Fig. 1. Mappings for the pyramid DAG. (a) Shuffling: Each processor computes one node in each
of the

√
P × √

P–cells. (b) Pipelining: Processor p, p ∈ 0, . . . , P − 1, computes all diagonals
i with i modP = p. (c) Pie mapping: Each processor computes one sector—level by level and
from right to left; communication takes place across sector boundaries.

Since message passing systems such as PVM or MPI produce considerable overhead
we take this extra cost into account. We show that the communication overhead of
the diagonal method is only linear in the height of the pyramid while shuffling and
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pipelining generate quadratic communication overhead. We do this using theLogP-
model [CKP+93]. The four parametersL, o, g, andP describe system properties. Each
message takesL time units to traverse the network. The processors are blocked foro
cycles while they are sending or receiving messages; no other computations can be done
during this time. The parameterg is used to model the bandwidth of the network.

Theorem 1. Let m be the height of the pyramid DAG and let tc be the computing time

for each DAG-node. Then the computing times of shuffling, T (shuffle)
P , and of pipelining,

T
(pipeline)
P , are bounded as follows.

T
(shuffle)
P ≤ 1

2

(
m2

P
+

m√
P

+ P +
√

P

)
(tc + 4 o) + (m − 1) L (1)

T
(pipeline)
P ≤ 1

2

(
m2

P
+ m

)
tc +

(
m2

P
+ m − m

P
− 1

)
o + (m − 1) L (2)

We omit the proof for lack of space. With either method, the communication overhead
is of the same order as the computing time. Our variant of the diagonal method is called
pie mapping. Figure 1(c) sketches the idea; Figure 2 provides details.
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Fig. 2. Pie mapping for 4 processors and m = 12. The figure shows the dependencies among
the DAG-nodes and the mapping of the nodes to the processors. Each node is represented by the
number of the time-step at which its computation is finished; the numbers show that the schedule
respects the data dependencies.

Theorem 2. Assume that the nodes of the pyramid DAG are mapped to processors
0, . . . , P − 1 using pie mapping, assume that each node requires computing time tc,
and assume that the height of the pyramid DAG is m = s P for some s ∈ NI . Then the

computing time T
(pie)
P is bounded as follows.

T
(pie)
P ≤




1
2

(
m2

P + m
P + P − 1

)
tc + (m − 1) (4o + L) if s is odd,

1
2

(
m2

P + m
P + 2P − 2

)
tc + (m − 1) (4o + L) if s is even.

(3)
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Again, we omit the proof. In our implementation of the pie mapping we allow pro-
cessors to deviate from the order Figure 2 prescribes for processing the DAG-nodes.
Each processor tries to proceed line by line and from right to left, but whenever the next
DAG-node is not ready (due to a missing input), then other—ready—DAG-nodes are
processed.

All three methods—shuffling, pipelining, and pie mapping—reach efficiencies close
to1 when the node computing timetc is large. Inequality (3) shows that the pie mapping
requires only linear communication overhead; this leads to a better scaling behavior.

Figure 3 shows efficiencies that were obtained using a benchmark program that
generates fixed computation and communication costs. The pie mapping outperforms
the two other methods in every situation.

tc = 0.5 ms, P = 1, . . . , 16 tc = 0.1 . . . 5, P = 16
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Fig. 3. Efficiency of the various mappings. The left diagram shows that, for small node computing
times, pipelining and pie mapping scale better than shuffling. The right diagram shows that pipe-
lining is the least efficient method when node computing times are large. This is due to idle-times
at the beginning of each diagonal. In all cases, pie mapping outperforms the two other methods.
The experiments were conducted on the Parsytec CC, a massively parallel system using 133-MHz
PowerPC 604 processors connected by a fat mesh of clos (2 × 24).

A detailed analysis of the pie mapping enables us to predict its runtime for arbitrary
values of P when m and tc are given.

3 Scheduling Parallelizable Independent Tasks

In this section we consider a load balancing problem where the processors may outnum-
ber the tasks. We assume that each task is parallelizable and that all tasks have the same
computing time function t(p) in the number of processors. We also assume that t(p) is
known and that each processor may work on only one task at a time. If N is the number
of tasks and P the number of processors, we want to find a non-preemptive schedule
that assigns every task a start time and a set of processors.

Instead of computing an optimal schedule we compute a schedule that is optimal
among the phase-parallel schedules; these are schedules that consist of a sequence of
parallel phases. Let m be the number of phases, and let N = n1 + · · · + nm such that
ni ≤ P for i ∈ {1, . . . , m}. Phase i processes ni tasks on ni disjoint sets of processors;
each set consists of �P/ni	 processors. We denote the schedule by (n1, . . . , nm); its
makespan is

∑m
i=1 t(�P/ni	).

To find an optimal phase-parallel schedule we exploit the fact that an optimal, non-
trivial schedule is a concatenation of two optimal schedules. If N ≥ P , we take the
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✫

✩

✪

Algorithm: Phase-parallel scheduling

Input: P = number of processors, N = number of tasks, N < P
Output: a phase-parallel schedule (n1, n2, . . . , nm) with minimum makespan

1. for i from 1 to N
2. S[i]← (t

(⌊
P
i

⌋)
, (i))

3. for j from 1 to
⌊

i
2

⌋

4. if S[j].t + S[N − j].t < S[i].t then
5. S[i]← (S[j].t + S[N − j].t, S[j].S ◦ S[N − j].S)
6. return S[N ].S

Algorithm 1. The algorithm schedules N jobs on P processors. The dot-notation denotes access
to record entries: if S[i] = (x, y), then S[i].t = x and S[i].S = y. The ◦ operator concatenates
two schedules.

�N/P 	-phase schedule (P, P, . . . , P ) and concatenate it with a schedule for N −
P �N/P 	 tasks. Algorithm 1 uses dynamic programming to construct a schedule for
N < P tasks.

Theorem 3. Let P be the number of processors and N < P the number of tasks.
Then Algorithm 1 computes a phase-parallel schedule with minimum makespan in time
O(N2).

As before, we omit the proof. We note that a more general form of the problem
is known to be intractable. If each task has an arbitrary computing time, finding an
optimal schedule is strongly NP-hard for P ≥ 5 [DL89]. Krishnamurti et al. [KM92]
give an algorithm for N < P that produces a schedule that is optimal among all parallel
schedules. Those are schedules in which all tasks start executing at time 0. The authors
give an upper bound for the ratio Ta/To between the makespan Ta of an optimal parallel
schedule and the makespan To of an optimal schedule; if r := max1≤i≤N, 1≤p<P ti(p+
1)/ti(p), Ta/To ≤ min{P, r/(1 − N/P )}.

4 Parallel Real Root Isolation

The Descartes method performs a binary search; it starts with an interval that is known
to contain all real roots; then it proceeds by interval bisection using Descartes’ rule of
signs to decide whether an interval contains no real root or exactly one real root. The
initial interval is obtained by computing a root bound. In the search tree, Taylor shifts
are used to construct the right children of internal nodes and to decide whether a node
is a leaf. Each internal node requires two or three Taylor shifts by 1. A Taylor shift by
1 computes the coefficients of the polynomial B(x) = A(x + 1) from the coefficients
of a polynomial A(x). If A(x + 1) is computed by classical methods, the intermediate
results form a pyramid DAG of height deg(A) + 1 whose nodes represent additions of
scalars. For efficiency we coarsen the DAG by covering it with tiles of about the same
size and by considering the pyramid DAG formed by the tiles.

We experiment with three kinds of input polynomials. Random polynomials are
polynomials whose coefficients are 2000-bit integers that are generated uniformly at
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Random polynomial Chebyshev polynomial Mignotte polynomial

Fig. 4. Search trees arising from isolating the real roots of polynomials of degree 20. Shaded nodes
correspond to isolating intervals.

random. Search trees for random polynomials tend to be small. Chebyshev polynomials
have only real roots. Chebyshev polynomials (of the first kind) are recursively defined
as T0(x) = 1, T1(x) = x, Tn+1(x) = 2xTn(x)−Tn−1(x). Search trees for Chebyshev
polynomials are wide and deep. Mignotte polynomials are defined as An(x) = xn −
2(5x − 1)2. Search trees for Mignotte polynomials are narrow and extremely deep.
Figure 4 shows examples of search trees.

Our implementation is based on the load balancing system VDS [Dec97]. We inte-
grated the various scheduling methods for DAGs and the phase-parallel scheduler. We
also used the system to generate execution profiles.

� � Phase parallel schedule

Taylor shift

idle

last level
parts 1,3 part 2

search node
(2 or 3 Taylor shifts)

Fig. 5. Execution profiles of a Taylor shift (left) and of a root isolation (right). The horizontal axis
is the time axis; the vertically stacked horizontal bars show the activities of the processors. White
indicates idle time; grey shades indicate computation. The shades in the left diagram distinguish
DAG-nodes; the shades in the right diagram distinguish the Taylor shifts associated with each
search-node. The left profile was obtained on a Parsytec CC, the right profile on a workstation
cluster of 64 Siemens Primergy server nodes (Pentium II, 450 MHz, PVM).

The left diagram in Figure 5 shows the execution profile of a parallel Taylor shift of
a polynomial of degree 8000 executed on P = 16 processors. The (coarsened) DAG has
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height 48; thus, in terms of Theorem 2, s = 3. The left part showing light grey shades
corresponds to the processing of levels 1 through P , the darker part in the middle to
levels P + 1 through 2P , and the light grey part on the right to levels 2P + 1 through
sP . Note that the processors finish the odd parts at the same time.

The right diagram in Figure 6 shows that our parallel version of the Descartes method
scales well for random polynomials and particularly well for Chebyshev polynomials.
Mignotte polynomials are difficult because their search trees are very deep and narrow.
The depth leads to a large amount of work; the lack of parallelism in the tree means that
the execution degenerates to a sequence of (parallel) Taylor shifts.
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Fig. 6.The left diagram shows a root isolation profile for the Chebyshev polynomial of degree 500;
it was obtained on a Cray T3E using 64 processors (MPI). The legend on top of the diagram indica-
tes the levels of the search tree and some phase-parallel schedules. Since Chebyshev polynomials
give rise to very wide search trees, most of the Taylor shifts are executed on a single processor
or on a small number of processors. This leads to high efficiencies for this class of polynomials.
The right diagram shows isoefficiency graphs [GGK93] for the three classes of polynomials. An
isoefficiency graph shows the amount of total work necessary to obtain a given efficiencyE; here,
E ∈ {0.65, 0.75}.

5 Conclusion

Scheduling methods for DAGs and parallelizable independent tasks with identical com-
puting time functions lead to an efficient parallelization of the Descartes method for
polynomial real root isolation. When the method is run on 16 processors of the Cray
T3E, it takes 1.2 seconds on the average to isolate the real roots of random polynomials
of degree 1000. We are now working on a parallel method for refining isolating intervals
to any desired accuracy. Future challenges are the isolation of polynomial complex roots
and the refinement of isolating rectangles.
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Abstract. In this correspondence, we propose a new Cellular Automata
based transform coding scheme for grey level and color still images. This
new scheme is markedly superior to the currently available DCT based
schemes both in terms of Compression Ratio and Reconstructed Image
Fidelity.

1 Introduction

� This paper sets a new direction in the application of Cellular Automata
(CA) technology for image compression. A large number of image compression
algorithms have have been reported in last few years [1]. A new transform,
termed as CA based Transform (CAT) coding has been reported in this paper
to achieve the above goals for image compression. Compared to the current
state of the art algorithms, this scheme is computationally simple and achieves
superior reconstructed image quality at higher compression ratios.

2 CA Preliminaries

Cellular Automata are mathematical idealizations of physical systems in which
space and time are discrete, and physical quantities take on a finite set of discrete
values. A cellular automata consists of a regular uniform lattice ( or ”array” )
with a discrete variable at each site(”cell”). The state of a cellular automata is
completely specified by the values of the variable at each site.A cellular automa-
ton evolves in discrete time steps, with the value of the variable at one site being
affected by the values of the variables in its ”neighborhood” on the previous time
step. The cellular automaton evolution can be expressed in the form

bi,(t+1) = f
(
b(i−1),t,bi,t,b(i+1),t

)
(1)

� This work has been partially supported by a research project funded by Silicon
Automation Systems, Bangalore, India.
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In [2] we have studied 3 neighbourhood GF (2p) CA where each cell may have
a value in the extension field from 0 to (2p − 1). Encouraging results have been
obtained from the application of two dimensional GF (2p) CA theory in the field
of image video processing. However for the sake of simplicity, we shall mainly
use one dimensional GF(2) CA framework in subsequent discussions.

3 Transform Coding

The underlying principle of transform coding can be stated as follows. A set
of data sample values is taken and the basic objective of the transformation is
to alter the distribution of the values representing the luminance levels so that
most of the values can either be ignored or can be quantized with a very few
number of bits. The basic objective of the transform process is to perform the
operation

di =
∑
j

cjBij (2)

where the values di are the values of the image data in the spatial domain while cj

are the values of the data in the transform domain and Bij is the underlying basis
function of the transform domain. We perform this transformation because the
set cj is more amenable to further processing to realize the specified objective.

4 CA Based Transform Coding (CAT)

The basic principle of CAT is introduced in this section. We are given a physical
process described by a set of discrete values say γi. This function is defined in a
cellular space (grid) i. We want to express γi in the following manner

γi =
∑
j

cjBij ∀i (3)

where Bij are the basis functions and cj are the associated transform coefficients
defined in the CA space j . The basis functions are related to the evolving field
of the cellular automata.

One dimensional GF(2) cellular spaces offer the simplest environment for
generating CA transform with a small number of bases. It is also possible to ge-
nerate two dimensional GF (2p) CA bases from combinations of one dimensional
base elements. In a one-dimensional space consisting of N cells, the transform
base is

Bj ≡ Bij for i, j = 0, 1, ...(N − 1) (4)

For the data sequence γi(i=0,1,2,....(N-1)) we have

γi =
N−1∑
j=0

cjBij (5)
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where {cj} are the transform coefficients. There are a host of ways in which Bij

can be expressed as a function of a ≡ ait, (i,t=0,1,2,....(n-1), ait being the state
of the ith cell at tth instant of a n cell CA. The basis finction therefore directly
depends on the evolving field of the underlying Cellular Automata. We have
used the following basis functions as our transform bases.

Bij = 2aij − 1 (6)
Bij = 2aijaji − 1 (7)

Bij = ρijρji

ρij = 2aijaji − 1 + ρij−1 (8)
ρi0 = 2aji − 1

Two Dimensional Bases
In a 2D square space consisting of N × N cells, the transform base Bj ≡

Bikjl i,k=0.1.2......(N-1). For the data sequence γik (i,k=0,1,2....(N-1) we have

γik =
N−1∑
j=0

N−1∑
l=0

cjlBikjl i, j = 0.1.2.....(N − 1) (9)

in which cjl are the transform coefficients.

5 Proposed Algorithm

In this section we detail our scheme. The basis function Bij described in the
above section is obtained in our case with a very simple rule.

Bij = 2aij − 1 (10)

The rule by which aij is obtained, may be stated simply as

at+1
i = at

i−1 (11)

where a denotes boolean complementation. The rule simply says that the present
state of a particular cell in the cellular automaton is the complement of the state
of left adjacent cell in the previous time step. The CA may be a one dimensional
CA or a two dimensional CA. For purposes of convenience, we explain the basic
algorithmic steps with respect to a one-dimensional CA.

The algorithm may be written in pseudo-code as follows.

Algorithm 1 Compression Algorithm
INPUT:Raw Image Data File
OUTPUT:Compressed Data File

1. Partition the image into 16 × 16 blocks.
2. Apply equation ?? on each of these blocks to obtain the transformed data

file.
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3. Perform a simple quantization —- the rule that we followed was that coeffi-
cients less than a user defined threshold are discarded.

4. Perform LZ coding on this quantized coefficients file to obtain the final com-
pressed data file.

Algorithm 2 Decompression Algorithm
INPUT:Compressed Data File
OUTPUT:Raw Image Data File

1. Perform LZ decoding on this compressed data file to obtain the file containing
quantized coefficients.

2. Perform the dequantization step to restore the transformed coefficients.
3. Apply equation 5 on each of these transformed coefficients.
4. Rearrange the data blocks so obtained to get the final decoded image.

6 Experimental Results

A scheme for the efficient and fast compression/decompression of the the color
images has been presented. We have tested our compression/decompression al-
gorithms with a large number of sample images most of which are downloaded
from the Internet. The algorithms are coded in C and C++ and run on SUN
ULTRA 1. The results of running the algorithm are shown in Table 1 which gives
the compression ratio and the error metric — PSNR (in dB) obtained using the
relation

PSNR = 20 log10

[
255

RMSE

]
(12)

for an image with (0-255) levels. Here RMSE is the Root Mean Square Error
and is defined by

RMSE =
1
N

√√√√ N∑
i=1

N∑
j=1

[
f(i, j) − f̂(i, j)

]2
(13)

where the original N × N image is denoted by f and the decompressed image is
denoted by f̂ . Table 1: Results

Sl. No Image Comp Ratio PSNR Compr Ratio PSNR
CAT DCT

1. Wales 84 37 76 33
2. New zealand 81 36 80 38
3. Challenger 80 39 84 35
4. Tree 83 42 80 33
5. Jellybeans 90 32 85 32

At lower compression ratios (75%) JPEG outperforms our algo-
rithm with respect to compression ratio and acceptable PSNR and
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image quality. But as we increase the compression ratio, the recon-
structed image quality of JPEG falls appreciable while that using CAT
remains more or less the same.

7 Conclusion

We have presented a new image scheme for the compression of still images that
provides very good compression ratio with good reconstructed image quality.
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Appendix
In the figures below, the leftmost figure is the original, the next one is the

JPEG compressed file and the last one of each tuple is the one obtained using
CAT.
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Abstract. The classification problem involves classifying an observation
into one of two groups based on its attributes. Determination of a hy-
perplane which misclassifies the fewest number of observations from the
training sample is a hard combinatorial optimization problem and the
sequential algorithms for it are still not practical for large size instances.
We propose a parallel branch-and-bound algorithm for the problem on
distributed-memoryMIMD architectures. It achieves a good load balance
and a small communication overhead by using a simple load balancing
scheme. Our approach is validated by experimental results.

1 Introduction

The problem of classifying an observation into one of a number of groups is a
fundamental problem of the scientific inquiry with many applications. In the
two-group linear discriminant analysis, the groups are separated by a hyper-
plane determined from a training sample – a set of observations, whose group
membership is a priori known. When the objective is to minimize the number
of the misclassified observations, we have a hard combinatorial problem. Even
the most efficient sequential algorithms for it [1, 3, 9] are not practical for large
instances which motivates the development of parallel algorithms.

The performance of parallel B&B algorithms depends on the efficiency of
their work-splitting and load balancing strategies [2, 4]. Many parallel search
libraries which implement a variety of these strategies are readily available. Al-
though they simplify the development, they are rather general and maintain
complex data structures, which increases the overhead of the parallel algorithms.
Instead of using them, we develop a problem-specific parallel implementation
which uses very simple data structures and communication scheme.

2 Problem Formulation and Sequential Algorithm

In this section we briefly sketch the sequential depth-first B&B algorithm from
[9], since our parallel implementation is based on it. Our training sample consists

P. Banerjee, V.K. Prasanna, and B.P. Sinha (Eds.): HiPC’99, LNCS 1745, pp. 274−278, 1999.
 Springer-Verlag Berlin Heidelberg 1999



of observations Xi ∈ Rm, i = 1, . . . , n from two groups. The objective is to
remove minimal number of them, so that the rest become linearly separable.
After appropriate transformations the problem can be formulated as follows:
Remove a minimal number of variables from the system

Ax = b, x ≥ 0 (1)

so that it becomes infeasible. Here A is a (m + 1) × n matrix, each column of
which corresponds to an observation.

It is clear that each basic representation of (1) contains a variable that must
be removed in order to achieve infeasibility. The branching strategy uses this
fact. The root of the branching tree is a feasible basis of (1). Each child of a
node is obtained by removing a basic variable and restoring the feasibility.

Suppose we have a sequence of mutually exclusive feasible bases of (1). Since
each of them contains a variable to be removed, their number is a lower bound of
the solution of the problem. Once a sequence of mutually exclusive bases has been
found for the root, it can be used for the other nodes with slight modifications.
The sequential algorithm uses this mechanism of generating the lower bounds.

The algorithm starts with a heuristic, which finds a good initial solution.

3 Parallel Algorithm

Two features of the sequential algorithm are important for its parallelization.
First, this is the good initial solution. The experiments show that the local search
heuristic from [9] finds the optimal or near-optimal solution. The good initial
solution ensures that the number of the nodes in the search tree is to a certain
extent independent on the way the tree is traversed. This allows avoiding the
work overhead which is typical for the parallel B&B algorithms (see [5, 6, 8]).

The second important property is that the level of each node is equal to
the value of the objective function in it. (Recall that a node is obtained from
its parent by removing a variable and, in the other hand, the objective is to
minimize the number of the removed variables.) The pruning criterion for each
node is:

level + l ≥ record

where l is the lower bound for the node. Since the record changes occasionally,
two nodes at the same level differ only by l. But the lower bound of each node is
generated using the lower bound of the parent, hence this difference is not great.
In other words, the most of the terminal nodes are concentrated in a narrow
strip. Therefore the work amounts in the subtrees at the same level will not be
very different. This ensures a good load balance for the parallel implementation.

Our parallel algorithm is appropriate for any distributed-memory MIMD ar-
chitecture allowing all-to-all communications. It is based on the master-slave
paradigm. If there are p processors, we run a master process P0 and slave pro-
cesses P1, . . . , Pp. One of the processors runs the master and one of the slaves
concurrently. Fig. 1 shows the communication between the processes.
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Fig. 1. Parallelization scheme

Each slave explores a subtree of the search tree. The master distributes the
work among the slaves. It keeps the information about them using only two
arrays of integers – p level and p no, where p level[k] is the level of the
highest unexplored node of the subtree of Pk and p no[k] is the number of the
nodes on this level which are already given to some other process.

At the beginning the master assigns the root of the tree to one of the slaves,
say P1. It sets p level[1]=1, p no[1]=0 and marks the rest as idle, by setting
their p level to some sufficiently large constant. Then it starts waiting for WORK
REQUEST messages. Suppose it receives a WORK REQUEST from Pi, which means
that Pi is idle. Then the master selects a donor for it. The donor is the process
with the highest unexplored node, i.e. Pk with minimum p level[k]. If there
are more than one such processes, the master selects the one of them with the
smallest p no[k]. The idea is to select the process which has the greatest piece
of work available and if there are more than one possibilities, to leave as many
work as possible to the donor. If all of the slaves are idle, then the master sends
END message to all of them and stops. Otherwise, let p level[k]=l. Since the
actual state of Pk may have changed and p level[k] may not be up-to-date,
the master sends a message with a tag OLD LEVEL and data (i, l) to Pk. Then
it waits for a NEW LEVEL message with data l′ from Pk, where l′ is the actual
level of the highest unexplored node in the subtree of Pk. If the level of Pk

is up-to-date, i.e. if l = l′, then the master increments the p no[k] counter,
sets p level[i]=l + 1, p no[i]=0 and proceeds with processing the next WORK

REQUEST message. Otherwise it updates the state of the kth process by setting
p level[k]=l′ and p no[k]=0 and repeats the donor selection procedure.

At the beginning each slave sends a WORK REQUEST to the master and waits
for a ROOT or END message. If an END message arrives, it stops, otherwise it
extracts a root of a subtree from the body of the ROOT message and starts a
depth-first B&B search in this subtree. After each processed node, it checks if
there is an OLD LEVEL message waiting. In this case it extracts i and l from
its body and returns to the master l′, the level of its highest unexplored node,
by NEW LEVEL message. If l = l′, the slave takes its highest unexplored node,
marks it as explored and sends a ROOT message to Pi, packing in the body of
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the message all the data needed to restore this node. When the slave explores
its subtree, it sends WORK REQUEST to the master and starts waiting for ROOT or
END again. If someone finds a new record, it broadcasts it to the rest.

Our parallelization scheme is a mix of depth-first and breadth-first search –
each slave explores its subtree in a depth-first manner, but when some process
finishes its subtree, it continues with one of the highest unexplored nodes. To
manage the load balancing, the master uses a simple and easy-to-maintain data
structure. It is updated only on demand, which simplifies the communication.

4 Computational Experiment

We tested our algorithm on two types of distributed memory parallel platforms:
the Intel Paragon XP/S at IRISA1 and the network of DEC Alpha workstations
at LIFL2. The program is written in C language. For the first platform we used
the NX communication library and for the second one – the PVM library.

For brevity we report computational results only on four data sets, but they
are representative for the general behavior of the algorithm. Three of them are
real life examples from [7], and the other one is randomly generated. Table 1
gives the number of observations, n, and their dimension, m, for each of the
examples. It also shows the number of nodes in the sequential search tree. This
is a good measure for the difficulty of each problem. Generally, this number
changes when the program is executed on a different number of processors. But
these fluctuations are small because of the good initial solution. So the data in
the table give an idea for the number of the nodes for all executions.

On Intel Paragon the code was executed on 1 up to 32 processors. For the
smallest data set the speedup increases only up to 15 processors. After that,
it stays almost the same. For the “serious” examples the speedup is close to
linear and the more the nodes of the tree are, the better the speedup is. The
efficiency is bad only for the smallest example, while for the second example
it is more than 70% and more than 80% for the other two examples. These
are quite satisfactory results for a parallel B&B algorithm. Table 1 shows also
the communication overhead (the part of the total execution time that take
the communications between the processors). Note that almost all of the loss of
efficiency is due to the communication overhead. In other words, there is almost
no search overhead.

Because of resource limitations, the experiments on the network of DEC
Alpha workstations were made only on up to 8 processors. Although the com-
munications between the workstations are much slower than the external inter-
processor communications of Intel Paragon, the results are similar.

Our algorithm is designed especially for the classification problem. However,
we believe that some of its ideas, as the simple data structures, on-demand
update of the data, the “locally depth, globally breadth” search we used, can
find applications in other parallel B&B implementations.

1 IRISA, Campus de Beaulieu, 35042 Rennes, France
2 LIFL, Cite scientifique, 59655 Villeneuve d’Ascq, France
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Table 1. Computational Results (S – speedup, E –Efficiency(%), O – communication
overhead(%))

Data set 1 2 3 4

n ×m 710× 8 410× 6 1000× 3 280× 6
nodes 6,000 30,000 70,000 130,000
source real life real life random real life

# proc. S E O S E O S E O S E O

Intel Paragon

4 3.9 96.8 3.2 4.0 99.4 0.5 4.0 99.9 0.3 4.1 103.5 0.4
8 6.3 78.6 21.4 7.8 96.9 2.9 7.8 98.0 2.3 6.9 86.0 0.6
12 8.2 68.4 31.5 11.3 93.8 6.1 11.5 96.1 4.1 10.3 85.8 1.1
16 9.4 59.0 40.9 14.3 89.5 10.2 14.8 92.6 7.5 13.6 84.9 1.6
20 10 49.8 49.9 16.5 82.7 16.8 17.7 88.7 11.3 16.9 84.6 2.0
24 10.1 42.3 57.4 18.9 78.8 20.7 20.7 86.2 13.7 20.1 83.9 2.6
28 10.3 36.9 62.7 20.9 74.7 24.7 23.4 83.4 16.5 23.4 83.5 3.1
32 10.2 31.9 67.7 22.0 68.8 30.6 26.1 81.5 18.3 26.5 82.9 3.7

Dec Alpha network

2 2.0 99.4 0.5 2.0 99.1 0.8 2.0 99.8 0.2 1.9 93.5 6.4
4 4.0 99.0 0.9 3.9 97.4 2.6 4.2 104.7 4.7 3.6 90.2 9.7
6 5.6 93.7 6.2 5.9 98.3 1.6 6.3 105.0 5.0 5.1 85.8 14.2
8 6.7 83.7 16.2 7.7 96.1 3.8 8.0 99.6 0.4 6.9 86.4 13.6
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Abstract. The convolution backprojection (CBP) and Fourier inversion
method (FIM) are popular tomographic image reconstruction techniques.
However, the time required to reconstruct an image has been a major
drawbacks associated with these techniques. We have designed a bus-
based extended hypercube (BEH) that combines the positive features of
both the bus-based systems and the hypercube. We have executed the
CBP and FIM algorithms on a hypercube, extended hypercube and on
BEH. The reasons for high speedup of the BEH for image reconstruction
tasks could be attributed to fast collective communication and collective
computation algorithms of BEH.

1 Introduction

The bus-based shared memory multiprocessor systems are easy to implement.
The common bus is the most limiting resource in such a system due to bus con-
gestion. The Hypercube (HC) belongs to the other category, namely distributed
memory systems. HC has many positive features. Extended Hypercube (EH) [4],
proposed by Mohan et. al solves some of the shortcomings of hypercube. The
BEH solves the bus congestion by restricting the number of processors sharing
a bus to 5-8, and by hierarchically increasing the number of buses.

Computerized Tomography (CT) is an inevitable tool for medical diagnosis.
To reconstruct an image of size N × N , the computational complexity of CBP
algorithm [2] isO(N4), whereas that of the FIM algorithm [3] is onlyO(N3logN).

This paper is organized as follows. In the second section, we give a brief
description of the CBP algorithm. The BEH topology is introduced in section
III. Section IV discusses an implementation of the BEH and the mapping of
the CBP algorithm onto the BEH topology. The FIM algorithm and its parallel
implementation on BEH are discussed in section V. The last section concludes
the paper with a few comments on the suitability of the BEH topology for image
reconstruction algorithms.

P. Banerjee, V.K. Prasanna, and B.P. Sinha (Eds.): HiPC’99, LNCS 1745, pp. 279–283, 1999.
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2 Convolution Backprojection (CBP) Algorithm

Let f(x,y) be the linear attenuation coefficient at (x,y) in one fixed plane section
of an object. The projection p(s,θ) of an image f(x,y) is is given by,

p(s, θ) =
∫

L(s,θ)
fdu =

∑
L(s,θ)

f(x, y)∆u (1)

where L(s,θ) is the line s= x cosθ + y sin θ at a distance s from the origin, and
u is the distance along L.

For discrete data, the reconstruction algorithm required to approximate
fB(k∆x, l∆y), where 0 ≤ k ≤ (K − 1), and 0 ≤ l ≤ (L− 1) from p(m∆s, n∆θ)
where 0 ≤ m ≤ (ND − 1) and 0 ≤ n ≤ (Nangle − 1), is given by

fB(k∆x, l∆y) = ∆θ

(Nangle−1)∑
n=0

p̃(k∆x.cos(n∆θ) + l∆y.sin(n∆θ), n∆θ) (2)

where p̃ : convolved projection data at an angle n∆θ, Nangle : number of pro-
jections, ND : number of detector elements and K × L : size of the discretized
object.

3 Bus-Based Extended Hypercube

BEH is based on HC and retains the positive features of HC. BEH improves the
bus capacity by hierarchically increasing the number of buses.

The basic module of a BEH ( Fig. 1) consists of a k-cube and an additional
node -the network controller (NC). The nodes that form a k-cube in turn share
a common bus. The network controller is also connected to the common bus.
The common bus consists of address bus, data bus and control signals. Message
passing among the nodes within a k-cube is performed by adopting the hyper-
cube message passing algorithms. The nodes communicate with NC through the
common bus. The message passing among nodes at different levels of hierarchy
is via one or more NCs.

We use a k-cube with an extra link per node, called cubelet (Fig. 2.) for
building larger structures. A k-cubelet sharing a common bus with a network
controller forms the basic building block. A BEH consisting of one k-cubelet and
an NC is referred to as the basic module BEH(k,1). BEH(k,1) has 2 levels of
hierarchy: the k-cubelet at level 1, and an NC at level 0. A BEH(k,2) has 2k

cubelets at level 2, one k-cubelet at level 1, and an NC at level 0. A BEH is
characterized by two basic parameters (k, h) where k indicates the dimension of
the cube and h the number of levels. Within a cubelet, we have the hypercube
connection. Across the cubelet, k PEs in each cubelet are used for connecting
all other cubelets in a hypercube format. The 2k NCs at level 1 are connected
in a hypercube fashion using link ports.
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Each node in BEH(k,h)-net is specified by a binary number B=bnbn−1bn−2...b0
where n = log2N , and N is the number of nodes at the leaf level. Of the (n+1)-bit
address, lowest k-bits identify the node within a cubelet. The next k bits identify
the cubelet. The NC at level 0 has a 1-bit address, and the NCs/PEs at level
1 have (k+1)-bit address. The MSB bit corresponds to the parent NC address
and the k-bit LSBs correspond to node address within a cube. The NCs/PEs at
level 2 have (2k+1)-bit address.

Using the NC, interprocessor message traffic of a module gets redistributed
into two categories, viz., local communication, and global communication. The
broadcast and collective computation are executed in O(h) steps.

4 Implementation of the BEH(3,1)

A bus-based extended hypercube system is built around a cube consisting of
2k ADSP 21062 DSP chips [1], sharing a common bus. The 2k nodes share a
common bus. The internal memory and input/output processor (IOP) registers
of the DSP node are called multiprocessor memory space. Multiprocessor memory
space is mapped into the unified address space of each of the nodes. All nodes
access their internal memory using addresses 0x0000 0000- 0x0007 FFFF. The
internal memory space of a node with ID i gets configured at 0x0008 0000 + i (
0x0008 0000 ) in the unified address space. A block of the memory in the unified
address space is assigned for broadcast.

4.1 Parallel CBP on a BEH System

The NC at level 0 collects the projection data p(m∆s, θn) for each of the angles
θn, n=0 to (Nangle − 1), from the measurement system. The Nangle projection
data are cyclically distributed to P leaf level nodes. The NC at level 1 transfers
the projection data to the nodes at the leaf level. The convolution of the pro-
jection data is done in the frequency domain. While a node is computing the
convolved projection data, NC can download a new set of projection data to the
PE.

Each PE reconstructs N/P image rows. The convolved projection data is
backprojected on to the image domain to reconstruct the partial result. Each
PE contains N/P rows of the reconstructed image from Nangle/P number of
projection rows. In order to complete the reconstruction of the N/P rows on a
PE, we use hypercube communication to exchange the projection data between
the PEs. In the first phase, we use PEi ←→ PEi+1 communication link to
exchange the projection data between two neighboring PEs, and using the new
set of Nprojection/P rows to update the N/P image. In the second phase, we
use PEi ←→ PEi+2 communication links. In the third phase, we use PEi ←→
PEi+4 communication links. N/P image rows in each of the PEs get updated by
all the projection data. Finally, the NC collects N/P reconstructed images from
each of the P nodes.
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The execution times of CBP algorithm for 256 × 256 and 512 × 512 images
on a BEH system with 1, 8, and 64 processors have been tabulated in Tables 1.
Table 1. also tabulates the execution time of the CBP algorithm on an Extended
hypercube (EH) and on a hypercube(HC) with 8 and 64 nodes.

5 Fourier Inversion Method (FIM)

The Fourier transform of the projection data at an angle θ yields a central cross
section of the Fourier transform of the object function f(x,y). Once we compute
the FT of the projection data for all projection angles θn, n = 0..Nangle − 1, the
object function f(x,y) can be computed as the 2-D Inverse FFT of the FT of
the projection data. The Fourier data are available on a polar lattice. A polar
to cartesian coordinate interpolation is required for FFT computation.

Stark et.al [5] have provided the following relation to interpolate the Fourier
samples from polar locations (µ∆R, n.∆θ) to cartesian co-ordinates (u∆X, v∆Y ).
F (R, θ) =∑+N/2

n=−N/2

∑Nangle−1
k=0 F (n/2A, 2πk/Nangle)sinc[A(R/π−n/A)]σ(θ−2πk/Nangle)

where σ(θ) = sin(Nangle/2)θ
Nanglesin(θ/2) , R =

√
u2 + v2, θ = cos−1(u/R), and A is the radius

of the circle of support of the object f(x,y).

5.1 Parallel FIM Algorithm on BEH System

The NC at level 0 distributes the projection data to all PEs at the leaf level.
Neighboring nodes get a set of Nangle/P rows of projection data, where P is the
total number of PEs at leaf level. Each PE computes 1-D FFT of the projection
data. Using the interpolation relation given in equations 3, each PE also com-
putes the partial cartesian samples. Assume that P/2 PEs are assigned the data
corresponding to quadrants 1 and 3. Another set of P/2 PEs are assigned the
cartesian samples of quadrant 2 and 4. Using hypercube communication steps,
data are exchanged between the processors, such that PEi - PEi+3 contain up-
per half of the resultant 2-D FFT and PEi+4 - PEi+7 contain the lower half of
the 2-D FFT. For an N × N image, a 2-D IFFT involves 1-D IFFT of N rows
followed by 1-D IFFT of N columns. Each PE carries out 1-D IFFT of Nangle/P
rows. The results are communicated to the NC. When the NC accumulates the
complete results of 1-D IFFT, it distributes the column vectors of the resultant
matrix and finally integrates the results.

Tables 1. gives the execution times for Fourier Inversion algorithm on a BEH,
EH and on HC with 1, 8 PEs, and 64 PEs.

6 Conclusions

The BEH system supports large number of processors, while retaining the sim-
plicity of a bus-based system. The new system solves the bus congestion problem
inherent in bus-based systems. The BEH system is found to execute the image
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reconstruction algorithms based on CBP and FIM algorithms efficiently. The
better performance of the BEH system can be attributed to efficient collective
communication and collective computation.
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Table 1
Execution time ( in milli seconds) based on CBP and FIM Algorithms

Alg Image BEH EH HC
# PEs 1 8 64 8 64 8 64

CBP 256x256 Exec time 2600 362 50.1 406 56.5 434 62
Speedup 1 7.18 51.9 6.4 46 6 41.9

CBP 512x512 Exec time 10600 1472 201 1683 232 1776 253
Speedup 1 7.2 52.7 6.3 45.7 5.9 41.9

FIM 256x256 Exec time 1540 217 31 248 35 266 38.5
Speedup 1 7.09 49.6 6.2 44 5.8 40

FIM 512x512 Exec time 6210 887 124 986 138 1052 156.6
Speedup 1 7 50 6.3 45 5.9 39.8
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Abstract. We present a hardware-algorithm for selecting the k-th small- 
est item among N elements (for all ranges of N )  using a p-classifier de- 
vice, while strictly enforcing conflict-free memory accesses. Specifically, 
we show that, by using our design, selection can be accomplished opti- 
mally in O(N/p) time. 

1 Introduction 

Recent advances in VLSI have made it possible to  implement algorithm-structured 
chips as building blocks for high-performance computing systems. With this mo- 
tivation in mind, we address in this paper the problem of selecting the Ic-th 
smallest item among N elements using a classifier device of I / O  size p, where 
N is arbitrary and p is fixed. 

In outline, the remaining part of this section discusses the details of our 
architecture. Section 2 sketches some basic algorithms, but, due to  the space 
constraints, only few of them are devised in details. (The interested reader can 
find all the details in [3]). The time-optimal algorithm for selection is discussed in 
Section 3. Finally, concluding remarks and open problems are offered in Section 
4. 

From now on, we assume that N 2 p2. The basic architectural assumptions 
(see Fig. 1) of our selection model include: 

(i) A data memory organized into p independent, constant-port, memory mod- 
ules MI, M2,. . . , M p ,  with p even. Each word is assumed to  have a length of 
w bits, with w 2 2logp. 

Fig. 1. The proposed architecture for p = 8. 
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(ii) A set of data registers, Ri, (1 5 i 5 p), each capable of storing a (w + 
1.5logp)-bit word. We refer to  the word stored in register Ri as a composed 
word,  since it consists of the following three fields (from left to  right): (1) an 
element f ie ld  of w bits for storing an element, (2) a long aux i l i a ry  f ie ld  of logp 
bits, and (3) a shor t  aux i l i a ry  f ie ld  of 0.5logp bits. Each field of register Ri 
can be loaded independently from memory module Mi,  from the i-th output 
of the classifier device, or by a broadcast from the CU. The output of register 
Ri is connected to  the i-th input/output of the classifier device, to  the CU, 
and to  memory module Mi. 

(iii) A classifier device of fixed 1/0 size p, with p even, that classifies a set of 
p values into two classes with the same number of values in such way that 
each value in one class is at least as large as all of those in the other class. 
We assume that the outputs of the class of f smallest values are connected 
to  the registers R1, Ra,. . . , R f .  

(iv) A contro l  unit (CU, for short), consisting of a contro l  processor capable of 
performing simple arithmetic and logic operations and of a contro l  m e m o r y  
used to  store the control program as well as the control data. The CU gen- 
erates control signals, can broadcast an address or an element to  all memory 
modules and/or to  the data registers, and can read an element from any 
data register. 

2 Basic Algorithms 
Median. Given a set A of p elements, each one stored into a different memory 
module, the p-median problem returns the f- th  smallest element in A. 
Theorem 1. T h e  procedure p-MEDIAN i s  performed in t w o  calls t o  the  classi- 
f i e r  device of I/O size p, a n d  thus, it requires constant  t i m e .  

Procedure p-MEDIAN(R, spec i f  ied-f i e l d s ;  B, index); 
- invoke the classifier device on the spec i f  ied-f i e l d s  of the data registers; 
- for all i, (1 5 i 5 p), set the auxiliary field of Ri to  : 'lo', if 1 5 i 5 f ;  ' O l ' ,  

- invoke the classifier device on the words composed by the short auxiliary 

- compare-and-set the short auxiliary field of R f + l , .  . . , Rp with the value '10'; 
- the register Ri storing '10' on its short auxiliary field returns to  the CU both 

- p is broadcast to  all the data registers R and, then, written in the memory 

if i = f + I; 'II', if f + 2 5 i 5 p. 

and spec i f  ied-f i e l d s  of the data registers; 

its index and the value p of its element field; 

row B. 

Note that the procedure p-MEDIAN can classify the elements of any combination 
of the fields of the data registers, specified by the parameter spec i f  ied-f i e l d s .  

Sorting. The procedure p-SORT invokes p times the procedure p-MEDIAN to 
build the non-decreasing sorted output sequence in a symmetric way starting 
from the elements of rank f and f + 1, followed by those of rank f - 1 and f + 2, 
and so on. Before applying the p-median, the last returned item is properly 
modified so that the new median is the element of the appropriate rank. (See [3] 
for details.) 
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Theorem 2. Procedure p-SORT sorts a memory row of size p in p calls t o  the 
procedure p-MEDIAN.  Hence, p-SORT takes O ( p )  t ime and requires O ( p )  extra 
memory rows. 

Partition. Given a splitter p, and a set A of $ consecutive memory rows 
Al,  A2,. . . , A N ,  the procedure PARTITION separates the elements smaller or 
equal to  p from the ones larger than p (see [3]). 

P 

Theorem 3. The procedure PARTITION separates with respect to a given split- 
t e r p a s e t A  o f f  m e m o r y r o w s i n T ( $ ) = O ( f ) + T ( ~ ) = O ( ~ )  2P P time. 

Merging. Recently in [I], we have studied hardware-algorithms for sorting N-  
elements, with N 2 p 2 ,  on a special VLSI architecture that uses a sorting device 
of fixed I 1 0  size p ,  capable of sorting p elements in constant time. Our architec- 
ture, in this paper, is the same as the one in [I] except that the sorting device of 
size p has been replaced with a classifier device of size p.  Since the sorting device 
can be simulated with the classifier device by the procedure p-SORT, in O ( p )  
time and O ( p )  space, the hardware-algorithms for sorting studied in [I] can be 
implemented on our architecture with a slowdown of O ( p )  both in time and in 
space. Therefore, the following results hold in our architecture: 
Corollary 1. Basic  Sor t ing  Algorithm 
A set of rnp elements stored in rn (1 5 rn 5 p i ) ,  memory rows can be sorted, 
in row-major order, without memory-access conflicts in at most 7rn calls t o  the 
procedure p-SORT and in O(rnp) t ime for  data movement not involving sorting. 
Hence, the task of sorting rnp elements requires O(rnp) t ime in our architecture. 

Corollary 2. Merge-Two-Groups 
The task of sorting 2rnp, (1 5 rn 5 p i ) ,  elements stored in 2rn memory rows 
can be performed in five calls t o  the basic sorting algorithm and O(rnp) time. 

Corollary 3. MultiwayJerge 
The task of merging rn,  ( 2  5 rn 5 p i ) ,  sorted sequences, each of size p i ,  can be 
performed using O ( r n p y )  calls t o  the p-SORT procedure, and O ( r n 9 )  t ime 
for  data movement not involving sorting. Overall, the procedure Multiway-Merge 
requires O(rnps )  t ime in our architecture. 

Ran king. 

Theorem 4. [3] The task of partitioning the input of size O( $) into p i  buckets, 
B1,. . . , B 4, each of size at most 2%, can be performed in O ( N / p )  t ime and 

O ( N )  data memory space b y  the RANKING procedure. 

Procedure RANKING(&;  B1, B2,. . . , B p i ) ;  

Step 0. Apply the procedure p-SORT to  each memory row of CO; 
Step 1. 

P P 2  

- Extract a sample C1 of size - by retaining every p i - th  element 
P 2  

in each sorted sequence of CO. 
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- Divide the sorted sequences of C1 in groups, each containing p i  sorted 
memory rows. Apply the procedure p-SORT to  obtain sorted sequences 
of size p .  

- Divide, again, C1 into groups, each containing p i  sorted memory rows, 
and a 1 the basic sorting algorithm to  obtain sorted sequences of 
size p' . !? 

Step 2. for i := 2 to t = - 2 do 
- Extract a sample Ci of size - zz retaining every p i - th  element in each 

sorted sequence of Ci-1. 

- The extracted elements are in the form of $& sorted sequences, each 

of size p i ,  stored in p y  consecutive memory rows. Apply then the 
procedure MultiwayAerge to  groups of p i  sorted sequences, obtaining 
longer sorted sequences of size p q  . 

- Apply, again, the procedure MultiwayAerge to  groups of p i  sorted se- 
quences, obtaining longer sorted sequences of size p z ,  stored in 
p i  consecutive memory rows. 

P Z  

i+z 

endfor 
Step 3. Terminated the sampling process, the population has shrinked into a 

unique sorted sequence of size N i .  Retain a sample Q =< q1,42,. . . , q& > 
with the property that for every i, (1 5 i 5 fi), 

1 

qi is the item of rank i (:)'in C,. 

Step 4. for i := 1 to p i  to PARTITION (CO, qi ,  Bi, CO) endfor 

3 The Selection Algorithm 

Procedure SELECTION(C, Ic;  2); 

{Input: a set C of size N stored in $ consecutive memory rows, and the rank Ic 
of the element sought; 
Output: the Ic-th smallest item x in C ;  } 

Step 1. If N 5 p ! ,  sort C using the basic sorting algorithm and returns 
the element of rank Ic ;  
If p! < N 5 p 2 ,  first sort individually the rn = 5 p i  sequences of 

size p z  in C using the basic sorting algorithm. Apply the procedure 
MultiwayAerge to  the rn sorted sequences, and returns the element of rank 

Step 2. If N > p 2 ,  select the sample CO of size $ by retaining from each 

Step 3. Apply the procedure RANKING to  partition CO in the buckets 

PZ 

Ic ;  

memory row of C its median. 

B1, B2,. . . , B 4. 
P 
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Step 4. Counted the elements in Bi, (0 5 i 5 p i ) ,  we know to  which bucket 
B, = {x E Colq, < x 5 qm+l} the median of CO belongs. Choose qm+l to  
act as a splitter in C. Apply the PARTITIONprocedure to  split the initial 
set C with respect to  qm+l into the sets C' and C". Thereby, the exact rank 
r*(qm+1) of qm+l in C is known. 

Step 5 .  If Ic = ~ * ( q , + ~ ) ,  x = Q,+~; 

If Ic > r*(qm+l), then SELECTION (El', Ic - r*(qm+l), 2); 

If Ic < r*(qm+l), then SELECTION (El, I c ,  x) 

Since the median p belongs to  B,+1, and the size of B,+1 is at most m, it 
holds, as proved in [3]: 

P& 

Moreover, 

Lemma 2. The rank r*(qm+l) of qm+l in the original population C yields: 

N 3N N 
4 -  - < r*(qm+l)  5 - + - 

4 I b  

In conclusion, observing that the largest subset of C on which Selection may 
and that no more than p elements can be examined recur has size 0 3 N  + 

in constant time, we have: 
(.- &) 

Theorem 5 .  The worst case overall complexity for selection in C is T ( N )  = 
O( F) + T ( y  + %), for which holds T ( N )  = O ( N / p )  for p > 16. The Selection 
algorithm is time-optimal. 

4 Conclusions and Open Problems 
This work has been motivated by the observation that scheduling the calls to  
a p-classifier in such way that selection can be performed on a large set of N 
elements, with N > p ,  is not trivial. The solution proposed, based on a constant 
time p-classifier, is time-optimal and accesses the memory without conflicts. 

Nonetheless, a lot of work remains to  be done. For example, an interesting 
open question is the existence of a time-optimal selection algorithm, preserving 
the regular memory access, which does not use the multiway-merge algorithm 
in [ I ] .  
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Abstract. We present a dynamic channel assignment algorithm for wi-
reless data networks which satisfies the varied data rate of user services
as well as their QoS requirements, while minimally sacrificing the system
efficiency. The performance of our scheme is evaluated by computing sy-
stem throughput and capacity (i.e., number of users that can be served).
We compare our scheme with the IS-136 protocol by simulation experi-
ments. Results show an 800% improvement in the capacity of each slot
but at the cost of degradation in system throughput by no more than
67%.

1 Introduction

The field of mobile wireless communications and computing is growing at an ever
faster rate. Most of the existing systems are fine tuned to work optimally for voice
applications. Given the quality of service (QoS) requirements of next generation
applications, it is desirable to have a system that can adapt to user requirements
for delay jitter, data rate or bit error rate. Compared to the good old AMPS
protocol, the channel utilization of IS-136 protocol for TDMA systems is better
since the increase in capacity is three times considering the full-rate channel.
A channel in IS-136 is divided into 40 msec frames, each in turn subdivided
into 6 slots. A full-rate channel uses every third slot in the frame while a half-
rate channel uses every sixth slot. Thus, a variable amount of bandwidth can
be allocated to users such that one user is allowed to transmit in 1-2 slots per
frame. Although the full-rate and half-rate channels support different data rate
traffic on the same channel in IS-136, this provisioning scheme does not utilize
the full capability of the system resource, namely bandwidth. If the system could
adapt based on traffic conditions, the performance would dramatically increase
[1,2]. This motivates our work.
In the IS-136 protocol, a user transmitting in one slot in a frame uses the

same slot in the next frame. This strategy ensures a definite inter-packet delay
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for a certain class of users. However, given the various classes of services that can
be requested, some users may not be concerned about the inter-packet delay as
long as they are guaranteed an acceptable average data rate of transmission. We
take advantage of this concept to reduce the time duration for which the system
bandwidth is not in use, thereby allocating one time slot to multiple users.
In our earlier work, we proposed dynamic assignment of service requests to

frames, in which the frame structure remains the same [3,4]. In this paper, we
propose an algorithm to optimize the system performance under a wide range
of QoS requirements of user requests and also allowing the frame structure to
change dynamically based upon the airlink frame loss probability. By an inter-
leaving usage of the available bandwidth by different users, we obtain a better
utilization of system resources. We evaluate the throughput and the number of
users served in each slot in each frame by the system, and also compare our
scheme with the IS-136 protocol. The rest of the paper is organized as follows.
Section 2 analyzes types of service requests generated by users. Section 3 presents
a new slot assignment algorithm and a linear programming formulation for allo-
cating users to a slot. Section 4 presents results of our simulation experiments.

2 Classification of Traffic Requests

Based upon inter-packet delays (τ) and data rates (Ruser) of services, we consider
two broad classes of traffic, denoted as Mode-1 and Mode-2, as characterized in
Table 1. The details of these traffic classes are described in [4].

Table 1. Traffic classes

Class Mode-1 Mode-2
Inter-packet delay Cannot support less than No hard limit. Depends

(τ) one frame delay upon the application
User data rates Minimum data rate as Minimum data rate as

(Ruser) demanded by the application demanded by the application
Applications Voice, real time data Email, fax

Figure 1 illustrates how users are allowed to transmit in various time slots
within a frame. The notations used:
– N = total number of slots in a frame
– N1 = number of slots allocated to Mode-1 users
– N2 = number of slots allocated to Mode-2 users
– M = number of minislots in each Mode-1 slot
– r = number of retransmission minislots in each Mode-1 slot
– k = number of minislots assigned for data transmission in each Mode-1 slot
– k

′
= maximum number of interleaved users assigned to each Mode-2 slot

– R = Expected queue length of each minislot user
– D = The bandwidth or the total number of bits that can be sent in one time
slot duration

– h = The header length for each of the minislots
– ĥ = h

D .
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1 2

user x using this slot user y using this slot user x uses this slot

 Meanwhile other users can use the slot.

N1 slots N2 slots

N1+N2N1 N1+1 N1+2

(N1 + 2)th slot of frame(N1 + 2)th slot of frame 1 (N1 + 2 )th slot of frame 2 

1 2 k k+1k+2 k+r M

User data transmission Retransmission

A blow up of Mode-1 transmission slot

Broadcast minislot

Mode-1 Mode-2

k mini slots r mini slots

M mini slots

’Note: User X’s turn comes after  k  frames .

 (k +1) ’

Frame

Fig. 1. A snap shot of the frame according to our new algorithm

• All users having Mode-1 traffic transmit in each frame. Each user can trans-
mit in a fraction of a time slot based upon its data rate requirements.

• In Mode-2, only one of the k′
users assigned to the time slot, transmits in

that slot and subsequently remains idle until its turn comes back after k
′

frames where k
′
is determined by the data rate requirements.

Furthermore, we do not allocate a time slot simultaneously to both Mode-1 and
Mode-2 traffic.

2.1 Analysis of System Performance

Mode-1 requests: Assume that a user who is allocated multiple minislots,
transmits the header information in each minislot. Since k minislots are allocated
for user data transmission in each slot, the total number of retransmission slots
is given by r = kR.

Number of Retransmissions: A user successful in transmitting data in a
minislot, will proceed by transmitting a new packet in the same minislot in the
next frame. Otherwise, the lost packet is appended to the retransmission list
and the next packet is sent in the user minislot. Since the retransmission is
accomplished with the help of retransmission minislots, the user has the current
minislot available to transmit the next packet.
Figure 2 depicts the state transition diagram of the retransmission list for

each slot, where pl denotes the airlink frame loss probability and ql = 1 − pl.
Typically, the value of pl depends upon the size of the data being transmitted
and the forward error coding (FEC) technique used. A state Si means the re-
transmission list has i packets. For example, the list is in state S0 when there are
zero packets to be retransmitted. Since each slot is associated with k minislots
for user data, if there is any loss of frame when the system is in state S0, the
next state of the retransmission list will be state Sl×r under the assumption that
the ratio k

r = l is an integer. Assuming that user sends a new packet in each
frame, the probability of a transition from state S0 to state Sl×r is nothing but
pl. If the retransmission list is in state Sl×r, the lost packet are sent through
the retransmission minislots. At the same time a new packet is sent through the
minislot allocated to that user. So the probability for a transition from state
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Sl×r to state S2×l×r, denoted as Sl×r −→ S2×l×r, is given by pl. Similarly, ql

is the probability for making the transition Sr −→ S0.

q q
q q
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Fig. 2. Modeling retransmission queue (list) of each slot carrying Mode-1 traffic

The steady state probability, Pi, of the retransmission list is derived as:

Pi = Pi−k pl + Pi+r ql for i ≥ k and i = a r where a ≥ l,

Pi = Pi+r ql for 0 < i < k and i = a r where 0 < a < l, and

P0 =
(
ql

pl

)
Pr

We analyze the system performance by restricting queue length as 100×k and
solving above equations. In other words, the analysis is based on the assumption
that the probability of a user having more than 100 packets accumulated for
retransmission is negligible.
Let Rmin be the minimum data rate traffic and Rheader be the number of

header bits expressed as data rate. Now if the slot has a data rate of Rslot, the
total number of minislots is given by

M =
Rslot

Rmin + Rheader
. (1)

Now k out of these M minislots are assigned to users, r = k × R of them
are assigned for retransmission (where R is the retransmission queue length for
each minislot user), and one of them is assigned as a broadcast minislot. Hence,
M = k + kR + 1.
The value of R is approximated using a curve fitting software (Mathematica) as
R = 4.69445

(
r
k

)2 − (0.5543 + 65.944 pl)
(

r
k

)
+0.0417 + 6.37pl + 190.739(pl)2

Since M = k + kR + 1 = k + r + 1, substituting for R and r in terms of
M and k leads to

M = K1 × (M − k − 1)2
k

+ K2 × k + K3 (2)

where K1 = 4.69445, K2 = 1.6 + 72.314125 pl + 190.74p2l
and K3 = −(M − 1)(0.5543 + 65.944125 pl) + 1.
Equation (2) is quadratic in k having a solution

k =
−B +

√B2 − 4× A × C
2× A (3)
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where A =K1 + K2, B = 2K1−2MK1+K3−M and C =M2K1 − 2MK1 + K1.
If Ruser is the data rate of the application requested by a user, then the number
of allocated minislots is �Ruser

Rmin
�. If one of the users of a minislot within a slot

terminates its call and if it happens to be the last user for that slot, then the
slot is reallocated. Otherwise we let the minislot go idle. Evaluating the steady
state probabilities as in [4], the expected number of active slots is given by

kavg =
k∑

i=1

i × PMode1
i (4)

where PMode1
i denotes the probability that i users are assigned to one Mode-1

slot.

Expected Number of Users in Mode-2 Slot: For Mode-2 requests, each
user is allocated a time slot in a frame after a certain (fixed) number of fra-
mes, denoted by q = Rslot − Rheader

Ruser
. The maximum possible number (k

′
) of

interleaved frames before a user can retransmit, is given by

k
′
=

Rslot − Rheader

Rmin
. (5)

By evaluating the steady state probabilities numerically as explained in [4],
the expected number of active interleaved frames is obtained as

k
′
avg =

k
′∑

i=1

i× PMode2
i . (6)

where PMode2
i denotes the probability that i users are assigned to one Mode-2

slot.

2.2 Quality of Service

We define the quality of service function, fQoS , as the product of the number of
users (U) in the system per slot per frame and the system throughput (ηframe).
Thus,
fQoS =

(
U
N

) ∗ ηframe

=

[
fN

(
kavg(1− ĥ(k(1 +R) + 1))

k(1 +R) + 1

)
+ (1− fN )(1− ĥ)(1− pl)

(
k

′
avg

k′

)]
×

[
fNkavg + (1− fN )

(
k

′
avg

k′

)]
(7)

For details, see [4]. In this formulation, ηMode1 and ηMode2 denote the throug-
hput of a Mode-1 and Mode-2 slot respectively. In the above formulation the
only parameter that can be tuned for an optimal performance is fN = N1

N1+N2
.

Differentiating Equation (7) w.r.t. fN leads to

fN = −
[
k

′
avg(ηMode1 − ηMode2) + (kavg ∗ k′ − k

′
avg)ηMode2

2(ηMode1 − ηMode2)(kavg ∗ k′ − k′
avg)

]
(8)
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for which the function fQoS is optimal.
To maximize fQoS , we take the second derivative of Equation (7) w.r.t. fN

thus yielding the following condition

C1 : 2 ∗ (ηMode1 − ηMode2)(kavg ∗ k′ − k
′
avg) ≤ 0. (9)

Recalling that fN satisfies 0 ≤ fN ≤ 1, from condition C1 we derive two other
conditions as follows.

C2 : ηMode1
ηMode2

≤ 2 − k
′ ∗ kavg

k′
avg

(10)

C3 : ηMode1
ηMode2

≥ 4k
′
avg − 3k′ ∗ kavg

3k′
avg − 2k′ ∗ kavg

(11)

Since k, k
′
are fixed based upon the data rate of the requests, kavg and k

′
avg

are also fixed for a constant service rate of the slot (µ). Similarly pl and ĥ are
fixed. The restriction on the value of fN gives us a range of values for µ and ω (ω
= 1 − µ) as described in [4]. However, we do not yet have closed-form solutions
for the values of kavg and k

′
avg which would give us the solutions for µ and ω.

Therefore, we obtain the feasible values of µ and ω by simulation.

3 Proposed Slot Assignment Algorithm

3.1 A New Channel Assignment Scheme

1) From Equation (3) get the number of minislots to be allocated to users of each
Mode-1 slot.

2) From Equation (5) get the number of interleaved frames for each Mode-2 slot.
3) From Equation (8) get the fraction of slots to be allocated to Mode-1 requests.
4) Allocate requests to Mode-1 and Mode-2 slots according to linear programming
(LP) formulations (Sections 3.2 and 3.3).

5) If a packet is lost for a Mode-1 slot, a user appends the packet in the retransmission
list. For a Mode-2 slot, a user retransmits the packet at the next opportunity.

6) On completion of a Mode-1 request, verify if that is the last job in that time slot.
If so, call the linear programming routine for Mode-1 jobs.

7) On completion of a Mode-2 request, verify if it is the last job in that timeslot.
If so, call the linear programming routine for Mode-2 jobs. Otherwise look for
an identical job request waiting to be served; if successful, allocate the new job
otherwise the slot in that frame remains idle.

8) If the airlink frame loss probability (pl) changes by a fraction ±F , we compute
k and fN dynamically. This calls for switching the existing calls from one slot to
another slot. For a new value of pl, the updated values are denoted by knew and
N1new such that N2new = N − N1new . If N1new > N1 then (N1new − N1)
number of Mode-2 slots are allocated to Mode-1 users, otherwise (N1 − N1new )
number of Mode-1 slots are allocated to Mode-2 users. A greedy algorithm is used
to adjust the users in slots which are in use. The slots with the largest amount of
under-utilized bandwidth are chosen to allocate to the new traffic requests while
the current users of those slots are adjusted in other slots used by the same traffic
class users.
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3.2 LP Formulation for Mode-1 Slot
Let d1 be the number of possible data rates that can be expected from Mode-1
traffic. These rates are denoted as XMode1

i where 1 ≤ i ≤ d1. Let the number of
requests waiting to be assigned to these data rates be denoted by NMode1

i and let
the number of jobs of each data rate assigned to every slot be denoted by AMode1

i

where 1 ≤ i ≤ d1. Since the number of minislots assigned to users in each slot
is known, the available data bandwidth is AvailableMode1 = kRmin which is
nothing but the bandwidth available to transmit data after the header informa-
tion for all users in that slot is transmitted. In order to minimize the amount of
data bandwidth wasted, we find an optimal combination of user requests such
that the bandwidth required is very close to the available bandwidth. The linear
programming formulation for determining the combination of data rates for one
slot allocation for Mode-1 jobs is given by

Minimize F ≥ 0; subject to the following constraints
F = k − ∑d1

i=1A
Mode1
i ; AvailableMode1 − ∑d1

i=1X
Mode1
i AMode1

i ≥ 0;
AMode1

i ≤ NMode1
i and AMode1

i ≥ 0 for 1≤ i ≤ d1.
3.3 LP Formulation for Mode-2 Slot
The formulation for Mode-2 slot is similar except that the available bandwidth
for transmission by a user is AvailableMode2 = Rslot − Rheader. This is because
the complete slot bandwidth corresponding to each frame is occupied by one user
only. For Mode-2 jobs, let d2 denote the number of possible data rates which are
denoted as XMode2

i . Let the number of job requests for each data rate waiting to
be allocated be NMode2

i , and let the number of jobs of each data rate assigned
to a slot be denoted as AMode2

i where 1 ≤ i ≤ d2. The LP formulation is given
by
Minimize F ≥ 0; subject to the following constraints

F = AvailableMode2 − ∑d2
i=1A

Mode2
i XMode2

i ;
AMode2

i ≤ NMode2
i and AMode2

i ≥ 0 for 1≤ i ≤ d2.

4 Simulation Experiments
To simulate the proposed slot assignment algorithm, we considered six data rates
of traffic for both Mode-1 and Mode-2 class of requests. These data rates are 2
Kbps, 4 Kbps, 8 Kbps, 16 Kbps, 24 Kpbs, and 32 Kbps. We generated a frame
with N = 50 slots with the frame bandwidth N ∗ Rslot = 2 Mbps which thus
yields a slot bandwidth of Rslot = 40 Kbps. Now Rheader = 40 ∗ ĥ where
ĥ = h

D . The simulation results obtained from our scheme are compared with
the performance of IS-136 protocol. Since IS-136 has only 6 slots per frame, the
comparison is on a slot basis rather than on a frame basis. The simulation was
carried out for different values of ĥ and pl. The value of F (fractional change
in pl) was fixed to 0.05. We also assume that the activity of each user is 0.5
throughout the simulation. Hence the number of users assigned to each slot in
the IS-136 protocol is 0.5.
In the absence of a closed form solution for fQoS in terms of µ, the simulation

was done for varying values of µ so as to satisfy the conditions C1, C2 and C3
as in Equations (9), (10), (11) respectively.
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ĥ = 0.15, New Scheme ?

? ? ?

?
?
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ĥ = 0.1, IS-136 r

r r r r
r
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Figure 3(a) plots the number of users served by each slot in each frame
according to our proposed algorithm. As the overheads (header bits) increase,
there is a drop in the capacity (number of users served). Similarly, there is a
drop in the number of users served with increase in pl, the airlink frame loss
probabilty. According to the IS-136 protocol, activity of each user is 0.5 which
remains constant. The maximum improvement in the capacity is as high as 800%
and the minimum improvement is 75%.
Figure 3(b) plots the throughput of the system for varying values of pl and

ĥ. There is a drop in the throughput with increase in ĥ and pl The maximum
degradation in the system throughput due to our proposed scheme is 67% and
the minimum degradation is 25%. Inspite of the degradation in the throughput,
the proposed scheme beats IS-136 in the overall system performance given by
the fQoS function.
5 Conclusions
We modeled a wireless system taking into consideration the QoS parameters.
By an optimal utilization of the bandwidth we not only support a wide range
of applications but also optimize the system performance. The proposed scheme
performs better than IS-136 protocol when the airlink frame error rate and the
overhead header bits are low. This clearly suggests that the existing slot alloca-
tion schemes need to be changed to suit user demands and network conditions.
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Abstract. Recent advances in network and computer technology has
lead to the integration of wireless and wireline network. In this paper
we propose a complete framework called Harmony for providing qua-
lity of service over heterogeneous wireless and wireline networks. This
framework helps allocate and manage both network and computational
resources. The bandwidth is reserved based on the Entropy model. A
Static Load Mapping and Dynamic Load Balancing scheme is proposed
to allocate computational resources. Simulations are carried out to verify
the correct functionality of the proposed model.

1 Introduction

Existing draft proposals such as UMTS [1] and IMT2000 [2] aim at providing me-
chanisms to guarantee quality of service (QoS) over a combination of wireless and
wireline networks. Wide proliferation of personal communication systems have
set up the stage for integrating wireline networks with wireless networks. The
Ubiquitous communication project [3] aims at providing seamless interconnec-
tion for real time traffic over heterogeneous networks. The Infopad [4] project
aims to provide low power hand held terminals, and the Dataman [5] project
provides mechanisms to accommodate mobility in heterogeneous environment.
Low power limits the compute capacity of hand held terminals and hence com-
pute intensive applications need to be mapped to computational servers. Thus
there is a need for a complete QoS architecture that can provide computational
guarantees in addition to network guarantees. Several QoS architectures have
been investigated in literature [8]. A dynamic QoS model referred to as QoS-A
has been investigated by Campbell et al in [9]. Most of the models discussed in
literature assume either a wireline or a wireless network. To the best of our kno-
wledge, issues related to providing quality of service for heterogeneous networks
is not discussed in any of the proposed architectures in literature. In this paper
we propose a architecture called Harmony to provide compute and network gua-
rantees over heterogeneous networks. A Static Load Mapping and Dynamic Load
Balancing scheme is proposed to provide compute guarantees in a mobile com-
puting environment. The rest of the paper is organized as follows. The Harmony
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architecture and proposed service classes are discussed in section 2. Section 3
discusses the communication traffic models and the resource allocation scheme.
The computational models and resource allocation scheme is discussed in section
4. The static load mapping and dynamic load balancing scheme is also discus-
sed in this section. Section 5 is devoted to simulations and results. We finally
conclude in section 6.

2 Framework for Supporting QoS

We propose the following hierarchy of classes shown in figure 1 which take into
account the mobility and compute service requirement of incoming sessions. Any

Computational 
Guarantees
Required

Computational 
Guarantees
Not Required

Computational 
Guarantees
Required

Computational 
Guarantees
Not Required

Computational 
Guarantees
Required

Computational 
Guarantees
Not Required

Computational 
Guarantees
Required

Computational 
Guarantees
Not Required

Predictive Guaranteed Predictive Guaranteed

Mobility Independent Mobility Dependent

Qos Classes

Fig. 1. QoS Class Structure

incoming session can subscribe to either Mobility Independent or Mobility De-
pendent service class with guaranteed or predictive service. Four classes of com-
pute guarantees are defined in table 1 for sessions requesting for computational
guarantees. The classification into classes of different compute requirement is

Table 1. Table of Association of Class with Compute Requirement

Compute Guarantee Class I II III IV
Compute Requirement (MFLOPS) 50 100 200 400

heuristic in nature and more work needs to be done to arrive at an exact classi-
fication.

Low power constraints of mobile hand held teminals limit their compute ca-
pacity. Thus compute intensive applications need to be mapped onto a compute
server. A two level hierarchical network called as Mobile Computing Environment
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Fig. 2. Mobile Computing Environment and Harmony Architecture

(MCE) shown in figure 2 provides such an environment. The base stations(BS)
which provide wireless connectivity to mobile users are connected over a wireline
network to form the first level of hierarchy. Compute Service Providers (CSP)
are associated with a set of base stations and form the second level of hierarchy.
These CSP’s serve as computational units to which computations from mobile
users are mapped. The CSP’s also form the interface to external world over
B-ISDN network.

We propose a layered QoS architecture called as Harmony shown in figure 2
that meets the QoS principles in [9]. In functional terms harmony consists of
number of layers and planes. The QoS prediction layer comprises of the net-
work and computation resource prediction mechanisms. The network resource
prediction is based on the entropy model proposed in [6], and the computational
model is based on the class of service requested by the user. Resource allocation
and call admission control mechanisms are implemented in the harmony layer.
The computational resources are reserved based on the mobility model called
as Static Load Mapping and Dynamic Load Balancing which are implemented
within the harmony layer. The vertical planes are used for QoS management
after a session has been established. The QoS plane consists of a number of
layer specific QoS managers. The compute QoS plane helps maintain compute
guarantees throughout the duration of the session.

3 Communication Traffic and Resource Allocation

Communication resources primarily comprise of bandwidth and buffer space. In
order to reserve these resources in a heterogeneous environment, network traffic
profile and mobility profile of users must be known a priori [7] [10]. We extend
the Entropy based model proposed in [6] to determine network traffic profile
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over wireless channels. A synthetic traffic profile, having the same statistical
properties as that of traffic in wireless environment,is generated by modulating
traffic profile in a wireline environment with white Gaussian noise. This synthetic
stream is modeled using the Entropy model with 21 states. Network resources
are reserved based on the bandwidth requirement function as given in [6]. The
network traffic model forms a part of the QoS prediction plane in the framework
given in figure 2. The guaranteed delay schedule and the guaranteed bandwidth
schedule [6] form a part of the vertical QoS plane. Having determined the network
traffic profile, the resources can be reserved according to the following scheme.
Consider the cellular network comprising of hexagonal shaped cells [11] shown
in figure 2. We define

Definition 1. First Order Neighbors (FON) : A cell Ci is called as the
FON of cell Cj if Ci has one boundary common with Cj.

Definition 2. Second Order Neighbor (SON) : A cell Ci is called as the
SON of cell Cj if there exists a cell Ck which is a FON of Ci and Cj is the FON
of Ck.

Let a mobile unit Mi originate a call in cell Ci requesting for bandwidth B.
Let Fi and Si be the set of cells that constitute the FON’s and SON’s of cell
Ci respectively. Let α and β be fractions such that 0 ≤ α, β ≤ 1. The call
admission policy and resource allocation policy for various classes of traffic are
given in table 2. In mobility independent predictive and mobility dependent
predictive class of traffic, bandwidth alloted in Fi and Si can be used by other
sessions subscribing to predictive services. These resources can be reclaimed back
from the user for whom the resources are reserved. Note that we permit sharing

Table 2. CAC and Resource allocation policy for various traffic classes

Minimum bandwidth Amount of resources
Traffic Class necessary in reserved in

cells Ci, Fi, Si for cells Ci, Fi, Si

a call to be admitted on call admission
Ci Fi Si Ci Fi Si

Mobile Independent Predictive B B B B B B
Mobile Independent Guaranteed B B B B B B
Mobile Dependent Predictive B α × B B α × B

Mobile Dependent Guaranteed B α × B β × B B α × B β × B

network resources reserved by one session by other sessions in certain class of
traffic to improve network resource utilization. The harmony layer which works
in co-operative collaboration with the QoS plane is responsible for reserving
communication resources.
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4 Computation Models and Resource Allocation

It is difficult to generalize computational requirements for various traffic classes.
On the other hand, rule of thumb may be applied to estimate the computation
necessary based on the type of application. For sessions in which applications are
not known a priori, an average quanta of computational resources is reserved.
This is dynamically changed as and when the application type is known. Such
a scheme can be provided only in predictive class of services. Guaranteed class
of service must specify its computational requirement based on the classification
given in table 1.

We propose the following scheme to reserve compute resources. Consider the
MCE shown in figure 2. Let < P1 . . . Pn > denote the CSP’s associated with
base stations < B1 . . . Bm >. In particular let Pi and Pj be the CSP’s associated
with base station Bi and Bj respectively. We assume that when a handoff of
a mobile user occurs from base station Bi to base station Bj , the associated
computations are also handed over from CSP Pi to CSP Pj . Every incoming
session requests for certain computational resources during call establishment.
Let Cmax denote the total computational requirement requested by the mobile
userMi originating a call from base station Bi. We propose the following scheme
to guarantee computational QoS.

1. Mobility Independent : A call is admitted when Cmax can be allotted
to the session on all the computational units < P1 . . . Pn >. Computational
resources equivalent to Cmax are reserved on all the CSP’s < P1 . . . Pn >.

2. Mobility Dependent : A call is admitted when Cmax can be split into
subset of computational requirement < c1 . . . ck > such that

Cmax =
i=k∑

i=1

ci (1)

and we can find set of K CSP’s such that ci can be guaranteed over Pi.
Computational resources equivalent to ci are reserved over Pi. We refer to
this scheme as Static Load Mapping (SLM). We shall discuss in detail about
SLM in the following section.

4.1 Static Load Mapping

We propose a Static Load Mapping scheme to provide computational guarantees
taking into account the mobility of users. Consider the cellular network shown
in figure 2. Let a mobile unit Mi originate a call in base station Bi, request for
a computational guarantee of Cmax. The value of Cmax depends on the class of
service given in table 1. Let (x0, y0) be the initial position of the mobile user and
let v be the associated velocity of Mi. Let P1 . . . Pn be the set of CSP’s having
computational capacity ω1 . . . ωn. Knowing the cell dimensions, the mobile user
Mi remains in the cell for a time ti = v

d , where d is the distance from (x0, y0) to
the cell boundary. Thus the mobile user Mi traverses along the path

(x0, y0)
v
d→ (x1, y1)

v
d→ . . . (xk, yk)
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which forms the mobility profile of the mobile user. The mobile user enters
another cell after a time ti and hence a mobile unit is associated with a CSP
Pi for a duration of ti. Let P1 . . . Pn be the CSP’s along this mobility profile.
Thus the maximum computations that can be carried out on Pi is ωi × ti. Set
ci = ωi×ti and reserve this amount of compute resource on Pi. Note by using this
scheme we are guaranteeing QoS at static time taking into account the mobility
of the user. An optimal utilization of computational resources can be achieved
through dynamic load balancing discussed in the following section.

4.2 Dynamic Load Balancing

In this paper we propose a Dynamic Load Balancing scheme to optimally allocate
computational resources. As defined earlier a mobile unit remains in a cell for
a maximum duration of ti (deadline ti) in which ci work has to be performed.
Let δt denote the actual time taken to complete the work. It therefore follows
that δt ≤ ti where δt = ci

ωi
. In the dynamic load balancing scheme we associate

a queue Qi with every Pi. The entries in the queue are the work < c1 . . . cm >
that need to meet deadline < t1 . . . tm > respectively. We define the following
terms

Definition 3. If δi is the time taken to complete the work ci, the Actual Work
Load Wa is

Wa =
j=m∑

j=1

ωi × δi (2)

where m is the total number of active sessions mapped onto processor i.

Definition 4. Tolerable Work Load of processor Pi over a duration T is

WT = ωi × T (3)

We define High Water Mark (HWM) to be ρ times the tolerable work load
and Low Water Mark (LWM) to be η times of the tolerable work load, where
0 ≤ ρ, η ≤ 1. The values of ρ and η are selected depending on traffic classes. Let
an incoming session k request for work load Ω which is split into subtasks having
work load wk

1 . . . w
k
m. This work load needs to be mapped to processors Pi . . . Pm.

IfW i
a is the actual work load on processor i, a call is admitted with computational

guarantees only whenW i
a + wk

i ≤ WT ∀ i, and a mapping is possible only when
W i

a + wk
i ≤ HWM ∀ i. If for some processor Pj , W i

a ≤ LWM , then we
always map a W k

i to Pj to balance the load. Work load is migrated across
processors whenever load in any processor exceeds its HWM to maintain a load
balance. This computational call admission and resource allocation policy is
mapped on to the computational guarantee plane in the harmony architecture.
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5 Simulations and Results

Simulation were called out for 64 cell micro cellular environment with cell dia-
meter assumed to be less than one kilometer. A CSP is associated with a group
of four cell and hence there are sixteen CSP’s each having the same compute
capacity. A handoff of CSP occurs only after the mobile unit crosses four cells.
The wireless access scheme is assumed to be TDMA with equal number of chan-
nels per base station and we use dynamic channel allocation policy as described
in [11]. Let λ denote the average traffic load per cell. The duration of every
mobile originated call is assumed to be independent exponentially distributed
random variable with a average duration of 5 minutes. The maximum velocity
(Km/hour) of a mobile user is a uniform random variable between 0 and 20.
Also the direction (degrees) of the mobile unit is a uniform random variable
between 0 and 360. Throughout this simulation we assume the mobile unit mo-
ves with a constant velocity. We also assume that all the incoming sessions
request for real time multimedia connection. The simulations were carried out
for more than 10000 calls per cell. The metrics used in the simulation were
Percentage Call Blocking , Network Resource Utilization and Compute Resource
Utilization [11]. Let Pind, Pdep, Pgur, Ppred denote the probability of mobile in-
dependent, mobility dependent, QoS guarantees required, and predictive QoS
guarantees required class of traffic. Simulation were carried out for the scenarios
given in table 3 and the results obtained are given in table 4 and figure 3. The
call blocking graph plots traffic load (x-axis) vs percentage call blocking (y-axis).
The network utilization graph plots traffic load (x-axis) vs percentage network
utilization (y-axis) and the compute utilization graphs plots traffic load (x-axis)
vs percentage compute resource utilization (y-axis).

Table 3. Scenarios for Simulation

Scenario Traffic Load λ Probability of Traffic
Class

Scenario 1 0.1 ≤ λ ≤ 0.5 Pind = PdepandPgur = Ppred

Scenario 2 0.1 ≤ λ ≤ 0.5 Pind ≤ PdepandPgur = Ppred

Scenario 3 0.1 ≤ λ ≤ 0.5 Pind ≥ PdepandPgur = Ppred

Scenario 4 0.1 ≤ λ ≤ 0.5 Pind = PdepandPgur ≥ Ppred

Scenario 5 0.1 ≤ λ ≤ 0.5 Pind = PdepandPgur ≤ Ppred

Simulations indicate the dependency of call blocking probability on α,β and
λ. Increasing α and β reduces the network utilization. The number of sessions
permitted to enter the network increases when predictive class of traffic is more
probable than guaranteed class of traffic. Simulations for α ≥ β indicate that
the general trend is the same as that of the results presented in this paper. If
α ≤ β, then the average network utilization decreases as compared to α ≥ β.
Also note that in the all the five scenarios simulated the number of calls dropped
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Table 4. Simulation results for different Scenarios

Traffic Load Percentage of predictive Percentage of guaranteed Percentage of calls Dropped
calls dropped due to calls dropped due to due to
unavailability of unavailability of handoff

Compute Network Compute Network Compute Network
Resource Resource Resource Resource Resource Resource

Scenario 1
0.1 1.27 0.51 1.18 0.60 0.12 0.17
0.2 1.37 0.71 1.08 1.01 0.25 0.29
0.3 1.49 0.97 1.30 1.15 0.37 0.46
0.4 1.82 1.12 1.63 1.31 0.41 0.37
0.5 2.03 1.35 2.95 1.43 0.67 0.75

Scenario 2
0.1 0.41 0.62 0.47 0.56 0.11 0.13
0.2 0.68 0.56 0.59 0.65 0.17 0.21
0.3 0.81 0.94 0.88 0.87 0.23 0.33
0.4 0.63 0.74 1.67 1.51 0.44 0.41
0.5 0.77 0.76 1.78 1.58 0.77 0.55

Scenario 3
0.1 1.10 1.00 1.78 1.81 0.37 0.61
0.2 0.72 1.18 1.91 2.13 0.41 0.58
0.3 0.86 0.93 2.03 2.28 0.60 0.55
0.4 1.32 1.46 1.87 2.06 0.73 0.73
0.5 1.47 1.51 2.69 2.74 0.85 0.79

Scenario 4
0.1 3.26 2.68 6.87 7.01 1.64 1.82
0.2 3.11 3.22 7.41 7.38 1.72 1.93
0.3 3.97 2.89 7.82 8.2 2.15 2.17
0.4 4.45 3.66 9.74 9.25 2.68 2.88
0.5 4.83 4.21 10.07 11.05 3.18 3.46

Scenario 5
0.1 1.93 2.15 0.83 0.91 0.73 0.31
0.2 2.14 2.64 0.95 1.10 0.46 0.39
0.3 2.66 2.72 1.26 1.04 0.53 0.58
0.4 3.46 3.02 1.46 1.29 0.77 0.91
0.5 4.28 4.09 1.73 .187 0.83 0.80
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during handoff is very low indicating that the QoS is indeed being guaranteed
throughout the duration of the call.

6 Conclusion

With the integration of wireless and wireline networks there is a need to pro-
vide mechanisms to guarantee quality of service for real time traffic over such
heterogeneous networks. In this paper we have proposed a complete framework
called as Harmony to guarantee quality of service over mobile computing en-
vironments. The proposed harmony model is a layered architecture and each
layer work in co-operative collaboration with other layers to provide QoS gu-
arantees. Eight classes of traffic have been proposed to provide network and
computational guarantees. The bandwidth requirement for any incoming session
are predicted based on the Entropy model. A Static Load Mapping and Dyna-
mic Load Balancing schemes are proposed to provide compute guarantees in a
mobile environment. Simulations are carried out for various scenarios. From the
simulations we find that network and computational resource utilization is ma-
ximum when predictive class of traffic dominates, and the network and compute
resource utilization is minimum when guaranteed class of traffic dominates.
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Abstract. An analytical framework for modeling the performance of
a single TCP session in the presence of random packet loss is presen-
ted that is based on a semi-Markov model for the window size evolu-
tion. The model predicts the throughput for LANs/WANs (low and high
bandwidth-delay products) with good accuracy, as compared against si-
mulation results with ns simulator. Generally, higher speed channels are
found to be more vulnerable to random loss than slower channels, espe-
cially for moderate to high loss rates.

1 Introduction

TCP/IP has been designed for reliable (wired) networks in which packet losses
occur primarily due to network congestion. TCP employs window-based end-
to-end congestion avoidance [6] by sending an acknowledgment (ACK) back to
the source for each successful packet. At all times, the source keeps a record of
the number of unacknowledged packets that it has released into the network,
called the the window size. The source detects a packet loss by either the non-
arrival of a packet ACK within a certain time (maintained by a timer), or by
the arrival of multiple ACKs with the same next expected packet number. A
packet loss is interpreted as an indication of congestion, and the source responds
by reducing its window size so as not to overload the network with packets.
Modeling this dynamic behavior of congestion window size is key to analyzing
TCP/IP throughput performance.

In some circumstances (e.g. networks with wireless links), packet losses oc-
cur randomly due to link effects than due to network congestion. While random
packet loss on the Internet has been reported in [7], it was not taken into con-
sideration in the design of TCP/IP congestion control. Previous research [2,3,4]
has shown that random packet loss (which is not due to congestion) may severely
decrease the throughput of TCP because TCP interprets random packet loss to
be due to congestion and hence lowers the input data rate into the network, and
consequently the throughput. In [2,3], a discrete-time model for random packet
loss was used in which any given packet is lost with probability q independent
� Author for all correspondence - Ph/FAX : (206) 221-5261/543-3842; e-mail:
roy@ee.washington.edu
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of all other packets implying a geometric distribution on the number of succes-
sful packets between consecutive loss events. In [4], packet loss is characterized
by an inhomogeneous Poisson process and the steady-state distribution of the
window size obtained under the assumption of infinite buffer size. In this work,
we assume a continuous-time packet loss model governed by a general renewal
process and incorporate (finite) buffer sizing impact on TCP performance.

Our basic system model assumes an infinite source that releases packets into
a buffer of size B upon receiving ACKs from the destination. Packets are sent
over a link with capacity is µ packets/second and a net delay of τ (propagation
delay plus any other processing delays etc.). Define T = τ + 1/µ to be the time
between the start of transmission of a packet and the reception of an ACK for
this packet. Then µT is the bandwidth-delay product and the ratio β = B

µT is
the buffer size normalized by the bandwidth-delay product.

2 Ideal Channels without Random Packet Loss

We first briefly review the operation of TCP-Reno (TCP-R) for ideal channels,
and summarize the key results in [1,3].

Denote wp = µT+B = µτ+B+1, and note that when the window size reaches
wp, the bit pipe (the combination of the channel and the transmit buffer) is fully
utilized. A further increase in window size at this stage causes buffer overflow,
at which point the window size is halved and Wth is set to wp/2. Let t′ = 0
denote the time of establishment of the TCP session under consideration, and
let W (t′) denote the congestion window size at time t′. Let n denote the number
of packets acknowledged during a time interval t. The deterministic window size
W (t′) evolution during a TCP session has been analyzed in [1,3] and yield useful
expressions that are summarized below (see Figure 1 and the original sources
for details).

W(t  + t) o W(t  + t) o W(t  + t) o

1 Wo Wo
o
=W

t t t

Fig. 1. Sketch of the exponential, linear and sub-linear O(
√

t) phases for window evo-
lution. Solid lines indicate the actual window size evolution while dotted lines indicate
the envelope.
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1. Slow Start (1 < W (t′) < Wth). Consider two instants t′0, t
′
0 + t in a slow

start phase of any of the TCP cycles. Choose t′0 such that W (t′0) = 1.Then,

W (t′0 + t) = 2t/T (1)
n = W (t′0 + t) − 1 (2)

2. Congestion Avoidance - Phase I (Wth < W (t′) < µT ). Consider two
instants t′0, t

′
0 + t in a congestion avoidance phase of any of the TCP cycles.

Choose t′0 such that W (t′0) = W0.Then,

W (t′0 + t) = W0 + t/T (3)

n =
1
T

(W0t+ t2/(2T )) (4)

3. Congestion Avoidance - Phase II (µT < W (t′) < wp). Consider two
instants t′0, t

′
0 + t in a congestion avoidance phase of any of the TCP cycles.

Choose t′0 such that W (t′0) = W0.Then,

W (t′0 + t) =
√
W 2

0 + 2µt (5)

n = µt (6)

It is apparent that the TCP window size evolution is periodic, i.e., consists
of TCP ‘cycles’. Using (1) - (6), the average packet transmission rate R is the
ratio of the number of packets sent in one cycle of the TCP session to the time
duration of the cycle, i.e.,

β < 1 : R = nA+nB

tA+tB
(7)

β > 1 : R � µ (8)

and the corresponding average throughput is

ρ =
R

µ
(9)

The values for nA, nB , tA and tB are obtained by substituting for W0 and W (t′)
(see Figure 1) in (3)-(6) by the initial and final values of the slow start and
congestion avoidance phases. Note the difference in the expressions for β < 1
and β > 1 - for β < 1, the window size evolution contains a linear growth phase
described by (3) during congestion avoidance, which doesn’t exist in the latter.

3 Channels with Random Packet Loss

3.1 Random Loss Model

Let Si denote the time of the ith packet loss, for i = 1, 2, . . . and Xi = Si −Si−1
the time between (i − 1)th and ith loss events with X1 = S1. We consider
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{X1, X2, . . .} to be a set of IID random variables with probability density func-
tion f(x) and distribution function F (x). Thus, the process (pdf) defined by the
loss occurrence times {S1, S2, . . .} is a renewal process with inter renewal pdf
f(x).

Now, suppose that at a certain time instant X1 (=S1), the first random
packet loss event occurs. Denote the window size at that instant by W1. When
the source detects this loss (by the arrival of duplicate ACKs for the case of
TCP-R), the window size is halved. The window size now increases as depicted
earlier (the window size starts from W1/2 and increases till wp, at which time
a buffer overflow takes place and W (t′) is set to wp/2, and so on) until another
random packet loss takes place at a random time instant S2 = X1 +X2. Denote
the window size at this time (the time of the second loss) by W2.

In what follows, we call one period from wp/2 till wp the free-running period
or the ‘typical’ cycle (i.e. free from random loss effects). Note that the second
random loss event can happen before the occurrence of any ‘typical’ cycles. The
window size W (t′) is a semi-Markovian stochastic process, because the window
size evolution after a random loss (except for its starting value which is half of
that just before the random loss) is statistically independent from the window
size evolution before the random loss. Further, since {X1, X2, . . .} are indepen-
dent and identically distributed (IID), the window sizes {W1,W2, . . .} (window
sizes just before the random loss) form a finite state Markov Chain (i.e. the
embedded Markov Chain of the semi-Markov process W (t′)) [8].

3.2 Analysis

For the above model, we wish to compute the following quantities for the em-
bedded Markov Chain
(1) E[N |W1 = w1], the expected number of packets successfully transmitted
before another random packet loss occurs, given that the most recent random
loss took place at w1; (2) The conditional probability P [W2 = w2|W1 = w1]
(denoted for convenience by P ; the probability that the next random loss takes
place at W2 = w2 given that the previous random loss took place at W1 = w1.

To do this, we will ignore the first cycle of TCP-R and assume that the
TCP session starts with window size wp/2 (instead of 1) - this approximation
should have a negligible effect on the average throughput since (i) a source with
an infinite number of packets was assumed, hence the transient behavior (slow
start) at the beginning of the connection is expected to be negligible, even for
the case of random loss; and (ii) the duration as well as the number of packets
sent during this slow start phase is small.

Two ranges of β are considered separately, β < 1 and β > 1, and expressions
for E[N |W1] and P [W2|W1] are found for each of the two ranges.

Define,
Na, Nb: the number of packet transmissions during Congestion Avoidance Phase
I and II, respectively, of the atypical cycle following a random packet loss at a
window size W1 = w1.
NA, NB : the number of packet transmissions during Congestion Avoidance Phase
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I and II, respectively, of a typical cycle.
Np = NA + NB is the number of packets sent in a typical cycle (NA = 0 for
β > 1).
The corresponding durations of time where the above number of packets is trans-
mitted (time is counted since the beginning of the phase referenced) are ta, tb,
tA, and tB respectively. Thus, t1 = ta + tb, tp = tA + tB are the durations of the
atypical and a typical cycle, respectively. For β > 1, NA = 0 and tA = 0.

Further details of the derivation and the results for a general inter-loss distri-
bution FX(x) are contained in [10] and are ommitted due to space constraints.
The analysis results for the case of β < 1 and FX(x) = e−λx are:

E[N |W1 = w1] =

na−1∑
n=0

e
−λ(T/2)

√
w2

1
+8(n+1)−w1 +

e−λt1

1 − e−λtp

nA−1∑
n=0

e
−λ(T/2)

√
w2

p+8(n+1)−wp

+e
−λ/µ 1 − e−(λ/µ)nB

1 − e−(λ/µ)
(e−λta +

e−λt1

1 − e−λtp
e

−λtA ) (10)
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P =




0 0 < w2 < w1/2
e−λT (w2−w1/2)(1 − e−λT ) w1/2 < w2 < wp/2
e−λTw2(1 − e−λT )(eλTw1/2 + e−λ(t1−wp/2)

1−e−λtp
) wp/2 < w2 < µT

eλ
(µT )2

2µ (e−λw2
2 − e−λ(w2+1)2)(e−λta + e−λ(t1+tA)

1−e−λtp
) µT < w2 < wp

(11)
Finally, the average packet transmission rate R is computed from

R =
E[N ]
E[X]

(12)

where E[N ] is the average number of packets successfully sent in an inter-loss
duration, and E[X] is the average time between two random losses (= 1/λ). E[N ]
is given by

E[N ] =
wp∑

W=0

E[N |W ]π(W ) (13)

where π is the steady state distribution of the MC. π is numerically computed
using the eigensolver routines in MATLABTM for P [W2|W1] for different values
of λ, µ, τ and B.

4 Simulations Results and Concluding Remarks

In the packet level C code simulations, we considered the same set-up described
in the system model in Section 1. The results from the analysis match closely the
results from the simulations (Figure 5). Neglecting the slow start phase at the be-
ginning of a TCP-R session in the analysis contributes in some deviation between
the simulation and analysis results. For a given channel (i.e. bandwidth-delay
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product), the deviation (between the simulation and the analysis results) for low
loss rates is small. This is because the slow start phase duration is sufficiently
small such that the window size reaches wp/2 in a very short time (compared to
the average time to the first random loss) corroborating our approximation. in
the analysis. As λ increases, so does the deviation since it becomes increasingly
probable that the first random loss takes place early in the slow start phase, the-
reby precipitating a congestion avoidance phase with an initial window size that
is considerably smaller than wp

2 as assumed in the approximation. Consequently,
the simulated throughput (on the average) is lower than that predicted by analy-
sis, most noticeably for moderate values of random loss. For heavy loss rates, the
deviation decreases again since the approximate window size quickly decreases
from its starting value of wp/2 to that (i.e., the true) in the simulations.
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two links with different speeds.

The analytical results based on the proposed random loss model matches
with the ns simulation results as shown in Figure 6. The ns simulations are done
using a two node topology and default TCP-R parameters (packet size = 1000
bytes, unlimited receiver’s advertised window and Tcptick = 0.01).

The main conclusions that can be deduced from the throughput behavior in
Figures 5, 6 and 7 are summarized below:

(1) For a link with a loss rate λ and a bandwidth-delay product µτ , the
results show that increasing the buffer size (i.e. increasing β) does not always
increase the throughput. For channels with high loss rate, increasing the buffer
size has no positive effect on the throughput; however for channels with low loss
rates, increasing the buffer size increases the throughput considerably.

(2) For low loss rates, faster channels (higher µ) have higher throughput.
However (contrary to what may be expected) for moderate to high loss ra-
tes, slower channels have higher throughput. The explanation for this is simple
though perhaps not transparent. Recall that for channels without random loss,
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the throughput is given by np/tp

µ . For channels with random loss, the throughput

is given by λE[N ]
µ . The expression in the numerator is the average transmission

rate. Now, for the case of no random loss, increasing µ increases np significantly
and hence the average transmission rate as well as the throughput increase. Si-
milarly, for low random loss rates, increasing µ increases E[N ] significantly and
hence both average rate and throughput increase. On the other hand, for mo-
derate to high loss rates, increasing µ does not increase the number of packets
successfully transmitted proportionately (due to the effect of random loss); hence
the average transmi ssion rate increases but the throughput actually decreases.

One practical interpretation of this result for the Internet relates to a user’s
dial-up modem connection to a server. Purchasing a faster modem would increase
the average transmission rate, but may not be economically justifiable in the
case of moderate-to-high loss rate channels since the proportion of the used
bandwidth (i.e, throughput) for the new faster modem is less than that for the
slower (and hence, less expensive) one.
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Abstract. We describe a technique for the approximate performance
analysis of cellular mobile communication networks based on a TDMA
scheme (such as GSM) in which the utilization of two separate frequency
bands leads to a complex cellular structure with overlapping microcells
and macrocells. The analysis technique is based on Markovian assump-
tions as regards both the traffic flows entering microcells and macrocells
and the user mobility pattern, as well as an assumption of flow balance
between handovers into and out of any cell.

1 Introduction

The development of new cellular communication networks and services in the
countries that adopt the GSM standard is based on the use of two separate
frequency bands, around 900 MHz and 1.8 GHz, respectively. Cells served by the
900 MHz band are much larger than cells served by the 1.8 GHz band, due to the
much better propagation characteristics of microwaves in the former frequency
range through the atmosphere. For this reason, cells served by frequencies in
the 900 MHz band are normally called “macrocells”, whereas cells served by
frequencies in the 1.8 GHz band are often called “microcells”.
The use of microcells and macrocells in the design of cellular mobile commu-

nication networks based on a TDMA scheme yields advantages and drawbacks.
The main advantages lie in a much better spatial reuse of frequencies, hence in
substantial capacity increases, with the consequent possibility of offering data
services at medium-high rates (up to hundreds of kb/s), and even multimedia
services through the integration of voice and data traffic flows. The price that has
to be paid is mainly a much larger number of handovers during connections. This
can be a critical factor, since the design and planning of cellular communication
networks aim at meeting specified constraints on handover failure probabilities.
Markovian models have been traditionally used for the design and planning

of mobile cellular telephony networks, considering one cell at a time (see for ex-
ample [1,2,3,4,5]). While this approach proved adequate for networks comprising
only macrocells, it cannot be directly transferred to the dual-band environment,
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where the minimum network element that has to be considered consists of one
macrocell and all the microcells comprised within the macrocell. This network
element will be called a “cell cluster”. This subsystem is rather complex for
the direct development of Markovian models. For this reason, we propose in
this paper the adoption of approximate models for the performance analysis of
dual-band cellular mobile communication networks comprising microcells and
macrocells.

2 System and Modeling Assumptions

A dual-band cellular mobile communication network is considered, where each
cell (microcell or macrocell) is served by a different base station. We focus on a
particular area, covered by one macrocell andm microcells (one cell cluster), and
assume that the macrocell is equipped with N (M) channels, while each microcell
is equipped with N (m) channels. Calls taking place in different cells (micro or
macro) are assumed not to interfere with each other.

C classes of calls are distinguished on the basis of three aspects: user mo-
bility, call duration, and bandwidth requirements. Bandwidth requirements are
expressed in terms of number of channels employed for the connection; let this
number be f(i) for class i calls.
A user issues a class i new call request to the base station of the current

microcell. If the number of free channels in the microcell is less than f(i), and
thus the microcell cannot satisfy the request, the request is forwarded to the
macrocell. If the number of free channels in the macrocell is also insufficient for
the accommodation of the user request, the request is refused.
In order to simplify the description, we assume that macrocell channels serve

only the microcell overflow traffic; however, the model can be easily extended to
cope also with requests directed to the macrocell, as is indicated further on.
Users can roam from a microcell (or a macrocell) to neighboring cells while

connections are active. Connections are kept alive with handover procedures
which try to allocate channels in the new cell according to the same policy ad-
opted for a new call requests. A handover request is preferentially accommodated
in the entered microcell, but if the number of free channels is insufficient, the
request is forwarded to the macrocell. If even the macrocell cannot serve the
handover, the handover request fails.
In the development of the model we introduce the following assumptions:

– The aggregate process of new call requests for class i within a microcell is
Poisson, with parameter λi (the λi’s are estimated from the user population
and the system geometry).

– The flow of class i incoming handover requests from other cells is Poisson
with rate λh,i (the λh,i’s are derived by balancing the incoming and outgoing
handover flows, as explained below).

– The class i call duration is an exponentially distributed random variable
with parameter µi (the µi’s are obtained from the user behavior).
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– The time between two successive handover requests of a class i call (the call
dwell time) is assumed to be an exponentially distributed random variable
with parameter µ

(M)
h,i (in macrocells) or µ

(m)
h,i (in microcells) (the µ

(M)
h,i ’s and

µ
(m)
h,i ’s are obtained from the user mobility).

3 The Cell Cluster Model

Cells in a cell cluster are studied one by one, taking into account the interaction
among adjacent cells by equaling the incoming handover flow and the handover
flow out of the considered cell. This approach has been widely and successfully
used in the literature when considering individual cells with a single user class,
and corresponds to an assumption of independence among the cell behaviors.
This independence assumption is justified by the results presented in [6], where
it was shown that more complex (multi-cell) models do not lead to significant
improvements in the accuracy of performance predictions.
The incoming handover rate of class i calls must be evaluated numerically,

since it cannot be a-priori derived from the model parameters. An iterative
procedure is used to balance (separately for each user class) the incoming and
outgoing handover rates, assuming that the incoming handover rate at step j
is equal to the outgoing handover rate computed at step j − 1. The iterative
procedure is stopped when equilibrium is reached.
Due to the flow balance assumption described above, microcells can be mo-

deled as a set of M/M/K/0 queues with K = N (m) servers representing the
channels and C classes of customers representing the calls. For class i calls, the
arrival process into each microcell is the superposition of the new call generation
process and the incoming handover processes; the resulting total arrival rate is
λi + λh,i. The service rate at each microcell is equal to µi + µ

(m)
h,i .

The macrocell model is slightly more complicated. Users access the macrocell
only when not enough channels are available in the microcell where they request
service. The traffic that users collectively offer to the macrocell is the superposi-
tion of the overflow processes of microcells. The nature of overflow processes and
the correlation among queues due to handovers make this traffic non-Poisson.
Still, the superposition of a number of overflow processes is expected to reduce
the burstiness of the overall arrival process, so that approximating it with a
Poisson process may yield acceptable results. In order to study the macrocell in
isolation, we thus assume that the superposition of all overflow processes from
microcells is Poisson with rate equal to the sum of the microcell overflow rates.

3.1 Microcell Model

The state of a microcell is defined by the vector s = (s1, s2, · · · , sC) where each
component si represents the number of active class i connections.

Assuming that a call of class i requires f(i) channels, the model state space
is S = {s | 0 ≤∑C

i=1 f(i) · si ≤ N (m)}.
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The steady-state probabilities π(s) are computed as the product of the single-
class solutions (generalized Erlang B formula):

π(s) = π(s0)
C∏

i=1

ρsi
i

si!
with π(s0) = π(0, 0, · · · , 0) =

(∑
s∈S

C∏
i=1

ρsi
i

si!

)−1

(1)

where ρi is the class i traffic: ρi =
λi+λh,i

µi+µ
(m)
h,i

.

The overflow probability for class i calls, P
(m)
b,i , is given by the sum of the

probabilities of states in subset Si in which the number of free channels in the
microcell is not sufficient to satisfy a class i call:

Si = {s |
C∑

j=1

f(j) · sj > N (m) − f(i)} .

The rate of class i overflow from a microcell to the macrocell is: γi = P
(m)
b,i ·

(λi+λh,i). The class i traffic entering the macrocell is given by the superposition
of m flows with rate γi.

3.2 Macrocell Model

The macrocell model is similar to the model of a microcell; we just need to use
in the macrocell model the appropriate values for traffic parameters.
The main difference between the two models is the input traffic, which for

the macrocell is derived from the superposition of the microcell overflow traffics,
that were just characterized. The flow of arrival requests at the macrocell is
assumed to be Poisson with rate equal to the sum of the overflow rates from
microcells. The resulting macrocell traffic of class i is: ρi = m·γi

µi+µ
(M)
h,i

. If some

traffic class directly requests the macrocell resources, the traffic for such class
(say class k) becomes: ρk = λk

µk+µ
(M)
h,k

.

The macrocell model state definition is s = (s1, s2, · · · , sC), and the macrocell
model state space is S = {s |0 ≤∑C

i=1 f(i) · si ≤ N (M)}.
Steady-state probabilities are derived as explained above for microcells [see

(1)].
The call blocking probability for class i calls, Pb,i, is computed as the sum of

the probabilities of states in Si, in which less than f(i) channels are free in the
macrocell:

Si = {s |
C∑

j=1

f(j) · sj > N (M) − f(i)} .

4 Numerical Results

In this section we discuss some numerical results that were obtained with the
proposed modeling approach for a cellular communication network that offers
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C = 3 classes of service: voice, data, and multimedia services. Voice services are
accommodated by connections with just 1 channel. Data services are offered at
a higher rate and are thus accommodated by connections with 2 channels. Mul-
timedia services are offered as a combination of a voice and a data connection;
hence they are accommodated by connections with 3 channels.
We focus our attention on a cell cluster that comprises m = 19 microcells

and one macrocell, which are equipped with a number of channels respectively
equal to N (m) = 16 and N (M) = 32.

Performance measures will be plotted versus increasing values of the total
input traffic λ =

∑3
i=1 f(i) ·λi. The input traffics λi are assumed to always have

values such that the traffic loads of the three classes (i.e. f(i) · λi) are identical.
All classes have average call duration equal to 3 minutes (i.e. 1/µi = 3 min);
the average dwell times are respectively 1/µ

(m)
h,i = 10/µi in the microcell and

1/µ
(M)
h,i = 30/µi in the macrocell.
In the left part of Fig. 1 we plot the average number of busy channels in each

microcell, separating the channels used by each traffic class, but also showing the
total value. Observe that, with the chosen values of the request rates λi, when
the system is not overloaded, all service classes use about the same number of
channels. Instead, while approaching overload, the service classes with wider
bandwidth requirements suffer because of the increasing difficulty of finding a
sufficient number of free channels in the microcell.
A similar behavior can be observed in the right plot of Fig. 1, which shows

the channel allocation in the macrocell. The different service classes submit dif-
ferent amounts of traffic to the macrocell; service classes with wider bandwidth
requirements experience larger blocking probability at microcells, and thus ge-
nerate a larger amount of traffic for the macrocell. Under light load conditions
the majority of channels in the macrocell is allocated to multimedia calls (class
3 calls). As the traffic increases, the traffics from other classes increase, and the
easier access to channels by calls with small bandwidth requirements reverses
the distribution of the channel allocation to service classes.
Fig. 2 shows curves of the overflow probabilities at microcells P

(m)
b,i (left

plots), and of the loss probabilities at the macrocell Pb,i (right plots). As ex-
pected, overflow and loss probabilities are larger for those service classes that
require a larger number of channels.
Since channels at the macrocell are the most valuable resource in the cell

cluster (they are shared by all microcells as emergency resources in critical con-
ditions), it is worth trying to keep the macrocell as underloaded as possible.
For this reason, it may be worth modifying the channel allocation policy at the
macrocell so that all connections requests that overflow from microcells to the
macrocell are satisfied with just one channel, independently of the service class.
This means that services of classes 2 and 3 are temporarily offered with redu-
ced quality. The advantage of such a policy is in the possibility of a significant
decrease of the blocking probability for new requests as well as of the handover
failure probability. In other words, the call blocking probability and the hando-
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Fig. 1. Average number of busy channels in the microcells and in the macrocell
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Fig. 2. Call blocking probabilities in the microcells and in the macrocell

ver failure probability decrease at the cost of the temporary deterioration of the
QoS for calls with wider bandwidth requirements (class 2 and 3 calls).
Fig. 3 shows the average number of busy channels in the macrocell and the

call loss probability that result when the bandwidth restriction in the access to
macrocell channels is enforced. It can be observed that the allocation of channels
to service classes becomes fair for increasing loads, and that the improvement in
the loss probability is remarkable.

5 Conclusions

We proposed a technique for the accurate approximate analysis of cellular mobile
communication networks with overlapping microcells and macrocells.
The accuracy of the approximate modeling technique was validated by com-

parison against detailed simulation results, and found to be quite good. Results
were not reported in this paper due to space limitations.
The proposed approximate analysis technique was applied to a network which

provides voice, data, and multimedia services by allocating several parallel cir-
cuits to the same end user, proving the effectiveness of the approximate analysis
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Fig. 3. Average number of busy channels (left plots) and call blocking probabilities
(right plots) in the macrocell, with bandwidth restriction

approach in designing cellular mobile communication networks with different
resource management algorithms.
The proposed approximate analysis approach can be easily extended to cope

with a wide variety of system features that could not be considered in this paper
for space limitations; examples are the reservation of channels to handovers, and
the repeated attempts by blocked users.
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Abstract: This paper presents two intelligent paging strategies for a Personal Communication Services Network (PCSN). They are
termed as sequential intelligent paging (SIP) and parallel-o-sequential intelligent paging (PSIP). Unlike the conventional blanket paging
where all cells in a location area are polled at a time, in SIP (PSIP) one cell (a group of cells) is polled at a time. The cells to be polled
are determined from the occupancy probability vector. The objective is to reduce the signaling load. The proposed schemes lead to a
decrease in paging signaling load at the cost of some extra processing power. When high intensity traffic is expected, PSIP is always
preferred to other paging schemes. However, when incoming traffic rate is low, SIP performs better when paging cost per cycle is the
criterion for choosing a particular scheme of paging. The efficacy of these two intelligent paging strategies is shown with the help of
simulation results.

I. INTRODUCTION

Personal Communication Services (PCS) [1]-[4] support personal mobility based on personal number, terminal mobility
provided by wireless access and service portability through management of user service profiles. Thus, PCS will lead to
ubiquitous availability of services to facilitate the exchange of information between nomadic end users, independent of
time, location and access methods. We consider a hierarchical structure of PCS network (PCSN) [3] where the total service
area (SA) is divided into a number of location areas (LAs). Each LA is further subdivided into a number of cells. For each
cell, there is a base station (BS). The function of BS is to provide the radio link to the MTs within in the cell corresponding
to the BS. The BSs within an LA talk with each other through a mobile switching center (MSC). With the advent of third
generation mobile telecommunication systems, Universal Personal Telecommunication (UPT) [5], Universal
Telecommunication systems (UMTs) [6] are now in the offing which enable each UPT user to participate in a user-defined
set of subscribed services and to originate and receive calls on the basis of unique personal, network independent UPT
number across multiple networks at any terminal, independent geographic location.

The objective of a successful paging is to establish a wireless signaling association between the MT and the network. In
Second Generation Mobile Communication Systems (SGMCTs) the issue of finding an MT is treated as follows. The
network keeps track of the location of every attached MT with the accuracy of an LA. A location update in the database
takes place whenever an attached MT crosses the boundaries of an LA. Whenever an incoming call arrives the network has
to locate the called MT within the precision of a cell i.e. to determine the base station via which a wireless signaling link
between the MT and the network can be established. During paging, a specific message is broadcast simultaneously via all
BSs over the whole LA so as to make alert the called MT i.e., paging area is equal to the LA. The MT, upon receiving the
paging request responds to the BS with the stronger received signal strength. Then a wireless link between the called MT
and the network is established. This completes process of locating an MT. Since paging amounts to issuing queries about
location of the called MTs, these queries require signaling messages. Since the boundaries of the LAs are fixed, MTs
moving with high velocities will register more frequently or require larger LAs, which entail higher paging cost. It is also
evident that the paging signaling overhead is proportional to the size of the location area in conventional polling [9]. With
the increase in number of service and number of MTs in service, the radio spectrum will become a scarce commodity. This
calls for a reduction in signaling load between MTs and BSs in order to make more bandwidth available for voice, video
and data traffic. So a more efficient paging strategy is now necessary. One of the key issues addressed here is to deploy the
methods of intelligent paging, which results in consequent reduction in signaling load associated with paging.

The growing demand for PCS and finite available bandwidth motivated several investigations into the methods of
delivering calls. A scheme called reverse virtual call setup (RVC) which requires a few new networks SS7 signaling
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messages was proposed in [10]. RVC can function within the existing cellular paging network or with an integrated
overlaid paging network. A method that saves paging signaling load by exploiting information related to the MT location
during the most recent interaction between the MT and the PCSN was suggested in [11]. The delay time for paging and
paging response time were analyzed in [12]. A selective paging scheme for PCSN was proposed by Akyldiz et al. [13]
Which modeled the movement of MTs as one-dimensional and two dimensional hexagonal, mesh random walk. A state
based paging technique has been dealt in [14]. While variation of optimum total cost with call-to-mobility ratio has been
discussed in [13], LA planning based on time zones and categories of MTs is presented in [11]. Average
paging/registration cost rate incurred in greedy registration procedure is compared with a timer-based method in [14].
Methods of reduction of paging signaling load were not discussed in [10]-[14]. Our paper addresses this issue.

Section I deals with the review of previous works, motivation behind the work and our contribution. Section II describes
the methodology. Section III discusses the sequential intelligent paging (SIP) and section IV deals with parallel-o-
sequential intelligent paging. Simulation results and related discussions have been presented in section V. Section VI sums
up the entire work.

II. METHODOLOGY

The following notations are used in this paper.

NOTATIONS:
S = Total number of cells in an LA
vmax = Maximum speed of a mobile terminal (kmhr-1)
vmin = Minimum speed of a mobile terminal (kmhr-1)
v = Average speed of MT (kmhr-1)
ρ= Density of MTs (km-2)
µ = Average number of incoming calls per MT per hour
λpg = Paging rate
φ= call-to-mobility ratio (CMR)
Acell = Area of a cell
Kconv = granularity factor in conventional paging
KSIP = Granularity factor in sequential paging
KPSIP = Granularity factor in parallel-o sequential intelligent paging
Sconv= Number of times an MT is paged in conventional paging before it is found
SSIP= Number of times an MT is paged in sequential paging before it is found
SPSIP= Number of times an MT is paged in parallel-o-sequential intelligent paging before it is found
τconv= Paging delay in conventional paging
τSIP= Paging delay in sequential paging
τPSIP= Paging delay in sequential-o-parallel intelligent paging
TpBp = Time bandwidth product for paging messages
Cp

conv= Paging cost in conventional paging
Cp

SIP=  Paging cost in sequential paging
Cp

PSIP = Paging cost in parallel-o-sequential intelligent paging
P= Occupancy probability vector
pi= Probability of finding the MT in the ith cell
PSFP = Probability of successful first paging

The movement of MTs is modeled according to some ergodic, stochactic process. In order to quantitatively evaluate, the
average cost of paging, time varying probability distributions on MTs are required. These distributions may be derived
from the specific motion models, approximated via empirical data or even provided by the MTs in the form of partial
itinerary at the time of last contact. In purely sequential polling one cell is polled at a time. Sometimes, instead of polling
one cell at a time, we go for polling a cluster of cells in an LA, called parallel-o-sequential intelligent polling (PSIP) which
is a special case of sequential intelligent polling (SIP). At the instance of a call meant for to be terminated to an MT, which
roams within a certain LA, paging is initially performed within a portion of LA, which is a subset of the actual LA. This
portion of the LA, which is a set of base stations of paging (BSPs), is called a paging area (PA). Intelligent paging is a
multi-step paging strategy which aims at determining the proper PA within which the called MT currently roams.

We now define granularity factor (K), which shows fineness in polling. In general, we define granularity factor as
K=(number of cells to be polled)/(number of cells in an LA)
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The maximum value of granularity factor is 1 i.e., when all cells in an LA are polled in one polling cycle. Hence,
KSIP=1/(number of cells in an LA). As the allowable paging delay is the constraint governing the number of paging steps,
sometimes we go for a PSIP the cells where a cluster of cells are polled at a time i.e., granularity factor is K 

PSIP where
1>KPSIP>KSIP

 . The PSIP aims at reducing the paging load within an LA without reducing the LA size and keeping the
delay under tolerable limits.
In city area [11], while considering the mobility pattern of an MT, the drift i.e. the change in direction and the change in
speed both are to be considered simultaneously to determine the possible location of the called MT. Based on biased
sampling, the pdfs of speed and direction of cell-boundary crossing MTs are furnished in [16]. Depending on the drift and
the speed, the cells in inner circle then next outer circle are polled till the MT is found. For highly mobile MTs and large
LA, the number of cells to be polled increases significantly. We specifically assume that
i) probability density function on location of MTs is known and considered to truncated Gaussian pdf
ii)  Time elapsed since the last known location.
iii)  The paging process described here is rapid enough to the rate of motion of MT i.e., MT to be found, does not
change its location during the paging process.
iv) Call arrival process has a Poission distribution
v) Call holding time is an exponential distribution
vi) MTs are allowed to alter directions only at crossroads. The same direction is kept with probability, 0.5, while MT
turns to left/right with an equal probability, 0.25.
We apply the street unit model [11] where the MTs are assumed to be moving according to some ergodic, stochastic
process. The street network has two types of streets namely, i) multi lane highway ii)cross roads with uni-directional
vehicular flow. In one dimensional version of Brownian motion, an MT moves by one step ∆x to the right with some
probability, p and to the left with probability q, and stays there with probability (1-p-q) for each time step ∆t. Given the
MT starts at time t=0 for position x=0, the Gaussian pdf on the location of an MT is
PX(t) (x(t))=(πDt)-0.5 e -k(x-vt)*(x-vt)/Dt

Where v=(p-q)*(∆x/ ∆t) is the drift velocity and D=2 ((1-p)p+(1-q)q+2pq) (∆ x)2/ ∆t is the diffusion constant, both
functions of the relative values of time and space steps. We then derive the occupancy probability vector of current
location of MTs. The probability of occupancy will be obtained by integrating the density function over the segment
associated with the location of an MT. The probability of occupancy of MT in different cells is determined. The cell(s) to
be polled depends on the probability occupancy vector and the allowable delay.

III. SIP

The SIP strategy described here, aims at the significant reduction in load of paging signaling on the radio link. In SIP, one
cell is polled at a time and the process continues till such time the called MT is found or timeout occurs whichever is
earlier. The selection of the cell to be polled sequentially depends on the determination of occupancy probability vector,
which is based on the stochastic modeling delineating the movement of the MT. When the paging is unsuccessful during a
polling cycle the MT is paged in other cells of the LA sequentially which have not been polled so far. This phase is
completed in one or more than one paging step(s).

The paging rate represents the average number of paging packets, which arrives at a base station during unit time. In
conventional or blanket paging, upon arrival of an incoming call, all cells are polled at a time for locating the called MT
i.e., each MT is paged S times before the called MT is discovered. Hence, paging rate in a cell becomes λpg =µρS Acell .

In SIP scheme, each paging request is sent to those BS where there is maximum probability of finding the called MT. A
forward signaling channel is a common signaling channel assigned to any multiplexed stream of paging and channel
allocation packets for BS to MTs. A typical value of an FSC slot is 18.46 ms. Paging rate in a cell per hour becomes a
staggeringly high figure of the order of 105 for ρ ~ 100km-2, Acell~1km2,S~20 and µ~10 calls hour-1 Following GSM
approach, it will be very difficult to accommodate the paging requests in FSCs unless number of paging packets are
increased which will lead to a consequent decrease in number of channel allocation packets and thus results in an increase
in call blocking probability. Hence in SIP, the PRs are stored in a buffer in MSC and depending on the occupancy
probability vector, a particular BS receives the PR for a particular called MT. The paging cost per polling cycle in this
scheme is Cp

seq = S Acell ρµ TpBp.

The sequential paging algorithm is given below.

STEP 1: When an incoming call arrives, calculate the occupancy probability vector, [P] based on the probability density
function, which characterizes the motion of the MT.
STEP 2: Sort the elements of [P] in descending order.
STEP 3.0: FLAG = False;

324 P.S. Bhattacharjee, D. Saha, and A. Mukherjee



STEP 3.1: Poll the ith cell for which pi>pj  for  i ,j ∈  S
STEP 3.2: if the MT is found

 FLAG = True;
Go to ENDSTEP ;

STEP 4.0:
  If time-out occurs

Go to ENDSTEP;
  Else

Poll the jth cell where j=1,2,3,.. &  j ≠ i
Go to STEP 3.2;

   Endif
ENDSTEP: If FLAG = True

Declare : “Polling is Successful” ;
  Else

Declare “ Polling is Unsuccessful” ;
 Endif

STOP.

IV. PSIP

The benefit that accrues out of PSIP is the overwhelming reduction in paging cost and signaling load. From the
performance point of view, the quality of service in terms of paging delay should be similar to the GSM like approach and
the processing overhead to exploit the paging related information should not be considerable. Although, the method
proposed here, requires some additional storage, it does not impose any additional transaction to the network database
since the retrieval of paging related information can be performed in conjunction with the retrieval of user profile during
the call setup phase. So PSIP allows for defining larger LA. This in turn leads to a reduction in number of location updates.
The number of steps in which the paging process should be completed i.e.; the MT is to be found, depends on the allowed
delay during paging. In the very first phase, the network decides whether the appropriate type of paging i.e. blanket paging
(GSM like approach) or multiple step paging. The network then examines whether paging is needed by checking the
current status of the MT. An MT can be switched off so as to make it unreachable. This means not only the MT does not
want to make or receive any call, but also the network itself cannot detect the current position of the MT. An MT, which
has been switched of, may move into a new LA or even into another network operator’s area. When switched on again, the
MT should inform the network about its status and location. This procedure is called attachment. If it is detached, the
paging request (PR) is cancelled. If it is busy, a relation between the MT and the network already exists and therefore
paging is not required. If it is free, the network proceeds for paging upon receipt of a PR. The network examines whether
the multiple steps paging strategy should be applied or not. The decision is based on the allowable paging delay and the
current traffic load which when exceed a threshold value, a multiple step intelligent paging is applied. The flowchart of
PSIP is in Figure 1. Continuous unsuccessful paging attempts may lead to unacceptable network performance in terms of
paging delay. To minimize the number of paging steps, the network should guarantee that the PSFP is high (typical value for
e.g. 90%). The PA should consist those cells where sum of probabilities of finding the called MT is greater than or equal to
the typical value chosen for PSFP. The paging cost per polling cycle in PSIP is Cp

PSIP = KPSIP S Acell ρµ TpBp.
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Figure 1: Flow chart for PSIP
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V. RESULTS

Simulation results have shown that SIP and PSIP achieve paging signaling load reduction of the order of 60% or higher
compared to the blanket polling applied in GSM. The results presented in this section are based on a two- lane highway
and crossroads of a street unit model. The length of each cell is 5km. And the width is 0.2km. The vehicular traffic moving
along the two lane- highway have maximum speeds 70kmhr-1, 20 kmhr-1 and minimum speeds 30kmhr-1 , 10 kmhr-1

respectively. The occupancy probability vectors for µ=3 calls hour-1 are furnished in Table I.

Table I: Probability occupancy vectors in a two lane highway
vmax=70km hour-1, vmin=30km hour-1 , average speed = 50 km hour-1, µ=3 calls hour-1

Cell
no.

 1  2  3  4  5  6  7  8  9  10

P(Lan
e-1)

17.8 x
10-4

4.57 x
10-2

2.93 x
10-1

4.56 x
10-1

1.84 x
10-1

1.83 x
10-2

4.6 x
10-4

2.2 x
10-5

1.5 x
10-5

2.1
x 10-6

P(Lan
e-2)

0.3950
7

0.49897 0.00187 1.8
x10-4

1.2x
10-4

 1x10-4 9.1x
10-4

8.5x
10-4

7.2x
10-4

6.1 x
10-4

Table II : Conventional paging versus SIP for lane-1

Number of cells per LA   10
Density of MTs   20
CMR   0.06
 KSIP   0.1
Paging channel per base station   8
Sconv   10
Ssip    3
Percentage decrease in signaling   70

Table III: Signaling load vs. CMR in sequential paging

Call-to-mobility ratio % decrease in signaling load in sequential paging
 0.02    60

 0.06    70
 0.08    70
 0.16    80
 0.32    90

Table II shows a comparison between blanket paging and sequential paging for CMR=0.06 for lane -1. In blanket paging
all 10 cells in the LA are to be polled before a called MT can be located whereas in sequential paging the cells with greater
probability of occupancy are polled until PSFP is 0.9. Thus signaling load is reduced by 70%. The decrease in signaling
load in SIP over conventional paging is evident from Table III. For CMR =0.32, 90% reduction in the signaling load
during paging can be achieved by this scheme.

Table IV: Probability occupancy vector in a one-way crossroad vmax=30km hour-1, vmin= 10km hour-1, average speed
= 20 km hour-1, µ=1 call hour-1 at the crossing , Pr[left]=Pr[right]=0.5 x Pr[ straight motion]

Cell
no.

 1  2  3  4  5  6  7  8  9  10

P 5.37x
10-2

1.12 x
10-1

1.829 x
10-1

2.338 x
10-1

1.169 x
10-1

9.145 x
10-2

5.845 x
10-2

4.57 x
10-2

5.84 x
10-2

4.57x
10-2
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Table V: Comparisons of paging cost per polling cycle

 µ  τconv Cp
conv τseq Cp

SIP τPSIP CpPSIP

 1   1 0.02  4 0.002   1  0.008

 3   1 0.06  3 0.002   1  0.006

 4   1 0.08  3 0.002   1  0.006

 8   1 0.16  2 0.002   1  0.004

 16   1 0.32  1 0.002   1  0.002

Table V shows a comparison of delay and paging cost in conventional paging, SIP and PSIP. When rate of incoming call is
less, it is observed that the paging delay in sequential paging is more and three or four polling cycles are required before the
called MT is found. In PSIP, the PSFP is ensured to be 0.9 by polling the required number of select cells and the called MT is
located. A comparison of paging costs in conventional paging, SIP, PSIP is shown in Figure 3. With the increase in CMR,
the cost of polling increases proportionately in conventional paging whereas it is always minimum in SIP. In PSIP, for low
traffic it is more than that of SIP. But it approaches the cost in SIP as CMR increases.

VI. CONCLUSION

Two intelligent paging strategies namely SIP and PSIP have been presented in this paper. The reduction in paging signaling
load with the increase in CMR is highlighted also. The paging cost per polling cycle, delay associated with the process of
SIP and PSIP. have been studied for low and high intensity traffic conditions. We conclude that in scenarios where high
intensity traffic is expected PSIP is always preferred to other paging schemes. However, when incoming traffic rate is low,
SIP performs better when paging cost per cycle is the criterion for choosing a particular scheme of paging. As the paging
cost increases monotonically with each unsuccessful polling cycle, the better option is to adopt PSIP. The efficacy of PSIP
strategy as far as paging signaling load is concerned, is directly related to the capability of the network to accurately predict
the location of the called MT. As both the schemes presented here achieve a significant reduction of the paging signaling
load compared to the technique applied in GSM there is room for defining larger LAs which will lead to minimization of
location updating signaling load on the network. Thus, the paging methods presented here are useful for future PCSN.

Fig. 2: Variation of paging cost per cycle with CMR
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Abstract. This paper presents a practical methodology for performance
estimation of parallel applications on various supercomputers. Instead of
measuring the execution time of the applications with different number of
processors on each machine, we estimate the time based on characteriza-
tion of the workloads. Benchmarking computation and communication
primitives in the applications is also performed on parallel computer
systems for the characterization. Finally, a performance model is con-
structed for performance estimation, and verified with different number
of processors on each target system.
Our results show that accurate performance estimation is possible with
the model constructed using the workload characterization method. With
the result figures, we discuss the reasons why over or under estimations
occur on each target machine.

1 Introduction

A typical high-performance computing environment normally consists of a suite
of high-performance parallel machines and workstations connected by a high-
speed interconnection network. Efficient scheduling and utilizing the available
computing power are essential to maximize the overall performance in such an
environment. Good performance for a given application on a parallel machine
requires a good mapping of the problem onto the machine. Getting this mapping
implies choosing an appropriate machine based on the application requirements.
Further, many applications require integrating algorithms from diverse areas
such as image processing, numerical analysis, graph theory, artificial intelligence,
and databases. These problems may not be able to solve efficiently on one parallel
machine because they consist of several parts, each of which requires differing
types and amounts of parallelization. For such applications it may be required
that different parts of the application code are executed on different machines
available in a given computing environment.

There is a need for the development of an expert system tool to assist the
user in effective matching of his/her application to the appropriate parallel com-
puter(s). Ideally, we would like to design and develop a performance modeling
and prediction tool that will allow users to obtain code fragments (if any) with
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performance or scalability bottlenecks, and derive performance for different tar-
get machines for a range of number of processors. Such a tool will allow users to
develop scalable code without actually executing codes on parallel machines to
derive performance.

Our goal is to be able to model the performance of a given software on a
variety of different architectures. Towards the above goal, we targeted the per-
formance assessment of a set of parallel applications on various supercomputers.
Instead of measuring the run time of the applications on each machine with dif-
ferent number of processors, we estimated the execution time based on workload
characterization. Performance measurement was used only for validation of the
modeling and prediction results.

The literature abounds with work on benchmarking computation and com-
munication primitives and estimating the performance of parallel algorithms
on supercomputers. An accurate static performance estimation of parallel al-
gorithms is possible by using basic machine properties connected with compu-
tation, vectorization, communication and synchronization [3]. Trace-driven [6,
1] and execution-driven [2] simulations are also popular for studying detailed
processor performance on both uniprocessor and multiprocessor environment.
Particularly, this simulation methodology is used to investigate how to improve
the performance of the shared-bus, shared-memory systems [4]. In order to avoid
complexities with trace-driven simulation, workload characterization techniques
are used which can derive behavior of systems like inter-clustered structure, and
finally estimate the performance without detailed trace simulations [8].

The rest of the paper is as follows. In Section 2, we describe the modeling
of communication overhead. Section 3 describes the workload characterization.
Section 4 presents experimental results. We conclude in Section 5.

2 Benchmarking and Characterization of Workload

Under the SPMD model of computation, a parallel program is partitioned into
a set of computation and communication regions. A computation region can be
defined as a program segment that is separated by proper synchronization and
data communication primitives, while the communication region contains data
communication instructions to send and receive data among different processors
to satisfy the data dependence. There are several steps involved in modeling
and projecting performance of parallel applications on parallel systems (Fig. 1).
In order to estimate the execution time of a program on different parallel sy-
stems, we first need to benchmark the program on a base parallel system, and
to characterize the workload that includes the amount of computation required
for each processor in each computation region as well as the data communica-
tion requirements throughout the execution of the program. The second step is
to build the performance model that consists of extrapolation of the execution
time of the computation regions on the target parallel systems and estimation
of the communication times based on the empirical communication model built
for each target system. Thirdly, the performance models are verified by com-
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Fig. 1. Method of workload characterization and performance projection

paring the estimated execution time with the real measured time on the target
systems. Finally, we can use the model to project the performance of the selected
application on different parallel systems with a range of number of processors.

2.1 Example Application

We use a finite-difference program for modeling and projection. 1 In order to
estimate the execution time of this program on a CRAY T3E, IBM-SP and
ORIGIN 2000, we first benchmark and characterize the workload on an 8 pro-
cessor Sun/Enterprise system.

Three systems, IBM-SP2, CRAY-T3E and SGI-Origin2000, are used as tar-
get systems in this study. The IBM-SP2 system consists of 256 135 MHZ IBM
RS/6000 POWER2 Super Chip (P2SC) processors, and peak computational
speed of each processor is 540 MFLOPS. The system has 256 nodes, 256 giga-
bytes(GB) of memory in total and 2 high-Performance Parallel Interfaces(HiPPI)
[5]. The CRAY T3E has 544 Processing Elements(PEs), and each PE includes a
600-MHZ DEC Alpha 21164 CPU and 256 MB of memory. The system at CE-
WES has 300 GFlops peak performance [9]. The SGI Origin 2000 supports up
to 512 nodes which can be interconnected by a scalable network. Each node has
one or two R10000 processors. A node contains up to 4GB of coherent memory,
its directory memory and a connection to IO subsystem [7].

The selected program uses MPI primitives to implement parallel computation.
The program divides the computational grid across the processors. The number
of processors is provided as an input argument. Each processor computes its
portion of the grid, and communicates with other processors to send and re-
ceive necessary results. At the end of each time step, processor zero collects
1 This code was provided to us By Dr. Fred Tracy at CEWES/MSRC. The main
computational routine takes above 98% of the total execution time. This was the
routine used in our modeling effort.
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the results from other processors. The program can be partitioned into three
parts: the initialization phase, the main computation phase, and the output and
house-keeping phase. The MPI-based time routine, MPI WTIME(), is inserted
between phases to measure their execution time.

The main computation routines are partitioned into into 19 computation re-
gions and 4 communication regions, and each region is primarily separated by
barrier synchronizations (MPI Barrier). For modeling, each region may be fur-
ther partitioned into sub-regions depending on the structure of the program.
In the communication region, four MPI primitives: broadcast (MPI Bcast), re-
duce (MPI Reduce), send (MPI Send), and receive (MPI Recv) are used for data
communication among processors.

2.2 Modeling Communication

In our study, several MPI primitives are benchmarked and modeled. The selected
application includes the following four major primitives; MPI Send, MPI Recv,
MPI Bcast, and MPI Reduce. Benchmarking the primitives is considered with
2, 4, 8, 16, 32, or 64 processors respectively, and input data type is fixed with
floating point type. We use our benchmarking results to derive formulas for
empirical modeling in communication. In the modeling, we first derive a formula
for each given number of processors, then derive a simplified formula for an
arbitrary number of processors.

2.3 Modeling Computation

Loop iteration is the basic structure used for modeling. We categorize loops into
two types, simple and complex, based on the difficulty of modeling. Simple loops
require execution time proportional to the total number of iterations. All other
loops are considered to be complex.

Simple Loops There are two main scenarios for modeling simple loops on
multiprocessors. In the first case, the number of iterations on each processor is
inversely proportional to the number of processors. Given the measured execu-
tion time on a uniprocessor environment, we can model the execution on multiple
processors based on the following simple formula.

M = E × �I/P � . (1)

where M is the execution time with multiprocessors, E is the execution time
of one loop iteration on one processor, I is the number of iterations with one
processor, and P is the number of processors. Note that when the total number
of iterations cannot be evenly divided by the number of processors, the smallest
integer which is greater than the (I/P) is used.

In the second case, each processor executes the same number of iterations as
the computation is replicated on all the processors.
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Complex Loops In the selected finite-difference program, a complex loop struc-
ture is encountered in several subroutines. In some cases, the loop iteration goes
up with the number of processors. For a more accurate modeling, we insert coun-
ters into the complex loops. It helps measure the precise iteration numbers for
different number of processors.

Avoiding timers to measure the execution time of small computation regions
inside an iteration loop, we actually measure the time for the entire loop. We
can then model the execution time by solving a set of equations based on the
number of iterations of these small regions.

The following equations show an example. Suppose the execution times of
an iteration loop are A, B, C and D measured on four different processors, and
the execution times of small loops and conditional statements in the loops are
T ngh, T iroot, T true, and T false when the loop iterates one time. Also we
assume the numbers of iterations for the small regions are equal to Xs, Ys, Zs,
and Ws. Then we can solve the equations to obtain T ngh, T iroot, T true, and
T false.

A = X1 ∗ T ngh + Y 1 ∗ T iroot+ Z1 ∗ T true +W1 ∗ T false . (2)

B = X2 ∗ T ngh + Y 2 ∗ T iroot+ Z2 ∗ T true +W2 ∗ T false . (3)

C = X3 ∗ T ngh + Y 3 ∗ T iroot+ Z3 ∗ T true +W3 ∗ T false . (4)

D = X4 ∗ T ngh + Y 4 ∗ T iroot+ Z4 ∗ T true +W4 ∗ T false . (5)

Note that the actual number of equations can be very large due to the fact
we can measure the execution time of the outside loop on different processors
with various number of total used processors. In order to increase the estimate
accuracy, we use the statistical analysis tool, SAS to obtain more accurate timing
for these small regions.

Compiler optimizations The three systems, CRAY T3E IBM-SP2 and SGI
Origin 2000 have several levels of compiler optimization respectively, and the
default level of each is different. When the performance of a program is compared
on the systems, the compiler optimization level is required to be same.

In the selected program, A few complex loops are restructured by the com-
piler optimization. As a result, the total number of the execution of the loops
may be much smaller than the number which the high-level code indicates. This
is especially true with a large number of processors.

The situation is further accentuated by the fact that the number of iteration
in a loop in a ‘measured’ execution with inserted iteration counters does not
match with the actual number in the ‘real’ execution. This is due to the fact
that when counters are inserted, the compiler can no longer restructure the
loop. For the purpose of this study, instead of rewriting the loop code, we insert
dummy counters inside the loops to prevent the compiler from restructuring the
loop.

Table 1 shows the differences in execution time with and without dummy
counters inserted in a loop statement of a selected application. We can observe
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Table 1. The execution time with/without dummy counter (optimization: default)

Cray T3E IBM-SP Origin 2000
No. of Procs W/O With W/O With W/O With

(s) (s) (s) (s) (s) (s)
1 17.04 17.06 110.5 110.6 108.3 106.2
2 9.002 9.008 57.52 57.76 55.93 54.86
4 4.544 4.559 29.77 29.92 28.63 28.09
8 2.459 2.534 16.21 16.45 15.20 15.37
16 1.516 1.854 11.98 12.01 10.01 10.09
32 1.182 2.672 16.77 18.86 12.77 14.39
64 3.078 7.382 50.87 56.74 34.20 38.95

that the difference becomes bigger as the number of processors grows. The values
in table 1 result from compiling the application program with default optimiza-
tion level.

3 Model Verification and Performance Projection

Fig. 2. Performance estimation on CRAY-T3E and IBM-SP2 (EST: Estimation)

We first develop and verify our performance model on a local SUN/Enterprise
system with 8 processors. This is used as the base machine for modeling and
extrapolating the time to other machines. We show the results of two approaches
for the targeted machines. First, we estimate the execution times of a subroutine
based on the performance model built on the base system. In order to extrapolate
the execution times on the target systems, we used a performance ratio between
the base and the target systems by comparing the execution time of the selected
application running on a uniprocessor environment. Second, we also estimate the
performance of the subroutine based on the model built on each target system.
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Fig. 3. Performance estimation on SGI-Origin2000 (EST: Estimation)

Basically, it is the same as constructing the model on the base and the target
systems. However, the second approach should provide more accurate results by
factoring out the performance ratios between two different systems.

Figures 2 and 3 summarize the estimated and measured execution times
on the three target systems with both approaches. We can make the following
observations.

1. The CRAY-T3E provides about 5 times faster execution than the other
two machines. This is due to the fact that we use default optimization in
compiling the program in all three systems. It turns out that the default
optimization level on Cray-T3E is level 2, while level 0 is default on the
other two machines.

2. The estimated execution times based on the model built on the SUN/En-
terprise are very accurate up to 32 processors on all three target systems.
However, we observe about 15%, -10%, and -3% inaccuracy with the 64-
processor CRAY-T3E, IBM-SP2, and SGI-Origin2000 respectively. This can
be partially attributed to the fact that the original program was not designed
for a large number of processors as can be seen by the increase in execution
time beyond 16 processors. Another possible reason for the 15% overestima-
tion on the 64-processor CRAY-T3E system is because of the presence of
complex loop structures. Furthermore, due to the diversity of system archi-
tectures, the simple performance ratio to extrapolate performance between
two systems can create additional misprediction.

3. Our modeling is much more accurate when the performance models are built
on each target system. As shown in the above figures, the under/over esti-
mation of the 64 processors can be reduced to about 2.5% in the worst case.
The small over-estimation is due mainly to the fact that the potential mi-
sprediction factor across different machines is eliminated, which exists in the
estimation from the base system. In addition, the execution time equations
established from the MATLAB model provide very good estimates of the
measured execution times.
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4 Conclusion

In this research, a methodology for designing and developing a performance mo-
deling and prediction tool has been suggested, and presented with performance
results on three parallel machines. The tool allows users derive performance of
applications on different machines with different number of processors without
actually executing codes on parallel machines. The strategy is good for quick
performance estimation to enable more efficient usage of parallel systems.

The application which we choose as an example for demonstrating the wor-
kload characterization method is a simple finite-difference program. Even though
the results which are shown from applying the tool to the application have been
accurate, it has a limitation to expand the approach to other applications. Other
complex programs could not be partitioned into a set of computation and com-
munication regions to characterize workload as we do with the selected program.
As people have noticed, a general approach for all programs on all parallel plat-
forms is difficult, and still an open problem.
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Abstract. We present sequential and parallel Monte Carlo algorithms
for computing the solvent accessible surface area of protein molecules.
The basic idea underlying our algorithms is to generate points uniformly
at random on the surface of spheres obtained by increasing the van der
Waals’ radii of the atoms with the van der Waals’ radius of the solvent
molecule and to test the points for accessibility. We also present an ef-
ficient algorithm to compute sphere intersections more efficiently using
domain specific knowledge. The expected running time of our sequential
algorithm is O(n + s), where n is the number of atoms in the protein
and s is the number of points generated. We also provide error bounds
as a function of the sample size. Our parallel algorithm can use O(n)
processors and provides linear speedup. Computing sphere intersections
is common to the various approaches for solving this problem and our al-
gorithm to compute the intersections can be used by them. It takes only
O(n) sequential time, which compares favorably with existing algorithms
that take O(n2) worst-case time.

1 Introduction

The accessible surface area of a protein molecule is the cumulative surface area
of the individual atoms that is accessible to a solvent molecule. Two atoms of
the protein may be close enough that the solvent molecule cannot access the
surface area of the atoms completely. The atoms and the solvent molecules are
modeled as spheres using their van der Waals’ radii. The problem can be further
simplified by reducing the solvent molecule to a point and increasing the van
der Waals’ radii of all the atomic spheres by the van der Waals’ radius of the
solvent molecule. The problem is now abstracted as: Given n spheres, find the
total surface area of the spheres that is accessible, i.e. the surface area that does
not lie inside any other sphere.
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Protein ASA computation is used in computational methods for protein fol-
ding [9], for estimating the interaction free energy of a protein with solvent, in
studies on protein stability and protein-protein interactions. The computation
can be decomposed into two parts: Firstly, the set of spheres that intersect each
sphere have to be determined. Secondly, we have to find the accessible surface
area of each sphere, knowing the spheres that intersect it.

For the first part, a naive algorithm checks all pairwise intersections and
takes O(n2) time. The run-time is significantly reduced in practice by using a
decomposition of the space containing the protein molecule and using the de-
composition to reduce the number of pairs of spheres examined for possible
intersection. However, the worst-case run-time of all the algorithms proposed so
far remains O(n2). For the second part, three different methods have been pro-
posed. One method, due to Lee and Richards [3], is to compute the ASA using
numerical integration. Another method, due to Shrake and Rupley [11], is to ap-
proximate the spheres by icosahedrons and to use pre-determined sample points
for each sphere to approximate the accessible surface area. The third method,
due to Richmond [10], is a completely analytical method for directly computing
the accessible surface area of a sphere knowing the spheres that intersect it.

Parallel algorithms for ASA computation have been presented in [5,6,12,13].
These algorithms basically consist of finding the sphere intersections in parallel,
followed by applying one of the three methods described above for computing the
ASA of each sphere. The worst-case run-time of these algorithms for computing
the sphere intersections is O

(
n2

p

)
. The problem of computing the individual

ASA’s for the n spheres is solved by allocating the spheres to the processors and
a number of load balancing algorithms and mapping heuristics for this purpose
have been studied and experimentally evaluated.

As the spheres in ASA calculations correspond to atoms in proteins, prior
information is available which can be used to devise efficient algorithms. For
instance, the atoms are of a few types (such as Carbon, Nitrogen etc..) whose
radii information is known. Using such domain specific knowledge, we first show
that the number of intersections is bounded by O(n) and present a sequential
algorithm with expected running time of O(n) to compute these intersections.
We also present a parallel version of this algorithm that exhibits linear speedup
with respect to the number of processors. For computing the accessible surface
area, we present a Monte Carlo algorithm that generates random points on the
surface of each sphere and checks which of them are accessible. As the number
of generated points increases, the ratio of accessible points to the total number
of generated points approaches the fraction of the surface area that is accessible.
The scheme has the additional advantage of being highly suitable for parallel
computation. We also present error bounds as a function of the sample size.

2 Model of Parallel Computation

We use the permutation network as our model of parallel computation. In this
model, each processor is allowed to send and receive at most one message during
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a communication step. The cost of the communication step is τ + µl, where l is
the length of the largest message. This corresponds to the assumption that com-
munication corresponding to any permutation can be realized simultaneously.
The permutation network model closely reflects the behavior of most multistage
interconnection networks.

Our algorithms are stated in terms of the following well-known parallel primi-
tive operations (p denotes the number of processors). For a detailed description
and run-time analysis, the reader is referred to [2].
Segmented Parallel Prefix: Segmented prefix computation is a sequence of
prefix computations using the same associative operator. Consider x0,0, x0,1, . . .,
x0,n0 , x1,0, x1,1, . . ., x1,n1 , . . ., xm−1,0, xm−1,1, . . ., xm−1,nm−1 , where Σ

m−1
i=0 ni =

n and ⊗ is a binary associative operator. We want to compute si,j , where

si,j = xi,0 ⊗ xi,1 ⊗ xi,2 ⊗ . . . ⊗ xi,j

for 0 ≤ i ≤ m− 1, 0 ≤ j ≤ ni − 1. This operation can be done using one parallel
prefix operation and takes O(n

p + (τ + µ) log p) time.
All-to-All Communication: In this operation each processor sends a distinct
message of size m to every processor. This operation takes O((τ + µm)p) time.
Transportation Primitive: The transportation primitive performs many-to-
many personalized communication with possibly high variance in message sizes.
If the total length of the messages being sent out or received at any processor is
bounded by t, the transportation primitive performs the communication using
two all-to-all communications with a uniform message size of t

p [8].
Sorting: Using sample sort [2] in conjunction with bitonic sort for sorting split-
ters identified during sample sort, n elements can be sorted on p processors in
O

(
n logn

p + τp+ µ
(

n
p + p log2 p

))
time for n > p2 log p.

It should be stressed that the algorithms presented in this paper are appli-
cable to other models of computation as well, and often equally efficiently. This
is because we use a few simple communication primitives such as parallel prefix
and all-to-all communication.

3 Computing Spherical Intersections

Proteins are chains of amino acid residues. There are 20 different amino acids,
which are found in proteins. An examination of the composition of these amino
acids reveals that the atoms found in most proteins are carbon, hydrogen, nitro-
gen, oxygen, phosphorus and sulphur. The van der Waals’ radii of these atoms
are shown in Table 1.

From the table, we see that the ratio of the largest van der Waals’ radius
to the smallest van der Waals’ radius is a small constant. The atoms do not
intersect originally. However, after the radius of each atom is increased by the
radius of the solvent molecule, they may intersect. We use the word atom to
denote an original atom and the word sphere to denote the sphere obtained by
increasing the radius of the atom by the radius of the solvent molecule.
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Table 1. Van der Waals’ radii of atoms found in proteins [7]. The three different values
shown for carbon are for aromatic carbon, non-aromatic carbon and other carbon,
respectively.

atom/molecule C H N O P S H2O
radius (Å) 1.85/2.0/1.5 1.2 1.5 1.4 1.9 1.85 1.4

Number the atoms (and the corresponding spheres) 1, 2, . . . , n and let ri

denote the radius and Ci = (xi, yi, zi) denote the center of the ith atom. Let r be
the radius of the solvent molecule. Let rmax = max{maxn

i=1{ri}, r} and rmin =
min{minn

i=1{ri}, r}. Suppose that the ratio of rmax to rmin is bounded by α, a
constant. Consider sphere i. Sphere j intersects sphere i iff d(Ci, Cj) < ri+rj+2r,
where d(Ci, Cj) denotes the distance between the centers of the two spheres. If
sphere j does intersect sphere i, its atom should be completely contained in the
sphere of radius ri + 2rj + 2r centered at Ci. It follows that all atoms whose
spheres may intersect sphere imust lie within the sphere of radius 5rmax centered
at Ci. As the atoms may not intersect, the maximum number of atoms that may
lie within this sphere is given by 4

3π(5rmax)3/ 4
3π(rmin)3 = 125α3. The bound

can be further improved to 97.3α3 by using a well–known fact from sphere–
packing that states that no packing of equal–sized spheres can have a density
greater than 0.7784 [1,4].

This shows that the total number of spheres that may intersect a given sphere
is a constant which in turn implies that the total number of intersections is O(n)
where n is the total number of atoms. Note that it is possible to have a confi-
guration of spheres such that every sphere intersects Ω

(
α3

)
spheres, although

this may not happen for protein configurations.

3.1 Sequential Algorithm

Without loss of generality, let [0, Xmax] × [0, Ymax] × [0, Zmax] be the smallest
parallelepiped containing the protein and that Xmax, Ymax and Zmax are all
divisible by 4rmax. This is the domain relevant to computation of the accessible
surface area. Consider an implicit partitioning of the domain into cubes of side
length 4rmax. Each cube can be identified with an integer 3–tuple (u, v, w), where
(u ∗ 4rmax, v ∗ 4rmax, w ∗ 4rmax) is the corner of the cube having the minimum
x, y and z co-ordinates.

The algorithm maintains a hash table T of size n. The idea is to store in T [k],
the list of spheres whose centers lie in the cube that hashes to the index k. Hash
table collisions are taken care of using chaining in the usual manner. The hash
function h takes in a 3–tuple corresponding to a cube and returns an integer
in the range 0 . . . (n − 1). The table is constructed as follows: For each sphere i
find the cube (ui, vi, wi) containing Ci. The hash table entry corresponding to
this cube is T [h(ui, vi, wi)]. If the cube (ui, vi, wi) is already present in the hash
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table, add (Ci, ri) to the list of spheres contained in this cube. Otherwise, create
a new entry for this cube and store (Ci, ri) in it.

The algorithm then uses this hash table to compute sphere intersections. For
each sphere i find the cube containing Ci. Note that the center of any sphere
that intersects sphere i must lie in the same cube or in one of the 26 neighboring
cubes. The algorithm looks up the hash table entries corresponding to these 27
cubes and checks all the spheres contained in them for intersection with sphere
i and builds a list of spheres that do intersect sphere i.

Runtime analysis: Consider the cube (ui, vi, wi) containing Ci. Any atom that
has its center within the cube (ui, vi, wi) or one of its 26 neighboring cubes is
completely contained in a cube of side length 14rmax centered at the center of
the cube (ui, vi, wi). It follows that the total number of spheres that have a
center in these 27 cubes is bounded by (14rmax)3/ 4

3πr
3
min ≈ 655α3. For each

sphere, the algorithm accesses the hash table 27 times and for each sphere there
are 655α3 spheres that are checked for intersection. As the expected time for a
hash table access is O(1), the expected running time of the algorithm is O(n).

The constant can be further brought down as follows: Instead of partitioning
the domain into cubes of side length 4rmax, we can partition it into cubes of
side length γrmax, for some constant γ > 0 and then look up and check for
sphere intersections in the relevant cubes. The number of hash table accesses
by the algorithm and the maximum number of spheres that may be found in
those hash table entries are then both functions of γ. Consider sphere i and the
cube (ui, vi, wi) containing Ci. The center of any sphere that intersects sphere
i is contained in a cube (ui + ∆1, vi + ∆2, wi + ∆3), where |∆j | ≤ 4

γ . Also,
the entire atom corresponding to the sphere must lie within the cube of side
length (10 + γ)rmax centered at the center of the cube (ui, vi, wi). From these

two facts, it follows that the number of hash table accesses is
(
8
γ + 1

)3
and the

maximum number of spheres that may be found in those entries is bounded by
(10 + γ)3r3max/

4
3πr

3
min = 3

4π (10 + γ)3α3.

Choosing a small γ would decrease the maximum number of spheres at the
expense of increasing the number of hash table accesses. An optimum value can
be found by equating the two and solving the resulting quadratic equation in
γ. For example, choosing γ = 2 reduces the constant to 413α3. Once again,
the bound can be further improved to 321α3 by using the well-known fact from
sphere–packing that any packing of equal–sized spheres in 3-space has density
at most 0.7784 [1,4]. Note that the number of spheres that the algorithm checks
for intersection are expected to be much less than the worst-case bound derived
above. However, the formula for the number of hash table accesses is exact.
Therefore, it makes sense to choose a value of γ that is favorable to the number
of hash table accesses.
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3.2 Parallel Algorithm

The parallel algorithm is a step-by-step parallelization of the sequential algo-
rithm described in the previous subsection. For ease of presentation, we assume
that n is a multiple of p. Each processor is initially given n

p atoms. The hash
table T is partitioned across the processors such that processor j has the portion
of the table T

[
j n

p . . . (j + 1)n
p − 1

]
.

Each processor scans through the list of atoms assigned to it and prepares
entries for hash table insertion. For each entry, the processor which has ownership
of this entry can be easily calculated. Each processor prepares p−1 messages, one
for every other processor. The message to be routed to processor j contains the
hash table entries that fall in the portion of the table T allocated to processor j.
As each processor has n

p atoms, the total size of all outgoing messages at every

processor isO
(

n
p

)
. As each processor has n

p hash table entries, the expected total

size of all incoming messages at every processor is O
(

n
p

)
. The communication is

performed using a transportation primitive. The hash table insertions are done
locally in each processor. This completes the construction of the hash table.

Next, each processor obtains all the atoms whose spheres might potentially
intersect any of the spheres of the atoms assigned to it. This is done as follows:
Each processor scans through the list of atoms assigned to it. For each atom, the
cube containing the atom is found and the 26 neighboring cubes are determined.
All the cubes thus determined are split into p − 1 groups according to the pro-
cessors owning hash table entries corresponding to the cubes. The messages are
routed to the processors using the transportation primitive. It is clear that the
total size of all outgoing messages is bounded by O

(
n
p

)
. As for incoming messa-

ges, note that a total of 27n cubes are generated together on all processors and
the expected number of cubes that map to each processor’s hash table is O

(
n
p

)
.

Thus, the total size of all incoming messages for each processor is also bounded
by O

(
n
p

)
. The requests are satisfied by invoking the transportation primitive.

Note that a processor may receive requests for cubes that map to its portion of
the hash table but that are not in the hash table. Such requests are ignored as
they correspond to empty cubes. Once again, the total outgoing communication
size and the total incoming communication size at each processor are bounded
by O

(
n
p

)
. At this stage, each processor has, for each atom assigned to it, a list

of spheres that may potentially intersect the sphere corresponding to the atom.
The intersections are checked as in the sequential algorithm.

Runtime Analysis: The parallel algorithm performs expected O
(

n
p

)
work per

processor. The communication is performed using three transportation primiti-
ves, each of which takes O

(
τp+ µn

p

)
time. The expected running time of this

parallel algorithm is O
(

n
p + τp+ µn

p

)
. Note that up to O(n) processors can be

used.
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4 Surface Area Estimation

The accessible surface area of the protein molecule is computed by finding the
accessible surface areas of the individual spheres and summing them. We com-
pute the accessible surface area of a sphere as follows: Using the algorithms in
Section 3, we have a list of spheres that intersect the sphere under considera-
tion. Generate points uniformly at random on the surface of the sphere. For each
point, check if it is inside any of the other spheres that intersect it. The ratio of
the points that do not lie inside any sphere to the total number of points tested
is an estimation of the accessible surface area of the sphere.

Let Si be the surface area of sphere i, Ai be its accessible surface area and
let A denote the cumulative accessible surface area. Suppose we generate m
points uniformly at random on the surface of each sphere, for a total sample
size of s = mn points. Let Xi denote the number of points on sphere i that are
determined to be accessible. The accessible surface area of sphere i (ASAi) and
the total accessible surface area (ASA) are computed to be

ASAi =
Xi

m
Si; ASA =

n∑
i=1

ASAi

Note that the Xi’s, ASAi’s and ASA are all random variables. The probability
that a randomly generated point on sphere i turns out to be accessible is Ai

Si
. It

follows that

E[Xi] = m
Ai

Si
; E[ASAi] = Ai; E[ASA] =

n∑
i=1

E[ASAi] =
n∑

i=1

Ai = A

as desired. As Xi is a binomially distributed random variable and ASAi is just
a multiple of Xi, the variance of ASAi is given by

var[ASAi] =
S2

i

m

(
Ai

Si

) (
1 − Ai

Si

)
=

Ai(Si − Ai)
m

By Chebyshev’s inequality,

Pr

[
|ASAi − Ai| ≥ t

1√
m

√
Ai(Si − Ai)

]
≤ 1

t2

Choosing t = δ
√
m

√
Ai

Si−Ai
,

Pr [|ASAi − Ai| ≥ δAi] ≤ 1
mδ2

Si − Ai

Ai

Recall that ASAi is the computed approximation to Ai. We would like to ensure
with high probability that the error in computing Ai (|ASAi − Ai|) is a small
fraction of Ai (< δAi). From the previous equation, we require that 1

mδ2
Si−Ai

Ai

be smaller than a user supplied constant ε > 0 (1 − ε is usually called the
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confidence level). It follows that the required sample size per sphere is 1
εδ2

Si−Ai

Ai
.

As expected, this sample size is inversely proportional to ε and δ2 but it is also
directly proportional to the ratio of the inaccessible surface area to the accessible
surface area on the sphere. If the accessible surface area of a sphere is too small,
an impractically large sample size may be required.

Note that if we fix m and ε, δ is large if the relative accessible surface area
is small. The relative error parameter δ is given by

δ2 =
1
mε

Si − Ai

Ai

and with probability > 1 − ε, the absolute error is

< δAi =
1√
mε

√
Ai(Si − Ai)

The maximum value of absolute error occurs when Ai = Si/2, and is 1√
mε

Si

2 .
Note that the corresponding relative error is quite small. In fact, for sphere i, if
Ai < Si/2, as the relative error grows larger, the absolute error becomes smaller.
We can take advantage of this observation by focusing on the error in computing
the total accessible surface area, instead of the error in computing the accessible
surface area of each individual sphere.

Since the ASAi’s are independent random variables,

var[ASA] =
n∑

i=1

var[ASAi] =
1
m

n∑
i=1

Ai(Si − Ai)

By Chebyshev’s inequality,

Pr


|ASA − A| ≥ t

√√√√ 1
m

n∑
i=1

Ai(Si − Ai)


 ≤ 1

t2

Choosing t = δA
√

m∑n

i=1
Ai(Si−Ai)

,

Pr [|ASA − A| ≥ δA] ≤ 1
mδ2

∑n
i=1Ai(Si − Ai)

A2

As discussed before, it is desirable if the sample size is a function of only the error

tolerance and the confidence level. In order for this to happen,
∑n

i=1
Ai(Si−Ai)
A2

should be bounded by a constant. Therefore, we require∑n
i=1Ai(Si − Ai)

A2 ≤ β

for some constant β. As the product of Ai(Si −Ai) is maximum when Ai = Si

2 ,
we require ∑n

i=1 S
2
i /4

(
∑n

i=1Ai)
2 ≤ β
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A sufficient condition for the above equation to be true is

n∑
i=1

Ai ≥ 1
2
√
β

n∑
i=1

Si

Therefore, the Monte Carlo method can be applied if the total cumulative
accessible surface area is at least a guaranteed fraction of the total surface area
and the sample size required varies as the inverse square of this fraction. Fortu-
nately, for most protein molecules, the ratio of the cumulative accessible surface
area to the total surface area is not too small. Hence, the Monte Carlo method
can be usefully applied.

The algorithm also computes the confidence level of the answer computed.
The input to the algorithm is δ, the error tolerance parameter and the sample
size per sphere m. It outputs the computed cumulative accessible surface area
ASA, and the estimated probability that the error is no more than δA, given by

1 − 1
mδ2

∑n
i=1ASAi(Si − ASAi)

(
∑n

i=1ASAi)
2

If a better probability is desired, the algorithm can be run with an increased
sample size. This Monte Carlo approach to surface area estimation can be used
with either a sequential or parallel algorithm. To compute the accessible surface
area in parallel, we first use the algorithm of Section 3.2 to compute atomic in-
tersections in parallel. At the end of the execution of this algorithm, each proces-
sor has n

p spheres and for each of these spheres, the list of spheres that intersect
it. The Monte Carlo approach can be used by all processors in parallel for their
n
p spheres. As each spheres intersects with at most a constant number of spheres,

this requires O
(

s
p

)
parallel time, where s = mn is the total number of points

generated. Finally, the computed partial accessible surface areas on the proces-
sors can be combined using a reduce operation in O((τ + µ) log p) time. Thus,
the parallel run-time of the surface area estimation is O

(
s
p + (τ + µ) log p

)
. Up

to O(n) processors can be used with linear speedup provided p log p = O(s),
which is expected to be the case. Combining the parallel algorithms for com-
puting sphere intersections and surface area estimation, the expected running
time of the parallel algorithm is O

(
n+s

p + τp+ µ
(

n
p + log p

))
. Since s >> n,

the algorithm should be communication-efficient, and scale well in practice.

5 Conclusions and Future Research

The main contributions of our research are: 1) to show that the number of
sphere intersections in the protein ASA problem is bounded by O(n), 2) optimal
sequential and parallel algorithms for computing the sphere intersections, and
3) a Monte Carlo approach to estimating the ASA and the corresponding error
analysis. These results are a significant improvement over earlier algorithms,
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which had O(n2) sequential complexity and O
(

n2

p

)
parallel complexity. Our

algorithm for computing sphere intersections can be used with any method for
computing protein ASA, including our Monte Carlo method, Lee and Richards
method [3], Shrake and Rupley method [11] and Richmond’s method [10].

An interesting aspect of our algorithms is the provably optimal run-time and
the absence of dynamic mapping or load balancing. Protein ASA computation
appears to be an irregularly structured problem, and all the parallel algorithms
designed so far use dynamic load balancing strategies. Our result indicates that,
contrary to popular belief, it may be possible to design parallel algorithms for
solving seemingly ‘irregular’ problems in a regular manner.

In the Monte Carlo approach, we show that the absolute error in estimating
the ASA of a sphere for a given confidence level is a function of its ASA and the
sample size. This raises an interesting possibility of using different sample sizes
for different spheres with the goal of reducing the total absolute error. During
sampling, we can compute the estimates of the absolute errors in computing the
ASA of various spheres and adapt our sampling strategy so as to generate more
points on spheres that help reduce the error most. We are currently investigating
such an approach to minimize the error for a given sample size.

References

1. J.H. Conway and N.J.A. Sloane, Sphere Packings, Lattices and Groups, Springer–
Verlag, 1988.

2. V. Kumar, A. Grama, A. Gupta and G. Karypis, Introduction to Parallel Compu-
ting, The Benjamin/Cummings Publishing Co., 1994.

3. B. Lee and F.M. Richards, The interpretation of protein structures: estimation of
static accessibility, Journal of Molecular Biology, 55 (1971) 379-400.

4. J.H. Lindsey II, Sphere–packing in R3, Mathematika, 33 (1986), 137-147.
5. R.L. Martino, T.K. Yap and E.B. Suh, Parallel algorithms in molecular biology,

Proc. High Performance Computing and Networking (1997).
6. R.L. Martino, C.A. Johnson, E.B. Suh, B.L. Trus and T.K. Yap, Parallel computing

in biomedical research, Science Vol. 265 (1994) 902-908.
7. L.C. Pauling, The Nature of the Chemical Bond, 3rd edition, Cornell University

Press, Ithaca, New York, 1960.
8. S. Ranka, R.V. Shankar and K.A. Alsabti, Many-to-many communication with

bounded traffic, Proc. Frontiers of Massively Parallel Computation (1995), 20-27.
9. F.M. Richards, The protein folding problem, Scientific American (1991) 54-63.
10. T.J. Richmond, Solvent accessible surface area and extended volume in proteins −

Analytical equations for overlapping spheres and implications for the hydrophobic
effect, Journal of Molecular Biology, 178 (1984) 63-89.

11. A. Shrake and J.A. Rupley, Environment and exposure to solvent of protein atoms,
Lysozyme and Insulin, Journal of Molecular Biology, 79 (1973) 351-371.

12. E. Suh, B. Narahari and R. Simha, Dynamic load balancing schemes for computing
accessible surface area of protein molecules, Proc. International Conference on High
Performance Computing (1998) 326-333.

13. E. Suh, B.K. Lee, R. Martino, B. Narahari and A. Choudhary, Parallel computation
of solvent accessible surface area of protein molecules, Proc. International Parallel
Processing Symposium (1993) 685-689.



Parallelisation of a Navier-Stokes Code on a
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Abstract An existing Navier-Stokes code (Aeroshape-3D) was
parallelised on a cluster of workstations having Message Pas-
sing Interface implementation. The parallelisation was done by
domain decomposition and incorporating features like parallel
communication and load balancing. The parallelisation effi-
ciency achieved for a practical three dimensional problem on a
cluster of 8 Dec-Alpha workstations was above 90% . With this
capability it is now possible to compute flow field over complex
bodies in a reasonable time frame.

1. Introduction

Parallel computing has become very attractive for Computational fluid dy-
namics (CFD) with the availability of affordable and powerful workstations and
advancements in network technology with Message Passing Interface (MPI) be-
coming a standard of parallel computing. By having a network of such worksta-
tions operating in parallel mode, the turn around time to obtain a CFD solution
would be reasonable. Also it would be a great boon to the code developer as he
will be in a position to see the effect of a modification in the code quite fast if
the code is run in a parallel mode. Taking all the above points into consideration
it was decided to parallelise the existing Aeroshape-3D code.

2. Parallelisation Procedure

Aeroshape-3D code that is being widely used for solving complex turbulent
flow over arbitrary three dimensional bodies [1,2] uses rectangular adaptive Car-
tesian mesh to define the body and the solution domain. The cell structure is
oct tree type when some of the mother cells are split into children to properly
capture the body or adapt the solution domain based on flow sensors. The fluxes
across the cell faces are computed using an approximate Riemann solver with a
min-mod limiter to limit the fluxes across the cell interface [3]. K-ε turbulence
modeling is used to get the turbulent stresses and the solution is flow adaptive
based on any specified flow sensors. The solver is parallelised by the method
of domain decomposition i.e the solution domain is split into as much optimal
sub-domains as there are number of processors. Here, the solution domain is cut
in only one coordinate direction (pipe-wise cutting). While splitting the domain
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into optimal sub-domains (Load Balancing) it is ensured that the calculation
load in each processor is almost the same. The split results are send to different
processors and computation in the parallel mode is started. Since for the cal-
culation of flux vectors of a cell, two of its neighbours in x,y & z directions are
required, the first processor will have two additional columns of cells (dummy
column of cells) in the end and the last processor will have two additional column
of cells in the beginning. The intermediate processors will have two additional
column of cells in the beginning and in the end. The cells for which calculations
are performed can be called as active cells and cells for which calculations are
not performed can be termed as dummy cells. Thus if there are Nx[0] cells in
the processor 0 (first processor) in I direction , the last two dummy column of
cells Nx[0] & Nx[0]-1 are additional cells in the processor 0 which are used to
evaluate the flux vector at Nx[0]-2 column of cells (last active column) of the
processor 0. The values of the flux vectors of these two column of cells Nx[0] &
Nx[0]-1 which are also present in processor 1 (overlapping column of cells) would
be calculated in processor 1 and communicated to the processor 0 for updating
the values before the next iteration. The data to be send from one processor to
another processor is packed together and send as one single packet of required
number of bytes. The receiving processor unpacks the data and allocates the
data to the respective cells. The steps involved in parallel computation on 4
processor parallel network is given below

1. Perform calculations for all active cells in the processors 0 to 3.
2. (a) Send flux vector data of last two active columns of cells of processor 0

for which flux vector calculations are done to processor 1. While pro-
cessor 0 is sending data to processor 1, processor 1 should receive data
from processor 0 and allocate the data to first two dummy column
of cells 0 & 1 of processor 1. Thus in the next time step calculation
the processor 1 would have updated value of flux vectors at dummy
column of cells 0 & 1 which are used for the flux vector calculations
of second column of cells. Here last two active column of cells of
processor 0 and first two dummy column of cells of processor 1 are
identical and hence overlapping column of cells which communicate
with each other after every iteration.

(b) Similarly send flux vector data of last two active columns of cells
of processor 1 to processor 2 and allocate them to first two dummy
columns of cells of processor 2.

(c) Send flux vector data of last two active columns of cells of processor 2
to processor 3 and allocate them to first two dummy columns of cells
of processor 3.

3. (a) Send flux vector data of first two active columns of processor 1 (co-
lumn of cells 2 &3)to processor 0. At the same time processor 0 should
be ready to receive the data and copy the data to last two dummy
columns of processor 0. This data would be used to evaluate flux
vector at at last active column of processor 0 in the next iteration.

350  V. Ashok and T.C. Babu



(b) Similarly send flux vector data of first two active column of cells (2
&3) of processor 2 to processor 1 and allocate the same to last two
dummy columns of cells of processor 1.

(c) Send flux vector data of first two active column of cells (2 &3) of
processor 3 to processor 2 and allocate the same to last two dummy
columns of cells of processor 2.

4. If the iteration number is a perfect multiple of iteration for storing inter-
mediate results store the results in the respective processors.

5. Collect all the results from other processors to processor 0 and remove
the intermediate results in other processors to save disk space in other
processors.

6. Join the results in processor 0 .

7. Go to step 1 for the next iteration and continue till convergence is obtained.

From the above mentioned procedure for parallel computation it can be noted
that communication between the processors is also parallel i.e when all even
number processors are sending data, all odd number processors are receiving
data and when all odd number processors are sending data, all even number
processors are receiving data. This type of parallel communication would greatly
reduce the wait time of each processor. It is to be noted that in such a parallel
communication set up, the communication time is independent of the number
of processors. Also the computational load should be distributed uniformly over
all processors to have minimum wait time. Thus proper load balancing and
parallel communication would result in an efficient parallel code. The validation
of parallel code was done by comparing the solution of flow over a NACA-0012
aerofoil at Mach number 0.9 with serial computation and the solution was found
to be identical [4].

3. Results and Discussion

Parallel computation of flow over a jet deflector with firing of solid core motor
and 2 strap-on liquid engines was carried out on a cluster of DEC-Alpha Work-
stations with a 100MbPS fast Ethernet switched network. The surface grid and
isometric view of the deflector with core and strap on motors is shown in fig.1.
Fig.2 shows the distribution of the solution domain among 4 processors. The
solution domain of 100X50X80 mother cells in x,y & z directions are distributed
among processors such that each processor has almost equal number of cells.
The total number of cells is 485344 of which 144217 are inside the body and
hence the balance number of 341127 cells are divided nearly equally among 4
processors and are shown in the table below.
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Process id Number of Cells I-loop I-loop Dummy Cells in
in the Solution Domain Starting Ending I- Direction

0 86094 0 21 Cells 22 & 23
1 85791 22 48 Cells 20 & 21

Cells 49 & 50
2 84774 49 72 Cells 47 & 48

Cells 73 & 74
3 84468 73 99 Cells 71 & 72

The pressure distribution on the centerline of the deflector was obtained by
solving 9 simultaneous partial differential equations and the results are com-
pared with experiment [5] as shown in fig.3, which shows a good comparison .
Fig.4 shows the plot of speed up obtained on a cluster of DEC-Alpha 500 Mhz
Processors. The speed up is expected to be linear as long as the communication
time to computing time is very small. For this problem almost linear speed up
with more than 90% parallelisation efficiency is obtained up to 8 DEC-Alpha
Processors. However the speed up would come down if the number of processors
is say more than 25 and then for effective speed up, the parallelisation has to be
fine grain.

4. Concluding Remarks

1. Aeroshape-3D code has been successfully parallelised on a cluster of work-
stations having MPI. The efficiency of parallelisation for a typical real life
problem on a cluster of 8 DEC-Alpha workstations is above 90%.

2. Load balancing and Parallel communication in this parallel code enables
to have a better speed up.

3. With the availability of more number of processors, parametric study for
various complicated 3-D real life problems can be taken up and thus ena-
bling to obtain results for which performing experiments is too difficult or
at least reduce the load of experimentation in future.
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Figure 1: Surface grid of launch deflector
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Abstract. This paper presents experimental performance results for a 
parallel pipeline STAP system with 1/0 task implementation. In our 
previous work, a parallel pipeline model was designed for radar signal 
processing applications on parallel computers. Based on this model, we 
implemented a real STAP application which demonstrated the perfor- 
mance scalability of this model in terms of throughput and latency. The 
parallel pipeline model normally does not include 1/0 task because the 
input data can be provided directly from radars. However, 1/0 can also 
be done through disk file systems if radar data is stored in disks first. 
In this paper, we study the effect on system performance when the 1/0 
task is incorporated in the parallel pipeline model. We used the parallel 
file systems on the Intel Paragon and the IBM SP to perform parallel 
1/0 and studied its effects on the overall performance of the pipeline 
system. All the performance results shown in this paper demonstrated 
the scalability of parallel 1/0 implementation on the parallel pipeline 
STAP system. 

1 Introduction 

In this paper we build upon our earlier work where we devised strategies for high 
performance parallel pipeline implementations, in particular, for Space-Time 
Adaptive Processing (STAP) applications [I, 21. A modified Pulse Repetition 
Interval (PR1)-staggered post-Doppler STAP algorithm was implemented based 
on the parallel pipeline model and scalable performance was obtained both on the 
Intel Paragon and the IBM SP. Normally, this parallel pipeline system does not 
include disk 1/0 costs. Since most radar applications require signal processing 
in real time, thus far we have assumed that the signal data collected by radar is 
directly delivered to  the pipeline system. 

In practice, the 1/0 can be done either directly from a radar or through disk 
file systems. In this work we focus on the 1/0 implementation of the parallel 
pipeline STAP algorithm when 1/0 is carried out through a disk file system. Us- 
ing existing parallel file systems, we investigate the impact of 1/0 on the overall 
pipeline system performance. We ran the parallel pipeline STAP system portably 
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and measured the performance on the Intel Paragon at California Institute of 
Technology and on the IBM SP at Argonne National Laboratory (ANL.) The 
parallel file systems on both the Intel Paragon and the IBM SP contain multiple 
stripe directories for applications to  access disk files efficiently. On the Paragon, 
two PFS file systems with different stripe factors were tested and the results 
were analyzed to  assess the effects of the size of the stripe factor on the STAP 
pipeline system. On the IBM SP, the performance results were obtained by using 
the native parallel file system, PIOFS, which has 80 stripe directories. 

Comparing the two parallel file systems with different stripe sizes on the 
Paragon, we found that an 1/0 bottleneck results when a file system with smaller 
stripe size is used. Once a bottleneck appears in a pipeline, the throughput which 
is determined by the task with maximum execution time degrades significantly. 
On the other hand, the latency is not significantly affected by the bottleneck 
problem. This is because the latency depends on all the tasks in the pipeline 
rather than the task with the maximum execution time. 

The rest of the paper is organized as follows: in Section 2, we briefly describe 
our previous work, the parallel pipeline implementation on a STAP algorithm. 
The parallel file systems tested in this work are described in Section 3. The 1/0 
design and implementation are given in Section 4 and the performance results 
are given in Section 5. 

2 Parallel pipeline STAP system 

In our previous work [I], we described the parallel pipelined implementation 
of a PRI-staggered post-Doppler STAP algorithm. The parallel pipeline system 
consists of seven tasks: 1)Doppler filter processing, 2)easy weight computation, 
3)hard weight computation, 4)easy beamforming, 5)hard beamforming, 6)pulse 
compression, and 7)CFAR processing. The design of the parallel pipelined STAP 
algorithm is shown in Figure 1. 

The input data set for the pipeline is obtained from a phased array radar 
and is formed in terms of a coherent processing interval (CPI). Each CPI data 
set is a 3-dimensional complex data cube. The output of the pipeline is a report 
on the detection of possible targets. Each task i, 0 5 i < 7, is parallelized 
by evenly partitioning its work load among Pi compute nodes. The execution 
time associated with task i is Ti. For the computation of the weight vectors for 
the current CPI data cube, data cubes from previous CPIs are used as input 
data. This introduces temporal data dependency. Temporal data dependencies 
are represented by arrows with dashed lines in Figure 1 where TDi,j represents 
temporal data dependency of task Q on data from task i. In a similar manner, 
spatial data dependencies SDi,j can be defined and are indicated by arrows with 
solid lines. 

Throughput and latency are two import ant measures for performance evalu- 
ation on a pipeline system. 

1 
throughput = ~ 

max Ti' 
05i<7 
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Fig. 1. The parallel pipelined STAP system. Arrows connecting task blocks represent 
data transfer between tasks. 1 / 0  is embedded in the Doppler filter processing task 

latency = To + max(T3, T4) + T5 + Ts. (2) 
Equation (2) does not contain TI and T2. The temporal data dependency does 
not affect the latency because weight computation tasks use CPI data from the 
previous time instance rather than the current CPI. The filtered CPI data sent to  
the beamforming task does not wait for the completion of its weight computation. 
A detailed description of the STAP algorithm we used can be found in [3,4]. 

3 Parallel file systems 

We used the parallel 1/0 library developed by Intel Paragon and IBM SP sys- 
tems to  perform read operations. The Intel Paragon OSF/I operating system 
provides a special file system type called PFS, for Parallel File System, which 
gives applications high-speed access to  a large amount of disk storage [5]. In this 
work, two PFS file systems at Caltech were tested : one has 16 stripe directo- 
ries (stripe factor 16) and the other has a stripe factor of 64. We used the Intel 
Paragon NX library to  implement the 1/0 of the parallel pipeline STAP system. 
Subroutine gopen() was used to  open CPI files globally with a non-collected 
1/0 mode, MASYNC, because it offers better performance and causes less system 
overhead. In addition, we used asynchronous 1/0 function calls: i read( )  and 
ireadoff  () in order to  overlap 1/0 with the computation and communication. 

The IBM AIX operating system provides a parallel file system called Parallel 
1/0 File System (PIOFS) [6]. There are a total of 80 slices (striped directories) 
in the ANL PIOFS file system. IBM PIOFS supports existing C read, write, 
open and close functions. However, unlike the Paragon NX library, asynchronous 
parallel read/write subroutines are not supported on IBM PIOFS. The overall 
performance of the STAP pipeline system will be limited by the inability to  
overlap 1/0 operations with computation and communication. 
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Fig. 2. Performance results for the STAP pipeline system with parallel 1/0 embedded 
in the Doppler filter processing task 

4 Design and implementation 

A total of four CPI data sets stored as four files in the parallel file systems were 
used on both the Caltech Paragon and the ANL SP. Each of the four CPI files 
is of size 8M bytes. All nodes allocated to  the first task (the 1/0 nodes) of the 
pipeline read exclusive portions of each CPI file with proper offsets. Because the 
number of 1/0 nodes may vary due to  different node assignments to  the 1/0 
task, the length of data for the read operations can be different. The read length 
and file offset for all the read operations are set only during the STAP pipeline 
system’s initialization and is not changed afterward. Therefore, in each of the 
following iterations, only one read function call is needed. The design for the 
1/0 task implemented in the STAP pipeline system is illustrated in Figure 1. 

5 Performance results 

In the 1/0 implementation on the Paragon, the Doppler filter processing task 
reads its input from CPI files using asynchronous read calls. A double buffer- 
ing strategy is employed to  overlap the 1/0 operations with computation and 
communication in this task. Figure 2 shows the timing results for this implemen- 
tation on the Paragon PFS file system with 16 and 64 stripe directories. Three 
cases of node assignments to  all tasks in the pipeline system are given, each 
doubles the number of nodes of another. In the case of using the PFS with 16 
stripe directories, the throughput scales well in the first two cases, but degrades 
when the total number of nodes goes up to  224. In this case, the 1/0 operations 
for reading CPI data files here become a bottleneck for the pipeline system. This 
bottleneck forces the rest of the following tasks in the pipeline system to  wait for 
their input data from their previous tasks. On the other hand, both throughput 
and latency showed linear speedups when using the PFS with 64 stripe directo- 
ries. In the case with 224 nodes, the 1/0 bottleneck is relieved by a PFS with 
more stripe directories. 

From the latency results, a linear speedup was obtained. The 1/0 bottleneck 
problem does not affect the latency significantly. Unlike the throughput that 
depends on the maximum of the execution times of all the tasks, the latency 
is determined by the sum of the execution times of all the tasks except for the 
tasks with temporal dependency. Therefore, even though the execution time of 
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the Doppler filter processing task is increased, the delay does not contribute 
much to  the latency. 

The timing results for the IBM SP at ANL are also given in Figure 2. Be- 
cause PIOFS does not provide asynchronous read/write subroutines, the 1/0 
operations do not overlap with computation and communication in the Doppler 
filter processing task. Hence, the performance results for throughput and latency 
on the SP did not show the scalability as on the Paragon, even though the SP 
has faster CPUs. 

6 Conclusions 

In this work, we studied the effects of parallel 1/0 implementation on the parallel 
pipeline system for a modified PRI-staggered post-Doppler STAP algorithm. The 
parallel pipeline STAP system was run portably on Intel Paragon and IBM SP 
and the overall performance results demonstrated the linear scalability of our 
parallel pipeline design when the existing parallel file systems were used in the 
1/0 implementations. On the Paragon, we found that a pipeline bottleneck can 
result when using a parallel file system with a relatively smaller stripe factor. 
With a larger stripe factor, a parallel file system can deliver higher efficiency 
of 1/0 operations and, therefore, improve the throughput performance. The 
performance results demonstrate that the parallel pipeline STAP system scaled 
well even with a more complicated 1/0 implementation. 

7 Acknowledgments 

This work was supported by Air Force Materials Command under contract 
F30602-97-C-0026. We acknowledge the use of the Intel Paragon at California 
Institute of Technology and the IBM SP at Argonne National Laboratory. 

References 

1. A. Choudhary, W. Liao, D. Weiner, P. Varshney, R. Linderman, and M. Linder- 
man. Design, Implementation and Evaluation of Parallel Pipelined STAP on Parallel 
Computers. International Parallel Processing Symposium, 1998. 

2. W. Liao, A. Choudhary, D. Weiner, and P. Varshney. Multi-Threaded Design and 
Implementation of Parallel Pipelined STAP on Parallel Computers with SMP Nodes. 
International Parallel Processing Symposium, 1999. 

3. R. Brown and R. Linderman. Algorithm Development for an Airborne Real-Time 
STAP Demonstration. IEEE National Radar Conference, 1997. 

4. M. Linderman and R. Linderman. Real-Time STAP Demonstration on an Embed- 
ded High Performance Computer. IEEE National Radar Conference, 1997. 

5. Intel Corporation. Paragon System User’s Guide, April 1996. 
6. IBM Corp. I B M  A I X  Parallel 1/0 File System: Installation, Administration, and 

Use, October 1996. 

358 W.-k. Liao et al.



Efficient Parallel Adaptive Finite Element
Methods Using Self-Scheduling Data and

Computations

Abani K. Patra, Jingping Long, and Andras Laszloffy

State University Of New York at Buffalo, NY 14260
abani@eng.buffalo.edu

Abstract. Parallel adaptive hp finite element methods (FEM), in which
both grid size h and local polynomial order p are dynamically altered,
are the most effective discretization schemes for a large class of problems.
The greatest difficulty in using these methods on parallel computers is the
design of efficient schemes for data storage, access and distribution. We
describe here the development of a comprehensive infrastructureAdaptive
Finite Elements Application Programmers Interface (AFEAPI), that ad-
dresses these concerns. AFEAPI provides a simple base for users to deve-
lop their own parallel adaptive hp finite element codes. It is responsible
for the parallel mesh database, mesh partitioning and redistribution and
optionally solution of the large irregularly sparse systems of linear equa-
tions generated in these schemes. Dynamic hashing schemes and B-trees
are used to store and access the distributed unstructured data efficiently.

1 Introduction

We describe in this paper the development and implementation of efficient al-
gorithms for a highly irregular application – parallel adaptive hp finite element
methods for the numerical simulation of physical systems. In such simulations
the mesh used to construct the approximate solution is changed in both the
number (h is the size of elements) and type of elements (p is the order of ap-
proximation used in each element) as the simulation procedes (see Fig. 1). The
changes are made to control the numerical discretization error in the simulation.
However, the dynamic nature of the grid (the modifications to the grid depend
on the previous solution) creates irregularities in data storage, access and com-
putation that are known at run-time. Further, the adaptive process generates a
series of constraints that must be maintained. In a distributed computation these
constraints will impose additional inter-processor data consistency requirements.

2 Data Distribution/ Computation Scheduling

Our primary thesis in dealing with this irregularity is to devise means by which
the data and computations are self organizing. Each object (composed of data
and associated computation) is assigned a handle (key) derived from the data
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itself. These keys define a simple addressing/ordering scheme for the data and
computations. If these keys can be used for data storage, access and distribution
of both data and associated computation then the irregularities can be tackled
in a simple and efficient fashion. Since the key is derived from the properties of
the object, the storage, access and distribution is obvious at the time of object
creation and the objects are self scheduling.

Following Edwards and Browne [2] “space filling curves” are used for ob-
taining these keys in our approach. These curves are continuous mappings,
hn : R → Un, from the unit interval R = [0, 1] that can completely fill a unit n
dimensional hypercube Un = [0, 1]n with the images of the unit interval. Algo-
rithms to create these curves are simple and many can be found in the literature
[1]. Conversely, given a set of points in Un one can find a curve that passes
through each of these points. The curve can be constructed by implementing the
mapping h−1

n i.e. h−1
n (xi, yi, zi) = ξi where ξi ∈ R and (xi, yi, zi) are coordinates

of the ith point, and sorting the set {ξi}. The sorted set arranges the keys in the
order in which the “space filling curve would pass through the points (see Fig
2). Multiplying ξi by a large number (108) and truncating provides an integer
between 0 and 108. This integer will provide a convenient key for each object.
Thus given any element or node a key can be computed for it from the coordina-
tes of the centroid of the element and/or the node coordinates. The definition of
this key ensures a degree of geometric locality i.e. elements that are close to each
other in the physical space are also close to each other in the key space. This
key can then used for storage, access and ordering of the element/node objects.

Sample Adaptive hp mesh sequence

Fig. 1. Evolving grid resulting in irregularity
of data access and computing. Colors indicate
local polynomial orders.

Fig. 2. Space Filling Curve passing
through element centroids
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3 AFEAPI: Adaptive Finite Elements Application
Programmers Interface

The implementation of this idea results in a simple infrastructure for parallel
adaptive hp finite element methods(Fig. 3). The development builds on earlier
work [2,7,3,4,5,6] on load distribution obtained by partitioning of adaptive mes-
hes using space filling curves, domain decomposition solvers for such grids and
predictive load balancing using a priori measures of computational effort.

3.1 Data Structures

The first component of the infrastructure is a data structure capable of sup-
porting adaptivity i.e. performing the dynamic memory management necessary
for element insertion, deletion and modification. The data structure design also
needs to integrate support for mesh partitioning and repartitioning and easy
inter-processor data movement following adaptivity. Fast data access during the
solution process is also a necessary attribute. Data generated and used during a
finite element simulation can be classified into persistent grid data and transient
computational data. Adopting a owner computes rule reduces the data manage-
ment problem to that of managing the persistent mesh data only. Two basic data
structures are now developed for the grid based data, a hash table based scheme
and a B-tree based scheme, that use keys generated by the scheme defined above.
The address calculator for the hash table is a simple function like

place =
Key − Min.Key

Max.Key − Min.Key
× table.size

If more than element end up with the same place in the hash table then a small
linked list is constructed. In the case of highly adapted meshes with many levels
of refinement this linked list can grow very fast. A binary search tree avoids
this difficulty but gives up the simplicity and fast access of the hash table. If the
objects can be assigned memory that is contiguous in the order of their keys, then
the geometric locality of the will cause them to be processed in the same order.
Bucket based schemes can be used to achieve this type of contiguous storage
assignment. This will lead to memory and storage locality for fast access and
cache optimization, a very important consideration in superscalar processors.

3.2 Dynamic Load Balancing

Object distribution via mesh partitioning is automatic as we can achieve a par-
titioning by recursive bisection (or a simple k-way partition) of the space-filling
curve [3]. After each solution cycle predictive load balancing followed by mesh
modification is performed using the error estimator as a predictor of compu-
tational effort[6]. This greatly mitigates the problems associated with dynamic
load balancing and data migration. The mesh modification does require some
synchronization of shared data among processors.
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Fig. 3. Modules of AFEAPI

3.3 Parallel Solvers

The other component of this infrastructure is a multi-level substructuring solver
[5] that is integrated with the above data structure. These solvers exploit the
natural hierarchical block structure of the higher order finite element methods
and efficient geometrically local orderings induced by the space filling curves.
We also introduce nested partitionings of the domain to ceate additional levels
of hierarchy. The solver uses a substructuring at lower levels of the hierarchy,
switching to a Krylov space type iterative solver with coarse grid preconditioning
at an appropriate level [4].

3.4 Customization

The customization of this infrastructure to build application codes for specific
simulations comprises essentialy of providing a few simple modules that generate
an element stiffness matrix when provided with appropriate grid data and pro-
duce error estimates by post-processing solution data (see Fig. 3). These modules
can often be reused from legacy sequential FORTRAN codes.

4 Results

We present here some tests on the data structure using the SGI Origin2000
and Cray T3E computers. We present test results for element creation, deletion,
sequential and random access and data migration on different grids in Table 1
and 2. We instrument the different data management operations and measure
time taken to conduct them. The principal purpose of these tests is to guide the
tuning of the infrastructure after identifying bottlenecks. Preliminary analysis
indicates scalable performance. Code optimization and detailed tests on larger
processor sets are currently underway. AFEAPI is available for beta use from
http://wings.buffalo.edu/eng/mae/acm2e.
Acknowledgements: The financial support of the National Science Foundation
through Grant ASC9702947 is acknowledged. Computer time was provided by
NPACI and CCR, University at Buffalo.
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Table 1. Time to traverse full data set and perform ordering of the unknowns on 16
processors of the Cray T3E and the Origin 2000

Ordering Cray T3E SGI O2000
Total dof

8598
33328
133300
534082

hashing B-tree
0.403s 0.307s
0.795s 0.662s
4.340s 4.504s
61.505s 62.504s

hashing B-tree
0.230s 0.317s
0.427s 0.494s
1.674s 1.892s
13.927s 14.294s

Table 2. Time to refine elements and propagate constraints on 16 processors of the
Cray T3E and the Origin 2000

Refinement Cray T3E SGI O2000
El’s refined

1046
4184
16736
66944

hashing B-tree
0.305s 0.222s
0.632s 0.819s
2.984s 4.376s
30.363s 36.922s

hashing B-tree
0.095s 0.146s
0.198s 0.486s
0.943s 1.194s
9.594s 8.819s
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Abstract. Logic simulation is an important tool in VLSI design. The
size of current VLSI circuits is increasing dramatically the computational
effort demanded of this design tool. Parallel Processing techniques have
reduced computational time. While processing speed is a crucial factor,
equally important is the range of delay models that the simulation can
support. Unfortunately, some parallel methods limit the accuracy of the
delay model. Other parallel methods can only achieve a modest speedup
through the use of standard computational mechanisms such as Load ba-
lancing and Event-scheduling. Deadlock issues must be resolved in these
systems. As the processor numbers increase these tasks grow to the de-
triment of processing performance. This paper introduces an Associative
memory architecture for logic simulation, APPLES, which eliminates the
need of conventional support tasks, attains high speedup performance
and is capable of simulating complex delay models. The architecture has
been implemented as a Verilog model and evaluated theoretically and on
various ISCAS-85 benchmarks.

1 Introduction to Parallel Techniques in Logic Simulation

In the testing and verification of digital circuits Logic Simulation plays a pivo-
tal position occupying an area where speed of computation is as an important
consideration as the accuracy of the results. Parallel processing has been investi-
gated as a means to accelerate computational speed. The simulation accuracy is
mainly influenced by the gate delay model . The simplest delay models assume
all gates have a unit delay while complex models have more realistic properties
such as inertia and asynchronous rise and fall times.

Two stategies, Compiled code and Event-driven simulation 1,2 have been
employed in parallel logic simulation. The high performance IBM simulation
engines, the Yorktown3 and EVE machines 4, 5 have utilised compiled code
techniques. However, any compiled code structure is restricted to unit delays
and vulnerable to redundant processing.

Event-driven methods eliminate redundant gate evaluation and facilitate
complex delay models. Typically, these have an Event-scheduling/Updating and
Gate Evaluation phase. In parallel shared and distributed memory systems, Syn-
chronous event MIMD architectures have been evaluated by 6,7. Unfortunately,
Load balancing and Global synchronisation contribute significantly to the Com-
munication overhead. The best speedup figures are between 3 and 5 on an 8-
processor iPSC-Hypercube.
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Asynchronous event-driven logic simulation attempts to reduce this overhead.
Temporal causality constraints necessitate either a Conservative approach-a stra-
tegy to avoid causality errors, or an Optimistic approach-a strategy to recover
from causality errors. Conservative methods can terminate in Deadlock, but this
has been resolved by deadlock avoidance schemes by 8 and 9. Optimistic methods
10,11, recover from causality errors through Rollback and deadlock recovery. Re-
gardless of the strategy, speedup values peak in the range 20-25, but a value of 10
is far more likely 10, 12. Additionally, each gate evaluation and fan-out updating
operation expend up to 250 and 30,000 machine cycles respectively.

This paper presents a prototype architecture specifically designed for logic
simulation ; APPLES (Associative Parallel Processor for Logic Event Simula-
tion). It has been designed to permit complex delay models, reduce or eliminate
event related overheads and maximise parallel activity.

2 Introduction to the APPLES Architecture and
Simulation Process

2.1 Synopsis of the APPLES Gate Evaluation/Delay Model
Mechanism

In APPLES, a succession of signal values that have appeared on a particular wire
over a period of time are stored as a time ordered sequence in a specific word in
Associative memory, Associative Array1b (Word-line register Bank) see
Figure(1). For example, a binary value model could store in a 16-bit word, wire
values of 16 time unit duration. Gate evaluation proceeds by searching in parallel
for appropriate signal values in associative memory. Irrelevant word portions(e.g.
only the 5 most recent bits are relevant for a 5-unit gate delay model) are masked
out of the search by the memory’s Input and Mask register combination. For
a given gate type (e.g. And, Or) and gate delay model (e.g., pure, Inertial etc)
there are necessary prerequisites on the structure of the input signals to effect
an output change which define an active gate. Each prerequisite corresponds to
a distinct pattern search in Array1b. A search constitutes a binary Test, a match
or not.

So that only relevant gate types are selected for a particular searchTags are
held in Associative Array1a. The results of each test are recorded in the Test-
result-register Bank. Since each gate is assumed to have two inputs (inverters
and multiple input gates are translated into their 2-input gate circuit equiva-
lents) tests are combined through And or Or operations on bits in word pairs
in this bank. This bit-logical combination is specified by the Result-activator
register.

Every resulting word pair combination is stored as a word in the associative
array, Group-result register Bank. A search for a distinctive bit pattern
in this bank, distinguishes active gates. Successful searches are identified by set
bits in the 1-bit column register, Group-test Hit list. This mechanism executes
gate evaluation in constant time-the parallel search is independent of the number
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of words. This is an effective linear speedup for this activity. It also facilitates
different delay models, since a delay model is simply defined by a set of search
patterns.

8 bits 3 bits 32 bits 8 bits 8 bits 1 bit

Associative
Array 1a

Input-value
register
Bank
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Test-result
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Result
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Fig. 1. The APPLES Architecture.

2.2 Synopsis of the APPLES Fan-Out/Update Mechanism

A Multiple Response Resolver scans the Group-test Hit list to select active
gates. Implemented as a single counter, the resolver inspects the entire list from
top to bottom. It stops when a set bit is encountered and then uses its current
value as a vector for the active gates’ fan-out list. This list has the addresses
of the inputs of the fan-out gates in the Input-value register Bank. The
new logic values of the active gates are written into the appropriate words of
this bank.The set bit is then cleared before scanning recommences. By ORing
all hit bits, scanning can be prematurely terminated by an all clear condition.
Utilising several scan registers accelerates this process. Each scans in parallel and
independently an equal size sub-section of the hit list. When all gate types have
been evaluated for the current time interva, all signals are updated by shifting in
parallel the words of the Input-value register Bank into the corresponding words
of the Word-line register bank.
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2.3 Synopsis of the APPLES Simulation Cycle

Simulation progresses in discrete time units. For any time interval, each gate
type is evaluated by applying and combining tests on associative Array1b. This
process occupies between 10 machine cycles for the simplest, to 20 machine cy-
cles for the more complex gate delay models, see Figure (2). In general, for 2N

valued logic, N shift operations are required to increment all signal values by one
time unit. In the entire simulation cycle, the scan time is the only task which ex-
pands with the size of the simulated circuit. Unlike conventional communication
overhead, list scanning is more conducive to parallelisation.

Initialisation

Apply Gate type/delay 
model Test Patterns to 
Array1b

Store results in 
Test-result register 
Bank [5-10 cycles]

Combine Test-result register Bank 
results into Group-result register Bank
[5-10 cycles]

Search Group-result 
register Bank
for Test successes
[1 cycle]

Scan Group-test Hit list and 
update fan-out lists
[Scan-mechanism]

One simulated time interval for one gate type and output transition

Fig. 2. The Apples simulation cycle.

3 The Inherent Deadlock Avoidance Structure

In parallel event-driven simulation, any system violating any one of the temporal
conditions known as the Input waiting and Output waiting rules 13, will po-
tentially lead to deadlock. All wires are incremented by the smallest timestamp,
one discrete time unit. Thus, at the start of every time interval all gates can
be evaluated with confidence that the input values are correct; the Input rule is
obeyed. The Output rule requiring that signal values are in non-decreasing time
order, is observed in each word through the shift operation.

4 Architecture Performance Evaluation

For each gate type, the evaluation time Tgate-eval remains constant, typically
ranging from 10 to 20 machine cycles. The time to scan the Hit list depends on
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its length and the number of registers employed in the scan. N scan registers can
divide a Hit list of H locations into N equal partitions of size H/N . Assuming a
location can be scanned in 1 machine cycle, the scan time, Tscan is H/N cycles.
Likewise it will be assumed that 1 cycle will be sufficient to make 1 fan-out
update.

When two or more registers simultaneously detect a hit and attempt to access
the single ported fan-out memory, a Clash occurs. In these circumstances, a
semaphore arbitrarily authorises waiting register’s accesses to memory.The low
activity rate of circuits implies that the probability of three or more simultaneous
hits can be ignored. Therefore, the number of clashes during a scan is,

No. Clashes = (Prob of 2 hits per inspection) × H/N

(1)

Assume a uniform random distribution of hits and let Probhit be the probability
that the register will encounter a hit on an inspection. Then (1) becomes,

No. Clashes = NC2(Probhit)2 × H/N (2)

Let TN , be the average total time required to scan and update the fan-out lists of
a partition for a particular gate type. Since all partitions are scanned in parallel,
TN also corresponds to the processing time for a N scan register system. Thus
the speedup Sp = T1/TN , of such as system is,

T1/TN =
Tgate-eval + Tscan + Tupdate|N=1

Tgate-eval + H/N + NC1(Probhit)H/N + NC2(Probhit)2 × H/N
(3)

By differentiating TN w.r.t N , it can be shown that Soptimum is given by,

Soptimum = 1/(2.4)Probhit (4)

For circuits where the average update time is fav cycles, this will weight all occu-
rences of Probhit in Eqt(3). This assumption will be validated with benchmarks.

5 Benchmark Performance

A Verilog model of APPLES simulated 4 ISCAS-85 benchmarks, C7552(4392
gates), C2670(1736 gates), C1908(1286 gates), C880(622 gates) using a unit
delay model. Each was exercised with 10 random input vectors over a time
period ranging from 1,000 to 10,000 machine cycles. Statistics were gathered
as the number of scan registers varied from 1 to 50. The Speedup relative to
the number of scan registers is shown in Table 1. Table (1.a) demonstrates that
in general the speedup increases with the number of scan registers. The fixed
sized overheads of gate evaluation, shifting inputs etc, tends to penalise the
performance for the smaller circuits. A more balanced analysis, Table(1.b), is
obtained by factoring out all fixed time overheads in the simulation results. This
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Table 1. Speedup Performance of Benchmarks

No. Scan Regs
Circuit 1 15 30 50
C7552 1 12.5 19.9 24.3
C2670 1 9.7 13.8 15.9
C1908 1 8.4 10.8 11.8
C880 1 7.8 8.3 9.7

Speedup

(a)

No. Scan Regs
Circuit 1 15 30 50
C7552 1 13.6 24.3 29.6
C2670 1 12.5 20.0 25.1
C1908 1 11.8 17.3 20.9
C880 1 11.1 12.6 15.9

Speedup
(excl Fixed Overheads)

(b)

reflects the performance of realistic, large circuits where the fixed overheads will
be negligible to the scan time.

Taking the corrected simulated performance statistics, Table (2.a) displays
the average number of machine cycles expended to process a gate. APPLES de-
tects intrinsically only active gates. The data takes into account the scan time
between hits and the time to update the fan-out lists. As more registers are
introduced the time between hits reduces and the gate update rate increases.
Clashes happen and active gates are effectively queued in a fan-out/update pi-
peline. The speedup saturates when the fan-out/update rate, governed by the
size of the average fan-out list and memory bandwidth, equals the rate at which
they enter the pipeline. The validity of the speedup equation, Eqt(3), can be ap-

Table 2. Average No. of Machine Cycles and Fan-out per gate processed

No. Scan Regs
Circuit 1 15 30 50
C7552 154.6 11.3 6.4 5.2
C2670 101.9 8.0 5.1 3.9
C1908 86.9 6.8 5.1 3.9
C880 49.9 4.9 4.2 3.6

Av. Cyc/Gate

(a)

No. Scan Regs
Circuit 15 30 50 Av.
C7552 0.41 0.35 0.88 0.55
C2670 0.52 0.79 1.26 0.86
C1908 0.77 1.21 1.32 1.10
C880 0.16 1.98 1.54 1.22

fav

(b)

praised from the benchmarks. From the measurements of speedup, Probhit and
the average fan-out cycles for each circuit, the corresponding value for fav was
calculated using Eqt(3) is shown in Table(2.b). For a given circuit fav should
be constant regardless of the number of scan registers. The values for fav are in
accord with the range expected for the fan-out of these circuits. The fluctuations
in value across a row for fav, are possibly due to the relatively small number of
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samples and size of circuits, where a small perturbation in the distribution of
hits in the hit-list can affect significantly the speedup figures.

6 Conclusion

The APPLES gate evaluation process is constant in time. Effectively there is a
one to one correspondence between gate and processor (the gate word pairs).
This fine grain parallelism allows maximum parallelism in the gate evaluation
phase. Active gates are automatically identified and their fan-out lists updated
through scanning a hit-list. This scanning is amenable to parallelisation. Multi-
ple scan-registers reduce the overhead time and enable the gate processing rate
to be limited solely by the fan-out memory bandwidth. The experimental evi-
dence supports the theory and indicates that substantial speedup values in logic
simulation with the APPLES architecture is attainable culminating in a gate
processing rate of a few machine cycles. Nevertheless, the design is still a proto-
type and practical and technical issues concerning its implementation in Xilinx
Virtex FPGA technology are being investigated.
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Abstract. Due to its topological generality and flexibility, the k-ary
n-cube architecture is actively researched exploring network design tra-
deoffs as well as characterizing the topology. Processor allocation pro-
blem, which has been extensively attempted for hypercubes and meshes,
however, has not been addressed for the k-ary n-cube parallel computers.
In this paper, we propose Isomorphic Partitioning, where a partitioned
subcube retains the high order of dimension of the whole system but
with smaller size in each dimension. The partitioned subcubes maintain
the advantages of the high order architecture. Extensive simulation re-
veals the effectiveness of the proposed scheme based on the Isomorphic
Partitioning.

Index terms - k-ary n-cube, processor allocation, hypercube
multiprocessor, job scheduling, slice partitioning, isomorphic
partitioning, performance evaluation.

1 Introduction

Processor allocation has been studied extensively for directly interconnected par-
allel computers. Multiple jobs share the topological space of system resources
such as processors and memories. Considerable number of allocation algorithms
have been proposed for hypercubes [1]-[5] and meshes [6]-[9]. An allocation algo-
rithm dynamically partitions the interconnection topology and the corresponding
processors and assigns subsets of processors to the requesting jobs. The problem
of the processor allocation assumes importance so as to enable higher system uti-
lization and lower fragmentation of processors by efficiently recognizing a proper
subcube.

This paper addresses the processor allocation problem for a k-ary n-cube par-
allel computers, denoted as Qk

n, which has k nodes in each of n dimensions. The
most commonly used direct networks such as meshes and hypercubes are vari-
ants of the k-ary n-cube. The generality and flexibility of the k-ary n-cube make
it an active research topic in various aspects [10]-[16]. On the contrary, there
have been few works devoted on the processor allocation problem for the k-ary
n-cube systems. [17][18] are the only reported results to the authors’ knowledge.
[17] introduced EB (Extended Buddy) and EGC (Extended Gray Code), exten-
ded versions of the well-known hypercube algorithms. k-ary Partner strategy[18],

P. Banerjee, V.K. Prasanna, and B.P. Sinha (Eds.): HiPC’99, LNCS 1745, pp. 373–380, 1999.
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which is also an extension of Partner hypercube algorithm, enhances the subcube
recognition ability over EB and EGC. Those strategies, however, limit the job
size to be base-k. Jobs requesting different sizes are allocated to one or more
partition(s) of base-k and the remaining nodes will be wasted, which is known
as internal fragmentation. We argue that the job size restriction of their alloca-
tion algorithms is inherent with the underlying partitioning mechanism defined
as Slice Partitioning.

In this paper, we propose a new partitioning mechanism, called Isomorphic
Partitioning and the corresponding processor allocation algorithms. A k-ary n-
cube (Qk

n) is partitioned into 2n k
2 -ary n-cubes (Q

k
2
n ’s). Each of them is divided

again into 2n k
4 -ary n-cubes(Q

k
4
n ’s) and so on. All of the partitioned subcubes

are said to be “isomorphic” in the sense that they are all n-cubes. Isomor-
phic Partitioning eliminates the drawbacks inherent in the Slice Partitioning.
By maintaining the higher order architecture also in each partitioned subsy-
stem, it provides shorter inter-node distance. Reducing the average distance is
one of the main ideas of building parallel systems of a higher dimension instead
of one-dimensional array of nodes.

The rest of the paper is organized as follows. In Section 2, formalism to de-
scribe a k-ary n-cube and its partitioning mechanisms are introduced. In Section
3, Isomorphic Strategy is presented. Section 4 is devoted to performance eva-
luation and comparison of various policies. Conclusions are drawn in the last
section.

2 Preliminaries

A k-ary n-cube, denoted by Qk
n, has kn nodes each of which can be identified by

radix k n-tuple (an−1, . . . , a1, a0) where ai represents the node’s position in the
ith direction. Two nodes (an−1, . . . , a1, a0) and (a′

n−1, . . . , a
′
1, a

′
0) are connected

if and only if there exists i, 0 ≤ i ≤ n − 1, such that ai = a′
i ± 1 and aj = a′

j for
j �= i if wrap-around links are not included. Given two graphs A = (V1, E1) and
B = (V2, E2), the cross product A ⊗ B = (V, E) is defined by [12]

V = {(a, b) | a ∈ V1, b ∈ V2}
E = {(a, b), (a′, b′) | (a = a′ and (b, b′) ∈ E2) or (b = b′ and (a, a′) ∈ E1)}

If we let Lk be a graph that has k nodes and k edges, a k-ary n-cube (Qk
n)

can be defined by a cross product of n Lk’s [12]1. That is

Qk
n = Lk ⊗ Lk ⊗ . . . ⊗ Lk

︸ ︷︷ ︸

n times

1 Here, we do not include wraparound edges and the resulting Qk
n is a mesh. In [12],

Lk is a cycle which has the wraparound edge, and the corresponding Qk
n is a torus.



Isomorphic Allocation in k-Ary n-Cube Systems 375

The Slice Partitioning described in Section 1 corresponds to the above con-
struction process in the reverse direction as depicted in Figure 1.a. A higher
order cube is partitioned into a number of lower dimensional subcubes.

For simplicity, we deal with 2k-ary n-cube or Q2k

n which is defined by the cross
product L2k ⊗ L2k ⊗ . . . ⊗ L2k

︸ ︷︷ ︸

n times

. Now, we present an alternate way of defining a

Q2k

n based on the dot product which multiplies two graphs to produce a larger
graph but with the same order of dimension.

Fig. 1. Partitioning Mechanism of an 8-ary 3-cube

Given two n-dimensional graphs, A = (V1, E1) and B = (V2, E2), we define
the dot product A 
 B = (V, E) by

V = {(a, b) | a ∈ V1, b ∈ V2} = {(an−1bn−1, . . . , a1b1, a0b0)}
E = {(a, b), (a′, b′) | ∃i, 0 ≤ i ≤ n − 1,

such that aibi = a′
ib

′
i ± 1 and ajbj = a′

jb
′
j for j �= i}

If we define an n-dimensional binary hypercube, denoted by Bn, as a graph con-
sisting of 2n nodes, each of which is represented by a binary n-tuple, (an−1, . . . , a1, a0),
where 0 ≤ ai ≤ 1, Q2k

n can be alternatively defined by a dot product of the binary
hypercubes. That is

Q2k

n = Bn 
 Bn 
 . . . 
 Bn
︸ ︷︷ ︸

k times
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Consider the corresponding partitioning procedure. Since Q2k

n = Q2k−1

n 
 Bn,
a Q2k

n or 2k × . . . × 2k

︸ ︷︷ ︸

n times

can be “isomorphically” partitioned into 2n Q2k−1

n ’s or

2k−1 × . . . × 2k−1
︸ ︷︷ ︸

n times

. We call this as Isomorphic Partitioning. Graphical represen-

tation of the Isomorphic Partitioning as well as the partitioning pass are shown
in Figure 1.b. Refer [19] for mathematical details.

3 Isomorphic Allocation

In this section, we present the Isomorphic allocation algorithm based on the
Isomorphic Partitioning. First, we consider how to address a subcube produced
by the Isomorphic Partitioning. A node in a 2k-ary n-cube, Q2k

n , is denoted by
an n-tuple (an−1, . . . , a1, a0), where 0 ≤ ai ≤ 2k −1, i.e. ai is a radix 2k number.
We can also denote the node in a full binary representation as

(a(1)n−1a
(2)
n−1 . . . a

(k)
n−1, . . . , a

(1)
1 a

(2)
1 . . . a

(k)
1 , a

(1)
0 a

(2)
0 . . . a

(k)
0 ),

where 0 ≤ a
(j)
i ≤ 1. As discussed in Section 2, each of k dot products contributes

one binary digit in all dimensions by concatenating the components. We can,
therefore, conversely represent it as

((a(1)n−1, . . . , a
(1)
1 , a

(1)
0 )

︸ ︷︷ ︸

1st n−tuple

, (a(2)n−1, . . . , a
(2)
1 , a

(2)
0 )

︸ ︷︷ ︸

2nd n−tuple

, . . . , (a(k)n−1, . . . , a
(k)
1 , a

(k)
0 )

︸ ︷︷ ︸

k−th n−tuple

)

Similarly, a subcube Q2a

n can be represented by an n-tuple,

(a(1)n−1a
(2)
n−1 . . . a

(k−a)
n−1 ∗ . . . ∗

︸ ︷︷ ︸

a times

, . . . , a
(1)
1 a

(2)
1 . . . a

(k−a)
1 ∗ . . . ∗

︸ ︷︷ ︸

a times

, a
(1)
0 a

(2)
0 . . . a

(k−a)
0 ∗ . . . ∗

︸ ︷︷ ︸

a times

),

or equivalently,

((a(1)n−1, . . . , a
(1)
1 , a

(1)
0 )

︸ ︷︷ ︸

1st n−tuple

, (a(2)n−1, . . . , a
(2)
1 , a

(2)
0 )

︸ ︷︷ ︸

2nd n−tuple

, . . . , (a(k−a)
n−1 , . . . , a

(k−a)
1 , a

(k)
0 )

︸ ︷︷ ︸

(k−a)−th n−tuple

)

It is noted that the first n-tuple identifies one of 2n Q2k−1

n ’s which are gene-
rated by the first partitioning pass. For explanatory simplicity, we illustrate
the algorithm with an 8-ary 2-cube (8 × 8 mesh) as in Figure 2. Figure 2.a
shows all 64 nodes and the partitioning lines with the Isomorphic Partitioning.
It can also be described by a 2n-ary tree (4-ary tree in this example) with k
partitioning passes (3 passes in this case) as in Figure 2.b. Every node in a
tree represents a subcube and has its own address within the corresponding
partitioning pass. Full address of a node can be identified by concatenating n-
tuples obtained by traversing the tree upward to the root. For example, the
subcube A’s address is ((1, 0), (0, 1), (1, 1)) = (101, 011). Subcube B is identified
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Fig. 2. Representation of the Isomorphic Partitioning of Q8
2

by ((0, 1), (1, 1)) = (01∗, 11∗). The tree structure is managed by a linked status
bitmap. A free list Fa·n is a linked list of free subcubes in the form of Q2a

n (
2a × 2a × . . . × 2a

︸ ︷︷ ︸

n times

or 2an nodes). In the previous example, they are F3·2, F2·2,

F1·2 and F0·2. For implementation details, see [19].
Isomorphic allocation algorithm handling isomorphic request (Q2a

n ) is sum-
marized below. Release algorithm is used when a job finishes its execution. Since
it’s father node has 2n children nodes, or buddies, including the freed subcube,
it is necessary to check if they all are free so that they can be merged.

Isomorphic Strategy
Request (Q2a

n ):

1. If Fan is not empty, allocate a subcube in Fan to the job.
2. Otherwise, search F(a+1)n, F(a+2)n, ..., Fkn, in order until a free subcube is

found.
3. If found, decompose it isomorphically until a Q2a

n is obtained and allocate it
to the job. Update the corresponding lists after decomposition.

4. Else enqueue the job to the system queue.

Release (Q2a

n ):

1. Insert the released subcube into the list Fan.
2. If Fan contains all the buddies, merge them to make Q2a+1

n and insert into
the list F(a+1)n.

3. Repeat step 2 until the corresponding buddies are not available.
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The Isomorphic Allocation algorithm is generalized to alleviate the job size
limitation by handling non-isomorphic jobs as well as to be applicable to non-
isomorphic system. We do not include the extensions here due to the space
limit[19].

4 Simulation Model and Results

We conducted a simulation to evaluate and compare the performance of the
proposed strategies with other allocation policies. The other simulated sche-
mes are EB (Extended Buddy), EGC (Extended Gray Code) and k-ary Partner
algorithms. The buddy allocation policy is employed for the Isomorphic allo-
cation algorithms. Simulation details can be found in exteneded version of this
paper[19].

Fig. 3. Mean response time with uniform job size distribution in a Q2
3

Figure 6 shows the variation of mean response time with respect to input load
or system utilization for a 4-ary 3-cube (Q4

3 or 22 × 22 × 22). The Isomorphic al-
location algorithm outperforms other policies in a remarkable performance gap.
EB and EGC perform almost the same and they degrade a lot when system uti-
lization reaches beyond 0.3. Equal performance of the EB and EGC policies can
be explained by the small system size. As system size grows, EGC will perform
better than EB since it has more choices than the proportion. k-ary Partner
scheme shows better performance than EB and EGC due to its better subcube
recognition ability. But it does not utilize the system well because of the inter-
nal fragmentation which is unavoidable with the conventional Slice Partitioning.



Isomorphic Allocation in k-Ary n-Cube Systems 379

Note that the performance gap between the Isomorphic Startegy over k-ary
Partner will be greater as system size grows since the internal fragmentation
becomes more critical with larger systems. With different sets of simulations, we
find that the Isomorphic Strategy is scalable, i.e. it exhibit steady performance
irrespective of the system size[19].

5 Conclustion

We have addressed the processor allocation problem for a k-ary n-cube parallel
computer. All prior research has been based on the Slice Partitioning, which
divides a system topology into a number of low dimensional slices. However,
they usually suffer from internal fragmentation of processors due to the job size
limitation. In contrast, we propose a new partitioning mechanism, called Iso-
morphic Partitioning, which divides a system into same dimensional subcubes.
Simulation study shows that the Isomorphic Allocation outperforms all existing
policies with a remarkable gap. Moreover, the resulting partitions are characteri-
zed by the same order of dimension as the whole topology so that they keep the
advantages of a high order architecture. Since the Isomorphic Strategy handles
semi-isomorphic jobs as well as non-isomorphic architecture, we think it is very
attractive for implementation. The Isomorphic Partitioning also provides a new
viewpoint in partitioning a system topology. Allocation on other interconnection
networks such as meshes can also be improved with the Isomorphic Partitioning.
Another future works are average case analysis to predict the number of status
bitmaps which are used to implement the Isomorphic allocation algorithm. Also,
we will study on the adaptive solution which uses time efficient and space efficient
algorithms adaptively depending on load intensity and workload distribution.
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Abstract. This paper proposes a middleware based solution for suppor-
ting unit-oriented communication in real-time networks. A unit is charac-
terized by a set of packets with an associated deadline. The problem is to
transfer the unit from a given source to destination before its deadline.
The existing scheduling disciplines cannot support unit-oriented com-
munication efficiently because they do not exploit the unique features of
the unit. In this paper, we propose three bandwidth allocation approa-
ches (naive model, constant bandwidth model, and decreasing bandwidth
model) which exploit the unique features of the unit-oriented communi-
cation. Based on these approaches, we also make enhancements to well
known scheduling disciplines. Our simulation studies show that the pro-
posed middleware based solution improves the call acceptance rate of the
unit-oriented calls significantly.

1 Introduction

To guarantee time-constrained communication of packets in a multihop network,
real-time channels are to be established with specified traffic characteristics and
quality of service (QoS) requirements. The traffic characteristics of a real-time
channel include parameters such as maximum packet rate, maximum packet size,
and maximum burst size; and parameters such as maximum end-to-end delay
and delay jitter, and maximum loss rate constitute the QoS requirements [1].
Throughout this paper, we refer this as conventional communication. There are
two distinct phases involved in handling real-time channels: channel establish-
ment and run-time packet scheduling. The channel establishment phase involves
the selection of a route for the channel satisfying traffic characteristics and QoS
requirements. During channel establishment, on each link along the path of the
channel, a call admission test is performed to check whether enough resources
� This work was done when the authors were at the Indian Institute of Technology,
Madras, India.
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(such as bandwidth and buffers) are available to satisfy the call requirements.
The admission test depends on the scheduling (service) discipline used at run-
time [2]. Run-time scheduling involves scheduling of packets, at run-time, adhe-
ring to the guarantees provided during channel establishment.

The combination of scheduling disciplines and routing algorithms give rise
to networks with a wide spectrum of capabilities. Typically, the scheduling dis-
cipline and the routing algorithm forms a service layer which is responsible for
the creation and operation of real-time channels. The applications which require
real-time channels can act as an upper layer which uses the services of the ser-
vice layer. In many applications, the QoS requirements of the applications may
not be directly translatable into the QoS parameters supported by the service
layer. Hence there is a need for application specific interfaces, called middleware
which enhance the functionality of the service layer. Thus, both conventional
and application specific QoS requirements can be supported by such networks.

Although much work has been done on establishment of real-time channels,
with newer scheduling disciplines and routing algorithms, there has been gro-
wing efforts in creating middleware based solutions that satisfy application spe-
cific QoS requirements. The aim of this paper is to propose a middleware for
supporting unit-oriented communication in real-time multihop networks. A unit
is characterized by a set of packets with an associated deadline. The problem is
to transfer the entire unit from a given source to destination before its deadline.
The unit-oriented communication (e.g., image transfer) differs from conventional
communication in the following ways:

• In an unit-oriented communication, the entire unit has a deadline as op-
posed to individual packets of the unit. Thus, the end-to-end delay needs to
be satisfied, by the network, is with regards to the unit and not to individual
packets.

• The application using unit-oriented communication does not specify the
inter departure time (inter-arrival time), Xmin, of packets during call establish-
ment. Instead, it is left to the network to choose an appropriate value depending
on the network condition.

• In most cases, the destination of a unit-oriented communication starts
processing the data only when it receives the entire unit.

In [3], a centralized routing algorithm is proposed for the problem, whereas
this paper proposes a distributed routing algorithm.

Network Model and Assumptions:
The communication network is modeled as an undirected graph G = (V, E),

where V is the set of nodes and E is the set of edges. An edge e ∈ E connecting
nodes u and v will be denoted by (u, v).

A call request of an unit-oriented communication channel is a 6-tuple C =
(id, src, dest, p, D, at) where, (i) id is a unique identifier which identifies the call
request, (ii) src and dest are source and destination nodes of the call, respectively,
(iii) p is the number of packets in the unit, (iv) D is the deadline of the unit,
and (v) at is the call arrival time.
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Each node i assumed to maintain the following data structures. These data
structures can be maintained by just monitoring the calls that pass through the
node and do not incur any additional communication overhead.

• NUMHOPS(i, k): This denotes the distance (in hop count) between nodes
i and k. This value is obtained when a channel was last established between nodes
i and k or between nodes i and j passing through node k.

• LASTDELAY (i, k): This denotes the delay between nodes i and k when
a channel was last established between nodes i and k or between nodes i and j
passing through node k.

• NUMCHANNELS(i, j): For each neighbor node j, the node i monitors
the number of channels that are currently using the link (i, j).

• Link Utilization: For each outgoing link j of node i, the link utilization is
defined as

Util(i, j) =
NUMCHANNELS(i,j)∑

k=1

1
Xmin,k

, ∀ channel k passing through link (i, j).

(1)
which is the fraction of the total bandwidth of link (i, j) currently being used.

• Load Parameter L: This denotes the maximum number of channels that
can pass through a node. The Load parameter prevents a node from accepting
too many channels, and hence preventing the node getting saturated.

2 Proposed Bandwidth Allocation Approaches

The application layer makes call requests of both unit-oriented and conventional
communication requirements, and the service layer together with the middleware
provides QoS guarantees to the calls. As part of a conventional call establishment
request, maximum as well as average values of bandwidth requirement are usually
specified, when a two pass [1] channel establishment scheme is used. During the
forward pass, if a node is not able to reserve the maximum bandwidth, it will try
to reserve a bandwidth value between the average and maximum. In this process,
a downstream node might reserve a lower bandwidth than the upstream nodes.
During the reverse pass, the minimum of bandwidth reserved among all the links,
along the path, is confirmed and the excess bandwidths are relaxed. In the case
of a unit-oriented communication, since the call does not specify the bandwidth
requirement, the network has the flexibility to choose a bandwidth value for the
call such that the deadline of the unit is met.

In this paper, we propose three bandwidth selection approaches for unit-
oriented communication: (i) Naive approach, (ii) Constant bandwidth approach,
and (iii) Decreasing bandwidth approach. In the first two approaches, the same
amount of bandwidth is allocated in all the links along the path of the channel,
whereas the bandwidth could be different in the decreasing bandwidth approach.
Since the maximum bandwidth is inversely proportional toXmin, hereafterXmin

will be used to quantify the bandwidth assigned to a channel. In all these ap-
proaches, we compute the maximum bandwidth (1/Xmin) requirement for a
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unit-oriented call and the average bandwidth (1/Xavg) requirement is set to this
value.

Naive Approach: A naive approach to assign Xmin is

Xmin =
D − current time − Tin

p
(2)

where, Tin is the average time taken to set up a real-time channel.
This approach essentially partitions the entire duration of the unit transfer

into equal time intervals and tries to transport one packet per interval. This
approach is too rigid and does not exploit the flexibility provided by the unit-
oriented communication.

Constant Bandwidth Model: As mentioned in Section 1, the integration
of scheduling and routing is very important during channel establishment in
order to improve the performance of the network. In our approach, while deter-
mining the value of Xmin of a channel, the nature of the routing approach is also
taken into account. If the routing algorithm is flooding based, the value of Xmin

has to be computed for all or subset of links of the source node depending on
whether full flooding or partial flooding [4] is used, respectively. If the routing is
preferred neighbor based [5], the value of Xmin is computed only for the link to
the preferred neighbor of the source node, which is decided based on the routing
heuristic used. The algorithm to determine Xmin on a link (source, j) of the
source node in CBM model is given below.
Algorithm GETXMIN CBM(source, dest) {
1. Let j be the preferred neighbor of source node in the case of preferred neighbor
routing, or be any neighbor in the case of flooding based routing.

2. Remain(source, j) = 1− Util(source, j) /* BW available on link (source, j). */
3. min Xmin(source, j) = 1/Remain(source, j). /* the minimum possible value of

Xmin on link (source, j). */
4. avg Xmin = L−NUMCHANNELS(source,j)

Remain(source,j)

5. Generate a set of NUMHOPS(source, dest) values using exponential distribution
with mean avg Xmin, and store these values in an array called VALUES.

6. Select the maximum value from array VALUES, call it est Xmin.
7. est Deadline = est Xmin ∗ (p− 1) + LASTDELAY (source, dest).
8. while (est Deadline > D and VALUES array is not empty)

– Delete est Xmin from VALUES.
– Select the next est Xmin from VALUES.
– Recalculate est Deadline.

9. If (est Xmin < min Xmin or VALUES is empty)
then admission test fails on link (source, j); return(failure).

Else Xmin = est Xmin; return(Xmin). }
GETXMIN CBM uses the past history of the network to get a suitable value

for Xmin. avg Xmin is the average value of Xmin to be assigned based on the
number channels that can use the link (source, j). This is obtained by dividing
the limit on the number more channels that can pass through the link (i.e.,
L−NUMCHANNELS (source, j)) by the fraction of the bandwidth available
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(Remain(source, j)). It may be noted that even when Remain(source, j) is high,
the value assigned to Xmin will depend on NUMCHANNELS(source, j) and
L. For example, if Util(source, j) = 0.5, L = 100,NUMCHANNELS(source, j)
= 50, then avg Xmin = 100, i.e., the maximum bandwidth that will be assigned
to a new channel will be 0.01 (i.e., 1% of the link bandwidth), even though 0.5
is available. This prevents a channel from taking all the available bandwidth on
the link.

Then, a set of random values are generated using exponential distribution
with avg Xmin as mean. The size of this set is equal toNUMHOPS(source, dest)
since this is the upper bound on the number of different Xmin values possible for
a given source and destination based on the current path length. These values,
which will lie on either side of avg Xmin correspond to the bandwidth which
can be allocated to this channel. As we are following the CBM where Xmin is
the same along the path, we go for the maximum of these values (corresponding
to minimum bandwidth). Thus, the emphasis is on finding a value which will be
acceptable to all nodes that might result in finding a qualified path for the call.

After getting the maximum value (est Xmin) from the distribution, the fol-
lowing empirical check is made to see if the channel can be established using
est Xmin as the inter departure time.

est Xmin ∗ (p − 1) + LASTDELAY (source, dest) ≤ D (3)

If the above test is successful and if est Xmin is greater than min Xmin,
then the channel can be set up from the source point of view. If Equation 3
fails, then the next maximum value for est Xmin is tried until the array VA-
LUES becomes empty. Finally, the algorithm returns either a value for Xmin

or failure. Note that, satisfying Equation 3 is a necessary condition but not the
sufficient condition to set up the channel successfully since the test in Equation 3
is based on local knowledge of the source. Once having found Xmin, the channel
establishment starts with a bandwidth requirement of 1/Xmin.

Decreasing Bandwidth Model: The third approach is decreasing band-
width model (DBM), where a node can allocate less bandwidth than its up-
stream nodes together with allocation of buffers to compensate the bandwidth
mismatch. That is, Xmin is allowed to change along the path of a channel, thus
resulting in different delay bounds guaranteed by different nodes. Buffers are
employed at the nodes to store the packets where the bandwidth of incoming
link is more than its outgoing link. The difference in delay experienced by a
packet between two nodes depends on the amount of time the packet stays in
the buffer before being serviced and this difference increases with the buffer size.
In a DBM, since buffering plays a crucial part, it is important to determine the
exact buffer requirement at each node and also to check the availability of the
computed buffer as part of the call admission test. In the modified call admission
test, the delay bound at a node, for a unit-oriented call, is the delay experienced
by the last packet of the unit.

• Delay bound: Let Xi−1
min and Xi

min are the inter departure times at nodes
i − 1 and i, respectively, where i − 1 is the predecessor of i in the path of a
channel, and let Xi−1

min ≤ Xi
min (by the definition of DBM model).
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The delay bound at node i is given by

d(i − 1, i) = Xi
min ∗ p − Xi−1

min ∗ p (4)

which is the worst case delay experienced by the last (p-th) packet.
• Buffer requirement: The buffer space required at node i is given by

B(i) =
Xi

min ∗ p − Xi−1
min ∗ p

Xi−1
min

(5)

It can be seen that B(i) increases with time when Xi
min > Xi−1

min. Also, it can
be seen from Equation 5 that the buffer requirement is zero when Xi

min = Xi−1
min.

Determining Xmin for DBM: The procedure for finding Xmin for DBM
is similar to that of CBM except that the minimum value (highest bandwidth)
is chosen from the array VALUES as Xmin and hence there is no need to iterate
(Step 8) over the set of random values generated. Due to space limitations, the
algorithm to determine Xmin in DBM is not presented here.
Admission test at each node in DBM: At each node, to admit a channel
on an outgoing link, a check is made to see if the outgoing link can support the
incoming link bandwidth allocated to the channel. If so, the bandwidth allocated
to the channel on the outgoing link will be the same as that of the incoming link.
Otherwise, a lower bandwidth is allocated and an additional check is made to
see whether sufficient buffer is available to compensate the bandwidth mismatch.
From then onwards, the bandwidth requirement of the call will be the bandwidth
guaranteed by the outgoing link. For both CBM and DBM, the admission test
performed at intermediate nodes corresponds to the scheduling discipline used.
Admission test at the destination in CBM and DBM: At the destination,
the end-to-end delay offered by the network, say d, is known and the following
check is made to see whether all the packets of the unit can be transferred before
the unit deadline.

Xmin ∗ (p − 1) + d ≤ (D − t − (Tfp + Trp)− Tdelay) (6)

where, the term Xmin ∗ (p − 1) denotes the time at which the last packet of the
unit will be transmitted at the source, relative to the transmission of the first
packet of the unit, based on the Xmin guaranteed at the source; t is the current
time; Tfp is the time taken for forward pass; Trp is the time taken for reverse
pass; and Tdelay is the time between the initiation and establishment of the call.

If the above condition is satisfied, the call is accepted, otherwise, the call is
rejected. But, in a flooding based routing, it is not necessary to reject the call if
this condition is not satisfied. Alternately, one can use dispersity routing wherein
the bandwidth requirement of a channel is split across multiple sub-channels in
order to meet the delay bound.

3 Simulation Studies

In our simulation studies, we have implemented unit-oriented middleware over
the Delay-EDD [1] (scheduler based) and Stop&Go [6] (rate based) scheduling
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disciplines and flooding as the routing algorithm with traffic dispersion capabi-
lity. The following three combinations are considered: (i) Delay-EDD with CBM
to get Xmin, (ii) Stop&Go with one frame and CBM, called Stop&Go(CBM),
and (iii) Stop&Go with 4 frames and DBM, to get Xmin along the path, called
Stop&Go(DBM). The naive approach was also implemented over Stop&Go with
4 frames.

The studies were carried out on ARPA network (21 nodes, 26 links) topology.
In our studies, both unit-oriented and conventional call requests were generated.
The parameter Traffic Mix determines the fraction of the total calls generated
were unit-oriented calls. The simulation parameters are listed in the table below.

Simulation parameter Value taken when varied (fixed)
Unit Size 100-1000 (1000)
Arrival Rate 0.01-0.1 (0.01)

Load Parameter 10-100 (100)
Traffic Mix 0.1-0.9 (0.5)
Deadline Max 1000-20000 (20000)
Buffer Max 1000-20000 (20000)

For Stop&Go(1), the frame size was taken as 5. For Stop&Go(DBM), the
frame sizes were taken as 5, 10, 20 and 40. The maximum hop count of a chan-
nel was set to 15. This is to prevent a convoluted path from getting established.
For conventional real-time channels, the duration of the channel was set to a
maximum of 75 time units. The bandwidth requirements of these channels were
taken in the range 0.01 to 0.1. The performance metric is the average call accep-
tance rate (ACAR) defined as the ratio of number of unit-oriented calls accepted
to the number of unit-oriented calls arrived in the network.

Effect of Call Arrival Rate: From Figure 1, the ACAR decreases as the call
arrival rate increases. From the figure, three key observations can be made:

• CBM and DBM approaches perform better than the naive approach. This
is because these approaches are efficient in selecting a proper value of Xmin (i.e.,
bandwidth) for the unit-oriented calls.

• Among CBM and DBM, DBM performs better than CBM for the same
scheduling discipline (refer plot corresponding to Stop&Go). This is due to the
fact the DBM makes use of buffers for compensating bandwidth mismatch bet-
ween incoming and outgoing links of a channel.

• Among Delay-EDD and Stop&Go, Delay-EDD performs better than
Stop&Go for the CBM model. The same is true for the DBM model (not shown
in the figure). This is because Delay-EDD can guarantee a lower delay bound,
at a node, than Stop&Go for the same bandwidth allocated.

Effect of Buffer Capacity of a node: From Figure 2, it can be seen that
the ACAR increases with increasing buffer size. The ACAR remains almost
constant beyond a point (when buffer size is 10). This is because beyond this
point, the unit deadline is the bottleneck as opposed to the bandwidth or buffer
availability. It can also be seen that Stop&Go(DBM) varies much more than
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Stop&Go(CBM). This is because of the same reason mentioned in item 2 for
Figure 1.
Effect of Unit Size:When the unit size increases, the ACAR decreases (Figure
3). This is natural because the time at which the last packet of a larger unit
reaches the destination is greater than that of the last packet of a smaller unit.

4 Conclusions

In this paper, we have proposed a middleware based solution for supporting
unit-oriented communication by proposing three bandwidth allocation appro-
aches (naive, CBM, and DBM). To study the impact of these approaches, we
have enhanced the call admission test of Delay-EDD and Stop&Go scheduling
disciplines. The simulation studies show that the enhanced admission control
improves the call acceptance rate significantly. The following are some of the
observations from the simulation studies: (i) DBM performs better than other
two approaches and (ii) scheduling discipline influences the performance signifi-
cantly (from our studies, Delay-EDD offers better ACAR than Stop&Go). The
unit-oriented multicast communication would be an interesting area of further
research.
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Abstract. Routing policy, also known as selection function, is an important
constituent of adaptive routing algorithm for interconnection networks.
However, relatively very small research effort has been put on it until now. In
this paper, we analyze how routing policy affects network performance. It is
disclosed that routing policy actually works as a traffic scheduler. Five generic
routing policies are proposed independent of particular routing algorithm. They
explicitly schedule the real-time network traffic based on traffic measurement.
Counters are used as cost-effective measurement facilities. To standardize the
design, constituents of the counter-based routing policy (CRP) are formally
specified. Simulations covering extensive traffic patterns exhibit potentials of
CRP in maximizing the network performance.

1 Background

For an interconnection network, an adaptive routing algorithm actually consists of two parts,
a routing function and a selection function. The routing function supplies a set of routable
paths, and the selection function decides one from them. The selection function is more
generally called routing policy [1]. Though a great deal of research has been done in
designing adaptive routing algorithms, much less attention was put on the routing policy.
However, some previous work has indicated that the overall routing performance may owe
much to it.

Badr proved that the diagonal routing policy is optimal for 2D meshes [1]. However, for
wormhole-routed networks, this scheme is not as advantageous in practice as it seems
theoretically because it tends to cause more blocking.

Feng evaluated commonly used routing policies by extensive simulations [2], and
observed that none of them is always best for all traffic patterns. By making a selection
function to balance the channel utilization, Rao shows that the routing policy can directly
affect the network traffic [4].

There is also a reservoir of literature in queueing theory related with the routing policy
[3]. There routing policy is of a multi-server queueing problem. It is suggested that if all
queues have equal service rates, the message should join the shortest queue. Otherwise, it
should join the queue with the minimal expected value of unfinished work. The later is called
the minimum expected delay policy (MED). However, this policy has not been practically
tested in the context of interconnection networks.

In this paper, we will analyze how routing policy affects network performance, and
design a family of generic routing policies independent of specific routing algorithm.
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2 Routing Policy as a Traffic Scheduler

In practical interconnection networks, traffic flows are combined to share some common
channels. So the traffic is mapped onto a resource-limited network. Thus network topology
imposes a first constraint on the traffic distribution. Different routing algorithms provide
different set of alternative paths for messages. These would lead to different distributions of
traffic. Constraints from the network topology and the routing algorithm are static. Their
influence on traffic does not vary with the real-time behavior of traffic. We call them the
traffic shaper.

Routing policy decides one definite path for routing from several alternatives. It directs
the traffic at packet by packet level. Different strategies may produce very different real time
traffic distributions. So it serves as a traffic scheduler. In the context of virtual channels, there
is another element contributing to the scheduler, namely, the channel arbitration, which
schedules the traffic at flit by flit or packet by packet level.

Therefore, generated traffic, even if it is uniform, may become uneven after constrained
with the topology, routing algorithm, routing policy, and channel arbitration. We call original
traffic the source traffic, and resulting traffic the object traffic. For any practical
interconnection network, above factors constitute a traffic mapping paradigm to shape the
source traffic to the object traffic.

What determines the network performance is actually the balance of the object traffic
rather than the source traffic. When the topology and the routing algorithm are determined,
the routing policy serves as a main engine to schedule the traffic. We can expect it work
effectively.

3 Counter-Based Routing Policies

Now that routing policy affects the network performance by scheduling the real-time traffic,
we base its design on measurement of the traffic rather than some assumed models. Counters
serve as cost-effective measurement facilities. Path selection for next hop is based on the
measured parameters. We now formally introduce the counter-based routing policy (CRP).

DEFINITION 1 An interconnection network I is a directed graph I = G(N, C). The
vertices N represent routers and the arcs C represent communication channels.

DEFINITION 2 A routing function R is a mapping defined on I, R: N×N→P(C), where
P(C) is a power set of C. For any pair of nodes (nc, nd)∈ N×N, it provides a set of possible
output ports or channels (c1, c2, ..., cm)∈ P(C) at nc for a message staying there whose
destination is nd. Here, m is less than the maximum number of output ports at nc.

DEFINITION 3 A routing policy S is set of selection rules realizing a mapping S:
P(C)×V×F→C. It selects one output port c∈ C from the set of alternatives (c1, c2, ..., cm)∈ P(C)
supplied by R. The selection will refer to the router status and the traffic behavior at that
time. F = {FREE, BUSY} represents the status of an output port, available or not. V is a set
of parameters representing the real-time traffic status S needed to make a decision. This
information is represented as a vector V = (v1, v2, ..., vp), where p ≥ 1. An element of it vi∈ V
may be a directly measured parameter, but generally it is the result of an algorithm using
directly measured parameters as the input. This will be described in definition 4.

DEFINITION 4 A data extractor X is a transform X: U→V, where U represents directly
measured traffic data. The transform maps raw data into featuring parameters. U = (u1, u2, ...,
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uq), where q ≥ 1, is also a vector, but may have a different number of elements from V, i.e., q
≠ p. In the context of multicomputer interconnection networks, the data extractor should be a
very simple transform consuming little processing power.

DEFINITION 5 A counter is a facility with a value and two operations to update its
value. When an input comes, it increases by 1. When a resetting signal is triggered, it is set to
the initial value.

From above definitions we see that there are three elements in a CRP. They are a set of
counters, a data extractor, and a set of selection rules. Counters are cost-effective traffic
meters. A data extractor is a preprocessor to compact the measured data. Selection rules are
the actual policies to make path choices based on the preprocessed traffic parameters. We
now design five counter-based routing policies balancing real-time traffic in different ways.
Maximum free interval routing policy (MaxFI). This routing policy is that, for a set of
alternative output ports (c1, c2, ..., cm)∈ P(C) supplied by R, the port which has been free for
the longest time will be selected.

The routing policy requires a counter u for each output port c. It counts the port’s free
interval from the leaving time of last message. The data extractor for this routing policy is V
= U. So it is actually omitted. The selection rule for this routing policy is to find the output
port with maximum free interval. It is expressed as formula (1). u(i) is the counter for output
port ci. a(i) is the availability of output port ci. If there are multiple output ports meeting the
requirements, we use the first one reached in the search.

c = {ci | u(i) ≥ u(j) ∩ i ∈  M, ∀  j ∈  M ∩ j ≠ i}, where M = {i | a(i) = FREE ∩ i≤ m}      (1)
Minimum waiting time routing policy (MinWT). According to this policy, the port having
undergone least congestion will be selected. The congestion is measured with the total
waiting time of all messages passing through the port. The routing policy also needs a
counter u for each output port c. u accumulates messages’ waiting time at the port. If there are
multiple messages in the output queue, waiting time should be accumulated for all of them.
The data extractor for this routing policy is V = U. The selection rule for this routing policy is
to find the output port with minimum waiting time. It is expressed as formula (2).

c = {ci | u(i) ≤ u(j) ∩ i ∈  M, ∀  j ∈  M ∩ j ≠ i}, where M = {i | a(i) = FREE ∩ i≤ m}      (2)
Minimum message number routing policy (MinMN). In this routing policy, the
number of messages passing through an output port is used as a traffic indicator. The
ports with larger message numbers are more crowded, and are avoided to use if
possible. This is reasonable when all output channels have equal bandwidth.

A counter of messages is needed for each output port in this routing policy. Similar to the
MinWT policy, MinMN selects the output port with least counter value.
Minimum channel utilization routing policy (MinCU). In this policy, the
utilization of each output port of a router is recorded. The output port with least
channel utilization is selected. In this way we explicitly balance the channel
utilization.

Channel utilization equals the usage time of a port divided by elapsed time. Since elapsed
time for all ports is the same, we use the port usage time for comparisons. So this policy
needs a counter u for each output port c to accumulate its usage time. The data extractor for
this routing policy is V = U. The selection rule is as formula (2).
Minimum expected delay routing policy (MED). The MED routing policy chooses
a port with least expected delay for a message. Because the exact delay can not be
predicted precisely, we approximate this policy by using the average time of a
message spent on the port. It equals to the average transmission time plus the average
waiting time of a message on a port. Two counters un and ut are needed for each output
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port in this routing policy. un counts the number of messages passing through the port. ut

accumulates usage time of the port. Thus, U = (un, ut). The data extractor of this policy is v =
ut / un. v is the featuring parameter. We select the port with least v value from the set of ports
provided by R. The selection rule is as formula (3). v(i) is the featuring parameter of port ci.

c = {ci | v(i) ≤ v(j) ∩ i ∈  M, ∀  j ∈  M ∩ j ≠ i}, where M = {i | a(i) = FREE ∩ i≤ m}      (2)

4 Results and Conclusions

Three traffic patterns are used in the simulations, namely, uniform, hotspot, and
transpose permutation traffic. Simulations are for 16×16 2D meshes.

Five CRPs and two well-known good routing policies are compared, namely, the
zig-zag and the random routing policies, in terms of network delay and network
throughput. The simulation results are shown in figure 1 - figure 6. For all traffic
patterns the saturate throughputs for CRPs are around 40%. Below saturation, all
CRPs produce fairly low network delays. This performance is among the best for
single flit buffer wormhole routing.

For network throughput, CRPs perform better than other two policies. Particularly, MED
excels all. For network delay, MaxFI performs the best under uniform traffic, and MED
exceeds others much under transpose traffic.

Figure 7 - figure 8 show practical channel utilization maps for MED. The data are for
unidirectional channels along the +X direction. Normalized network load for the simulations
is 40%. We can see that not only uniform traffic is very well balanced at running time, but
also hotspot traffic is decentralized and shaped into plateau. Thus bottleneck is alleviated.

In summary, counter-based routing policies provide cost-effective means to explicitly
schedule real-time traffic. They balance network traffic so that the network can bear higher
load while keeping the average message delay the same or even shorter.
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Abstract. Wavelength Division Multiplexing (WDM) technology evolv-
ed to effectively utilize the enormous bandwidth of optical fiber. In
circuit-switched WDM networks lightpaths are used to transfer data
between a given pair of nodes. A lightpath is an all-optical channel esta-
blished between the given pair of nodes by configuring the Wavelength
Routing Switches (WRS) at the intermediate nodes along the path. In
a WRS, the time required to reconfigure the switch is often long when
compared to the speed of data passing through the switch, and it has
significant impact on the performance of the network. In this paper, we
present a new technique to mitigate the lightpath set-up time overheads
in Dynamic Lightpath Establishment (DLE) algorithms for wavelength
continuous circuit switched all-optical networks. Simulation studies in-
dicate that the new technique significantly reduces the number of recon-
figurations required to set-up new lightpaths.

1 Introduction

Wavelength division multiplexing (WDM) is a promising technology to effec-
tively utilize the enormous bandwidth of optical fiber by overcoming the electro-
nic bottleneck of slow switches[2]. In this technology the transmission spectrum
of a fiber link can be divided into many protocol transparent channels where
each channel can be operated at peak electronic speed. A WRS is an optical
switch that is capable of routing a signal based on its wavelength and the input
port. Using WRS, each wavelength on any input fiber can be interconnected to
any output fiber provided that output fiber is not already using the same wave-
length. In wavelength routed networks, in order to transfer data from one access
station to another, a connection needs to be set-up at the optical layer similar
to the case in circuit-switched telephone network. This operation is performed
by determining a path in the network connecting the source node to the desti-
nation node and by allocating a single free wavelength on all of the fiber links
in the path. Such an all-optical path is referred as lightpath[1]. The interme-
diate nodes in the path route the lightpath in the optical domain using WRS. A
fundamental requirement in a wavelength-routed optical network is that two or
more lightpaths traversing the same fiber link must be on different wavelengths
so that they do not interfere with one another.
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Given a set of lightpaths, we need to route and assign wavelength to each of
them; this is called the Routing and Wavelength Assignment (RAW) problem.
In this paper we consider a dynamic RAW problem in which lightpath requests
arrive randomly with random call holding times[3][1][4]. In this, call blocking
probability and congestion of the network will depend on the order in which
connections arrive to the network.

In DLE, routes for requested lightpaths can be chosen either from a pre-
computed set of paths between the s-d pair (Fixed-Alternate Routing (FAR)or
Static Routing)[5] or by using network state information to find the shortest path
(Adaptive Routing or Dynamic Routing)[3]. In FAR each s-d pair is assigned a
set of paths. This set may be searched in a fixed or adaptive order to find an
available path[5]. A call is blocked if none of its associated paths is available.
In adaptive routing algorithm, route and wavelength for the requested lightpath
are determined dynamically by considering the current network state. In order
to find routes dynamically, a layered-graph is created. The layered-graph is a
directed graph obtained from the given physical network topology G = (N, L),
by replicating it as many times as there are wavelengths in the network. The
algorithm finds a shortest path on each layer, and then chooses the least costly
one among them.

The present RAW algorithms do not consider the existing configuration of a
switch before establishing a lightpath. In a reconfigurable optical switch, the time
required to reconfigure the switch is often long when compared to the speed of
data passing through the switch. It is important to consider the delay introduced
by slow switches in DLE where the lightpath requests come in real time. In this
paper we develop a new technique to minimize the lightpath set-up times by
reusing the switch configurations at intermediate nodes of the lightpath.

In Section 2 we propose the new technique to minimize lightpath set-up times
in wavelength routed all-optical networks. Section 3 presents the algorithms and
simulation details. Section 4 presents numerical results and the paper concludes
in Section 5.

2 Lightpath Routing Using CST

In this section, we develop a new technique to minimize lightpath set-up times
in all-optical networks by using switch status stored at Connection Status Table
(CST) in dynamic lightpath establishment. We observe that at the time of set-
ting up a new lightpath, it is possible to reuse the current configuration set-up
of the WRS rather than requiring that all the intermediate WRS be reconfigu-
red. Once a certain input-output permutation has been set-up at a WRS, we
assume that the connections persists till the switch is reconfigured. Thus if a
new connection can make use of the current configuration of a WRS, we can
avoid the overhead of reconfiguration. In order to keep track of the status of the
WRS, we introduce three states called up, reserved, and null for a connection
and maintain the information in the CST of each WRS. The switch information
is updated when a connection is established or taken down. At the switch, for a
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particular wavelength k, the connection from an input port A to an output port
B may be in one of the following states: up, reserved or null.

– up : indicates connection is presently used by a lightpath.
– reserved : indicates connection does not correspond to any active lightpath
in the network, instead to some old connection.

– null : none of the input fibers are connected to any of the output fibers. We
assume all the WRS settings at initial stage are in null state.

The controller keeps a connection status table that indicates the settings of its
switches (which of the input ports are connected to which of the output ports
of a WRS and on which wavelengths), the connection-id of the connections that
use the WRS and their state. Additional details can be found in[6].

Simulation Details : To compute the number of switch settings required to
establish a lightpath, we represent the status of a WRS by using |Λ| vectors at
each node. The size of each vector is equal to the number of input/output ports
of the switch. The vector of wavelength λi gives the information of which input
ports are connected to which output ports on λi. In order to establish a lightpath
on the given route and wavelength, the algorithms find the switch configuration
of intermediate WRSs with the help of the vectors. If the current configuration
is appropriate for the requested lightpath, the algorithm checks the status of
the connection at CST. If the status of a required connection at an intermediate
WRS is null, the algorithm reconfigures that WRS without affecting the other
connections and changes the state of the connection from state null to state
up at the CST of that node (WRS). If the state of the required connection is
reserved, it indicates that required connection is currently not used by any other
lightpath in the network. In this case, the algorithm simply changes the status
of the connection from reserved to up at CST of that node.

The modified fixed-alternate routing and adaptive routing algorithms are
given in Table 2 and Table 3, respectively.

3 Numerical Results

In this section we describe the simulation results obtained for 28 node USA
long haul network. Table 1(a) shows the numerical results for modified FAR
and existing algorithm. We ran our simulation for 20,000 calls in case of FAR
and 10,000 calls in case of adaptive routing. The load is denoted in Erlangs,
where an Erlang is defined to be the number of calls per unit call holding time.
The third and fourth columns show the number of calls serviced by proposed
algorithm and existing algorithm, respectively. The fifth and sixth columns show
the number of switch settings required in order to establish the calls given in
third and fourth columns, respectively. There is a significant reduction in the
number of switch settings required in the proposed algorithm when compared
to the present routing algorithms. Table 1(b) shows the numerical results for
adaptive routing algorithm. Here also, we observe substantial reduction in the
number of switch settings required by the proposed algorithm.
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Table 1. Simulation results for 28 node USA long haul network with 8 wavelengths
(a) fixed-alternate routing with three alternate routes (b) adaptive routing

Fixed Alternate Routing Adaptive Routing
#calls #settings #calls #settings

load serviced by required for % load serviced by required for %
new current new current Gain new current new current Gain

Algorithm Algorithm Algorithm Algorithm
10 20000 20000 23071 88090 73.80 10 10000 10000 4164 24637 83.09
20 20000 19999 23554 88123 73.27 20 10000 10000 4088 24645 83.41
30 20000 19994 27031 88548 69.47 30 10000 10000 4482 24689 81.84
40 19981 19892 31351 89260 64.87 40 10000 10000 5124 24925 79.44
50 19871 19499 33867 88300 61.64 50 10000 10000 6017 25371 76.28
60 19596 18894 34870 85716 59.31 60 9984 9987 6922 26233 73.61
70 19084 18135 34752 81491 57.35 70 9925 9932 7944 27370 70.97
80 18261 17354 34051 76838 55.68 80 9701 9724 8802 28029 68.59
90 17541 17037 32595 72665 55.14 90 9402 9415 8925 27713 67.79
100 16701 16420 31440 68708 54.21 100 8958 8962 8659 26731 67.06

4 Conclusions

In this paper, we proposed a new technique to minimize lightpath set-up ti-
mes in wavelength routed all-optical networks by using switch status stored in
the Connection Status Table at the nodes. We proposed modifications to fixed-
alternate and adaptive routing algorithms. The proposed algorithms result in
significant reduction in the number of switch settings required compared to the
existing algorithms. This in turn leads to substantial reduction in lightpath set-
up time. The reduction in the number of switch settings ranges from 65% to
85% for different loads. The blocking probability performance of the proposed
algorithm is very close to that of the existing algorithms.
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Abstract. We address the problem of real-time delay-bounded multicasting in
wavelength-division multiplexed networks. to avoid problems of synchronization
between video and audio frames We describe a technique to synthesize WDM
network topologies that can, with a very high degree of confidence, assure that
the multicast traffic is delivered in user-specified limits on time. Unlike existing
approaches to WDM network design, we first find a virtual topology that can meet
the delay constraints. An embedding of virtual links into physical links is then
carried out, followed by an assignment of wavelengths to virtual links. Our design
paradigm can accommodate both the design styles that have existed in the past,
namely, those that use the wavelength continuity principle and those which make
use of wavelength converters. We describe quantitative and qualitative results
obtained by using our software tool on several benchmark examples.

1 Introduction

Wavelength Division Multiplexing (WDM) technology offers the capability of building
very large wide-area networks consisting of thousands of nodes, with per node throug-
hput of the order of gigabits per second [2,5]. It is the key technology for allowing all
end-user equipment to operate at electronic speeds. The fiber can carry a high aggregate
system capacity of multiple parallel wavelength channels, with each channel operating
at much slower speed.

Multicasting is the simultaneous transmission of data to multiple destinations. Ap-
plications such as distance learning, video conferencing, TV-on-demand and remote
collaboration require the network to provide efficient and reliable multicast services
[3]. In real-time multimedia communication, we also need to address the problems of
synchronization and anachronism. The multicast tree for each multicast group should
be formed in such a manner that a message originating at a source reaches all the other
members of the group within a specified time limit. Such a multicast tree is said to be
delay-bound.

In Section 2, we present algorithms for virtual topology selection, embedding of the
virtual topology into the physical network, and assignment of wavelengths to lightpaths.
We shall give the algorithms for both cases, namely, wavelength continuity and wave-
length conversion. Algorithm implementation and results on test cases are reported in
Section 3.
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2 Algorithms

2.1 Problem Formulation

A multicast pattern Mi consists of a source si, a set of destination nodes Di, and an
intensity factor Ii which is a measure of the bandwidth requirement of the communica-
tion. The input to the problem is a set of multicast patterns {M1, M2, · · · , Mn}, along
with delay bounds {D1, D2, · · · , Dn}. We assume tree-based routing for each multicast
pattern. Routing is carried out in a regular virtual topology such as a hypercube, De
Bruijn graph, Kautz Graph, etc. The links in the virtual topology are then embedded in
the physical network. Such an embedding is referred to as a lightpath in WDM literature
since a single virtual link may actually get mapped to a path in the physical network.
We initially assume wavelength continuity i.e. a single wavelength is used to embed a
virtual link. Later, we shall relax this restriction and permit the use of wavelength con-
version. Wavelength continuity constraint simplifies the problem formulation, but can
require the use of a large number of λ. Currently, up to 32 wavelengths can be routed
on a single fiber. If we exceed this limit, wavelength conversion becomes necessary.
Reducing number of wavelengths can further bring down system cost.

The inputs to the problem are (i) the physical topology, (ii) a description of multicast
traffic along with delay bounds for each multicast pattern. The output consists of (i) a
virtual topology, (ii) the routing of multicast patterns in the virtual topology, (iii) the
embedding of lightpaths in the physical topology, and (iv) assignment of wavelengths
to lightpaths assuming wavelength continuity. The objective of the optimization is to
reduce the system cost. The constraints in the optimization include (i) delay constraints on
multicast patterns and (ii) wavelength continuity requirement. The optimization problem
is combinatorial in nature and there are a large number of solutions to the problem. Each
aspect of the problem, such as wavelength assignment and routing, are computationally
difficult subproblems. For instance, delay-bound multicast routing is in itself a difficult
problem, and wavelength assignment is an instance of the graph node coloring problem
which is known to be NP-complete. Since the problem in its entirety is unwieldy, one
practical approach is to use individual heuristics for each phase in the problem. We use
a genetic algorithm to solve steps (i) and (ii), namely, determining a virtual topology
and finding multicast trees. We use Dijkstra’s shortest path heuristic to embed the virtual
paths. We treat wavelength assignment as an instance of the node coloring problem and
use the backtracking algorithm to solve the assignment problem.

2.2 Genetic Algorithm

Since routing of multicast patterns cannot be done without knowing the virtual topology
(VT), the determination of the best VT that can lead to delay-bound multicast routing
is a difficult problem. The problem is further complicated due to additional restrictions
that are placed on the structure of the VT. For instance, we can place a constraint on the
reliability of the VT. A directed graph structure is said to be k-reliable if there are at
least k node-disjoint paths between every pair of nodes. The cost, reliability, and delay
success of a VT are closely related. Due to lack of space, we avoid presenting details of
the algorithm and refer the reader to [1].
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2.3 Wavelength Assignment

The links of the VT found by the genetic algorithm are embedded into the physical
topology using shortest path heuristic. Thus, the virtual link (x, y), where x and y are
nodes in the optical network, is mapped to the shortest path between x and y in the
physical network. The intuition behind using the shortest path heuristic is to increase the
chance of meeting the delay constraints. Each lightpath j so found must be assigned a
separate wavelength λj subject to the wavelength continuity constraint, which requires
that on each fiber link, no two virtual connections can use the same wavelength. We
construct a graph in which each node represents a lightpath. Two nodes i and j are
connected if and only if the embeddings of the lightpaths share a common physical link.
We cannot assign the same wavelength to lightpaths i and j if edge (i, j) exists. Thus
the problem boils down to one of coloring the nodes of the graph using fewest number
of colors. We used a backtracking coloring algorithm for coloring since it generates the
optimum solution. Every reduction in the number of wavelengths has a direct bearing
on the system cost.

2.4 Wavelength Conversion

The number of wavelengths can be further reduced by permitting wavelength conver-
sion. Converter hardware is also expensive and the tradeoff between the number of
wavelengths and the number of converters is guided by the relative cost of a converter
and a transeiver. We formulate an optimization problem that starts with the solution
found in the steps described above and “eliminates” wavelengths through the placement
of the smallest number of converters. Let [Aij ] denote a 0/1 matrix of size e × w, where
e is the number of physical links and w is the number of wavelengths found above. Aij

is set to 1 or 0 depending on whether or not the link i has wavelength λj passing through
it. We show a heuristic for the problem in Figure 1.

3 Implementation and Results

We used our software to design a WAN the 14-node NSFNET (National Science Fo-
undation Netw ork) which is an example used in the literature [4]. VTGEN was tested
for various multicast patterns (see Table 1). Virtual topologies obtained for these mul-
ticast patterns have been illustrated in figure and 2. Table 2 shows that in each case it
was possible to find a virtual topology which satisfied the delay bounds for all multi-
cast patterns. As expected, the number of links in the virtual topology and the number
of wavelength assigned increased with the number of multicast groups. The results of
wavelength conversion are given in Table 3. We compare our results with those in [4]
(Table 4).

4 Conclusions

We proposed a new methodology for topological design of WDM networks considering
the issue of real-time multicasting on lightwave networks. We have used our algorithms
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procedure WavelengthConversion(A, e, w)
begin

Initialize array Mark[1:w] to all 0.
Set Mark[j]=1 if Aij = 1 ∀ i
// If Mark[j] = 1, then λj is “essential”
Remove all columns with Mark[j]=1
if number of columns left is 1 then Stop
while (not all columns are marked) do

Let k be the column with least number of 1’s
Construct a set Sk of all columns which are compatible to column k
// r and t compatible if ∃ no i s.t. A[i][r] = 1 and A[i][t] = 1
if ( Sk �= NULL )

for all j∈Sk

Merge k with a column j ∈ Sk s.t. # of 1’s in j is maximum
print "use λj instead of λk"

end forall
end if

end while
end

Fig. 1. Algorithm for Wavelength Minimization

to design a wide-area lightwave network of 14 nodes that correspond to the network sites
for the NSFNET (National Science Foundation network, USA). Excellent results were
obtained for all the examples we tested our software on. The number of virtual links
in the virtual topology varied from 20 to 50 as we varied the number of simultaneous
multicasts from 2 to 8. In all the cases, the delay-success confidence index varied in the
range 0.75 to 1.0. A net reduction as high as 20% in network cost was obtained by the
placement of wavelength converters.
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Table 1. Example Multicast Patterns

S.No. Source Destinations

1 CA1 WA, TX, CO, NJ
2 UT CA2, NE, IL, MI
3 NY NE, GA , IL, PA
4 TX UT, GA, NJ, PA
5 NE NY, CA2, IL, CO
6 MD WA, UT, PA
7 IL MI, NJ, UT, GA

NY
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TX

GA
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WA

MD

CA2

CA1

UT

IL

PA

MI

Fig. 2. Virtual Topology for patterns of Table 1

Table 2. Results for different patterns

# Mcast Links Cost # λ DSP

2 17 0.54 5 1.0
3 24 1.02 7 1.0
4 26 1.37 9 1.0
5 45 3.09 14 1.0
6 47 3.23 15 1.0
7 48 3.17 16 1.0
8 48 3.4 17 1.0
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Table 3. Effect of λ conversion on cost

# λ Cost (M$) Conv. Cost after conversion

16 2.95 3 2.58
16 3.09 2 2.69
18 3.37 7 2.82
20 4.69 4 4.41

Table 4. Comparison of Network Equipment
Cost)

#λ Cost Cost in [4]

4 .43 1.45
5 .49 1.57
6 .67 1.69
7 .88 1.45
8 .99 1.51
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Abstract - The present work is a realistic attempt to achieve an efficient and truly distributed
generalized fault diagnosis algorithm for identifying faulty units in any arbitrarily
interconnected network. Each node starts the testing procedure simultaneously.  The algorithm
is based on message passing between the members of the network using existing
communication links and depending upon the response from receiving members. A sender
member infers about the faulty components of the network in the form of a bit pattern (the bit
pattern provides one bit for each processing unit), which is formed, processed and stored
independently in each unit. The approach is fully parallel and distributed with respect to all
members in the system and exploits fully the inherent parallelism of any interconnected system
by activating all its nodes and links simultaneously. The algorithm guarantees proper faulty unit
detection so long as the system remains connected even in the presence of faults i.e. the number
of faulty processors should not exceed the node connectivity of the network. The main
attractive feature of the algorithm is that fault-free node can diagnose the faulty units
independently without the help of any central unit. The time required to perform the diagnosis
is proportional to the number of processing units in the system, i.e. the time complexity of the
algorithm is N, where N is the number of nodes in the connected network.
Index terms: System topology, distributed fault detection, system graph diameter,
message passing.

I. Introduction
 The vast development of VLSI technology has invited the concept of fast, reliable
and powerful computing systems by interconnecting a number of conventional
processors as replacement for the uni-processor system. Since the processing, control,
and database are distributed in these systems, they do enjoy certain natural advantages
over the centralized system from the reliability viewpoint. Such interconnected
distributed multiprocessor architecture is the natural requirement for many critical
application areas as well as in conventional application areas. Reliability can be
achieved by such architectures through redundancy of processing resources. The
multiplicity of processing elements is exploited to speed up by parallelism and to
gracefully tolerate the failure of one or more processing elements without affecting
system performance to a large degree. Meanwhile, it becomes an urgent task to
develop practical techniques for fault diagnosis of such systems.
An important aspect of a distributed system is the interconnection topology. There are
well-defined relationships between the system topology and the message delay, the
routing algorithm, fault tolerance and fault diagnosis. Various researchers have
proposed several different topologies, some of which have been implemented in
appropriate application areas. All of these structures have attractive features as well as
inadequancies.
Fault diagnosis schemes, which are available today, are tightly coupled with the
topology of the system – loop , hypercube, star, etc.. In  1982 Reddy and Pradhan
suggested a distributed fault detection1 scheme, which was specific to the system
topology proposed by them. Moreover, in their proposed fault detection algorithm, a
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concept of root node emerged. It initiated a top-down approach for testing and the test
results were transmitted bottom-up. Root node examined the test result and relayed it
to all the nodes in the system. Hence, such a distribution  extended only to the root
nodes of the possible testing graphs.
In this work, a new approach towards fault detection is presented. This is a
generalized algorithm for parallel detection of faults and independent of the network
topology. So it can be easily applied to any standard architecture (e.g. loop, star,
hypercube, etc.), as well as to any arbitrary interconnection of the processors.
The algorithm is based on the following assumptions:

1. The number of processor faults, at any instant of time, will be within tolerable
limits of the network, i.e. at no time the number of faults will exceed the node
connectivity of the system graph. Hence, the network never gets disconnected.

2. New faults will not be generated during the execution of the fault diagnosis
algorithm. This is not a rigid restriction.

3. Only permanent faults are considered - transient fault detection is not guaranteed.

II. Distributed Fault Diagnosis
For the purpose of fault detection, a system is represented by a Graph G=(V, E)
whose vertex or node (V) denotes processing units in the system and edges (E) denote
communication links between units in the system. The status of each unit may be
faulty (denoted by 0) or fault free (denoted by 1). At the very beginning, each non-
faulty node in the system graph determines the status of its immediate neighbors
(whether a particular neighbor is faulty or not). It uses a N bit status vector (which is
initially set to all zeros) for this purpose, where each bit corresponds to one of the
nodes in the system graph and N represents the total number of processors in the
system. Each non-faulty node toggles its own bit in the status vector, as well as the
bits corresponding to all its non-faulty neighbors.
To know the fault status of the neighbor, it sends a request to all neighbors and
initiates a time out (the time out interval is determined by the maximum delay of
communication between any pair of neighboring nodes in the system graph). If a
neighbor responds within the time out interval, then it is assumed to be healthy else it
is treated as faulty.  So after the time out, each node in the system graph has the health
information about its immediate neighbors (i.e. those nodes, which are at present at a
minimum distance of one apart from the node under consideration). This is how the
initial status vector is formed.

                             Node                           Link
A                                                                   G

      A linear structure/  Number of hops in between node A and G is  six i.e.(N-1)
                        Fig. 1

The longest distance, in terms of hops, between each pair of nodes in a linear
structure, as in Fig.1, is (N-1). Each node gathers the health information of its
immediate neighbor in the beginning. So each node goes parallel for (N-2) iterations,
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where N is the number of nodes in the system. After pth iteration, every node has
information about the nodes at a minimum topological distance of exactly (p+1). This
means that with the first iteration, a node has information regarding the nodes’
neighbor to its neighbors. In the next iteration it comes to know about the status of the
nodes which are at a distance two from its neighbors, and so on.
With each iteration, the following two actions are executed in parallel:

1) A node sends a request to all its’ non-faulty neighbors for their status vector and
in turn receives a vector from each. Each of these vectors has one bit for each
node in the system. In such a vector, if node k has been inferred as non-faulty by
the node sending this vector, then the kth bit (corresponding to node k) is set to 1.
Otherwise the corresponding bit is set to 0. These vectors, received from its non-
faulty neighbors, are OR’ed together along with its’ own status vector, obtained
at the beginning. This OR’ed value is used as the new status vector for the next
iteration.

2) The node transmits, upon requests from all the non-faulty neighbors, the OR’ed
vectors obtained from the last iteration.

After a finite number of iterations, all the nodes have a consistent fault pattern in their
respective status vector. The final status vector has 1’s at the positions corresponding
to the non-faulty nodes in the system and 0’s corresponding to the faulty ones.

III. Formal Statement of the Algorithm
For each node we have associated three N bit vectors namely F, L and C. The
definition of each vector is given below.
F: The status vector formed at the beginning, which stores the conditions of each of
its neighbors.
C: Stores the value of the current status vector OR’ed with the status vectors received
from the neighbors from a particular iteration.
L: Stores the value of C at the end of each iteration, and passing this vector to the
neighbors during the immediate next iteration. (At the beginning L assumes the value
of F.)
The following convention is used in defining the steps of the algorithm.
Fi, Li, Ci : The vector F, L & C respectively corresponding to node i.
Fij, Lij : The jth bit in status vector Fi and in Li vector respectively.
The following steps denote the fault diagnosis algorithm for the node i.
1. Fi :=  0
2. Fii := 1
3. For each node j, which is neighbor of  node i
           Do 3.1 thru 3.3 in sequence

3.1 Send request to node j
3.2 Initiate time out
3.3 If (node j responds within time-out)
              Then set Fij := 1

4. Li := Fi; Ci := Fi;
5. Repeat (N-2)times steps 5.1 thru 5.2 in sequence

5.1 For each node j, which is non-faulty neighbor of node i, do steps
5.1.1 and 5.1.2 in parallel.
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5.1.1 Do in sequence
5.1.1.1 Request neighbor node j for Lj
5.1.1.2 Ci := (Ci OR Lj)
5.1.2 Send Li to neighbor node j

5.2 Li := Ci
6. Stop
After (N-2) iterations, all non-faulty processors in the system will get the consistent
and final fault pattern of the system. However, this is only true for worst case (e.g. for
a faulty node or link in a loop structure). If all the nodes in the system are fault free,
the maximum number of iterations needed for a node is (Diameter-1) as Diameter of a
system graph is the longest distance between any pair of nodes in the system to infer.
However, some of the processors might be able to obtain the final pattern earlier, i.e.
before completion of  (D-1) iterations. Hence, we claim that:

Theorem :
"If the status vector Li of node i remains unchanged for two consecutive iterations, it
will never change again."

                                A          (A as a  testing node)                       A

                Level 1             level 1                                          B       Level 1         E   
                                                                                       C                         F
Level 2    Leaf Node for A                                                   Level 2
                    Fig. 2
                                                                                                          Level  3       D
                                                                     Node D can be reached from node A
                                                                     either via path A-B-F-D or path A-E-D.
                                                                                                    Fig. 3

Proof:
At the beginning, a node forms its status vector making the corresponding bits of its
fault free neighbors high. After that, in each iteration information of the nodes are
pumped up to the node and by OR’ing the corresponding bits in its L vector is made
high/low according to the health of the tested nodes. Hence, in any iteration it
receives information of the nodes, which are at a level next to the nodes it tested in
the previous iteration in the testing graph. Its’ L vector changes in each iteration until
it receives the information of the leaf nodes or the nodes that are at the longest
distance in the testing path. As the leaf nodes are the terminal nodes in the system
graph, it is certain that its L vector remains unchanged in the following iterations as
no new nodes are encountered further. If there is more than one path to reach the node
furthest from the testing node, then after receiving the information of the highest level
node it will receive the information of a node which is at one level lower than the
node it just tested in the previous iteration. As in Fig. 3, after receiving the
information of node D it will receive the information of node F in the next iteration.
But the information of node F is already with the testing node as it is at a level lower
than the highest level i.e. D(through other path (A-E)) and it already made the
corresponding entry in its L vector for that node. Hence, here also the L vector
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remains unchanged in the following iterations. Therefore we can say, if any node
detects no change in its L vectors in two consecutive iterations, it should be
considered to be the final L vector containing information of all the nodes in the
system.
The node may initiate a STOP command and then broadcast the final status vector to
its neighbors and the neighbors in turn can pass it on to their neighbors and so on. On
receiving the STOP instruction from its neighbor a node stops execution of its fault
detection routine and updates its L vector to the bit pattern it receives from its
neighbor as the final L vector. In view of this observation the modified algorithm is
given below:
In order to implement this we require an extra N bit vector PrevL for each node.
PrevLi: Stores the value Li of previous iteration and at the very beginning it assumes
all the bits to be 1.
Thus the final algorithm is:

1. Fi :=  0
2. Fii := 1
3.  For each node j, which is neighbor of       node i
             Do 3.1 thru 3.3 in sequence

3.1. Send request to node j
3.2. Initiate time out
3.3. If (node j responds within time
                 -out)
                      Then set Fij := 1

4. Li := Fi; Ci := Fi ; PrevLi := all 1’s;
STOP := 1;

5. While(STOP) Do 5.1 thru 5.4 in sequence
5.1. For all non-faulty neighbors (node j) of node i, do step 5.1.1 and

5.1.2 in parallel.
5.1.1. Do in sequence

5.1.1.1. Request neighbor node j for Lj
5.1.1.2. Ci := (Ci OR Lj)

5.1.2. Send Li to neighbor node j
5.2. Li := Ci
5.3. STOP := (Li XOR PrevLi)
5.4. PrevLi := Li

6. Stop

IV. Illustration
Let us consider an arbitrarily connected network to demonstrate the effectiveness of
our proposed algorithm for proper fault detection. The network interconnection with
eight nodes is shown in Fig.4. We consider node 7 as a faulty one.
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                                  2

          1                                                         3

   0                                                                                4

                  7                     6                          5

                                      Fig. 4

  DETECTION  OF  NODE  FAILURE

Generated status vector  F of  each node
As node 7 is faulty, each node sets the bit corresponding  to node 7 as 0 in its status
vector.

                                7  6  5  4  3   2  1  0  
  Node[0].F =F0=   0  0  0  1  0  0  1   1
  Node[1].F =F1=   0  0  0  1  1  1  1   1
  Node[2].F =F2=   0  0  1  1  0  1  1   0
  Node[3].F =F3=   0  1  1  0  1  0  1   0
  Node[4].F =F4=   0  1  0  1  0  1  1   1
  Node[5].F =F5=   0  1  1  0  1  1  0   0
  Node[6].F =F6=   0  1  1  1  1  0  0   0
  Node[7].F =F7=   0  0  0  0  0  0  0   0
Generated L vectors of each node
Iteration No: 1                                          Iteration No: 2
                             7 6  5  4  3  2   1  0                                      7  6  5  4  3   2  1  0    
 Node[0].L=L0 =0  1  0  1  1  1   1  1          Node[0].L=L0= 0  1  1  1  1  1   1  1
 Node[1].L=L1 =0  1  1  1  1  1   1  1          Node[1].L=L1= 0  1  1  1  1  1   1  1
 Node[2].L=L2 =0  1  1  1  1  1   1  1          Node[2].L=L2= 0  1  1  1  1  1   1  1
 Node[3].L=L3 =0  1  1  1  1  1   1  1          Node[3].L=L3= 0  1  1  1  1  1   1  1
 Node[4].L=L4 =0  1  1  1  1  1   1  1          Node[4].L=L4= 0  1  1  1  1  1   1  1
 Node[5].L=L5 =0  1  1  1  1  1   1  0          Node[5].L=L5= 0  1  1  1  1  1   1  1
 Node[6].L=L6 =0  1  1  1  1  1   1  1          Node[6].L=L6= 0  1  1  1  1  1   1  1
 Node[7].L=L7 =0  0  0  0  0  0   0  0          Node[7].L=L7= 0  0  0  0  0  0   0  0

As node 1, 2, 3, 4 and 6 find that the L vectors formed in two consecutive iterations,
i.e. in iteration 1 and 2 are same, they can issue the STOP command to conclude that
node 7 is faulty as the bit corresponding to node 7 is 0. Hence, the algorithm can
detect specific faulty node.
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V. Conclusion

Here we have shown a simple distributed fault detection algorithm, which can be
applied to any arbitrarily connected network. The algorithm ensures that all the nodes
execute the same sequence in parallel, by invoking all links of each node and after a
finite number of iterations all non-faulty nodes gets identical fault patterns. As such,
there is no central co-ordinating node, but the algorithm requires one node to be
assigned for initiating the fault diagnosis algorithm at regular intervals. Thus the
requirement for a co-ordinator election algorithm is not completely ruled out. Along
with message passing, if the concept of the majority voting is introduced, the present
work also can be extended to detect transient faults.
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